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Preface 1st Edition

This monograph views thermodynamics as an incomplete description of many free-
dom quantum systems. Left unaccounted for may be an environment with which
the system of interest interacts; closed systems can be described incompletely by
focussing on any subsystem with fewer particles and declearing the remainder as
the environment. Any interaction with the environment brings the open system to a
mixed quantum state, even if the closed compound state is pure. Moreover, observ-
ables (and sometimes even the density operator) of an open system may relax to
equilibrium values while the closed compound state keeps evolving unitarily á la
Schrödinger forever.

The view thus taken can hardly be controversial for our generation of physicists.
And yet, the authors offer surprises. Approach to equilibrium, with equilibrium
characterized by maximum ignorance about the open system of interest, does not
require excessively many particles: some dozens suffice! Moreover, the precise way
of partitioning which might reflect subjective choices is immaterial for the salient
features of equilibrium and equilibration. And what is nicest, quantum effects are at
work in bringing about universal thermodynamic behavior of modest size open sys-
tems. von Neumann’s concept of entropy thus appears as much more widely useful
than sometimes feared, way beyond truly macroscopic systems in equilibrium.

The authors have written numerous papers on their quantum view of thermody-
namics, and this monograph is a most welcome coherent review.

Essen, Fritz Haake
June 2004
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sions with Dipl. Phys. Heiko Schröder, Dipl. Phys. Jens Teifel, Dipl. Phys. Hendrik
Weimer (Universität Stuttgart), Prof. Jan Birjukov (Ural State Technical Univer-
sity, Jekaterinburg), Prof. Armen Allahverdyan (Yerevan Physics Institute, Yerevan),
Prof. Dr. Heinz-Jürgen Schmidt, Dipl. Phys. Christian Bartsch, Dipl. Phys. Mehmet
Kadiroglu (Universität Osnabrück), Prof. Jürgen Schnack, Prof. Peter Reimann
(Universität Bielefeld), and Dr. Fabian Heidrich-Meisner (RWTH Aachen). We
are indebted to Prof. Joel L. Lebowitz for a comment on a draft version of this
book. It is a pleasure to thank Springer Verlag, especially Dr. Christian Caron,
for continuous encouragement and excellent cooperation. Financial support by the
“Deutsche Forschungsgesellschaft,” the “Landesstiftung Baden-Württemberg,” and
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Chapter 1
Introduction

Over the years enormous effort was invested in proving
ergodicity, but for a number of reasons, confidence in the
fruitfulness of this approach has waned.

— Y. Ben-Menahem and I. Pitowsky [1]

Abstract The basic motivation behind the present text is threefold: To give a
new explanation for the emergence of thermodynamics, to investigate the interplay
between quantum mechanics and thermodynamics, and to explore possible exten-
sions of the common validity range of thermodynamics.

Originally, thermodynamics has been a purely phenomenological science. Early sci-
entists (Galileo, Santorio, Celsius, Fahrenheit) tried to give definitions for quantities
which were intuitively obvious to the observer, like pressure or temperature, and
studied their interconnections. The idea that these phenomena might be linked to
other fields of physics, like classical mechanics, e.g., was not common in those days.
Such a connection was basically introduced when Joule calculated the heat equiv-
alent in 1840 showing that heat was a form of energy, just like kinetic or potential
energy in the theory of mechanics.

At the end of the 19th century, when the atomic theory became popular,
researchers began to think of a gas as a huge amount of bouncing balls inside a box.
With this picture in mind it was tempting to try to reduce thermodynamics entirely
to classical mechanics. This was exactly what Boltzmann tried to do in 1866 [2],
when he connected entropy, a quantity which so far had only been defined phe-
nomenologically, to the volume of a certain region in phase space, an object defined
within classical mechanics. This was an enormous step forward, especially from a
practical point of view. Taking this connection for granted one could now calculate
all sorts of thermodynamic properties of a system from its Hamilton function. This
gave rise to modern thermodynamics, a theory the validity of which is beyond any
doubt today. Its results and predictions are a basic ingredient for the development of
all kinds of technical apparatuses ranging from refrigerators to superconductors.

Boltzmann himself, however, tried to prove the conjectured connection between
the phenomenological and the theoretical entropies, but did not succeed without
invoking other assumptions like the famous ergodicity postulate or the hypothesis
of equal “a priori probabilities.” Later on, other physicists (Gibbs [3], Birkhoff [4],
Ehrenfest [5], von Neumann [6], etc.) tried to prove those assumptions, but none

Gemmer, J. et al.: Introduction. Lect. Notes Phys. 784, 3–6 (2009)
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4 1 Introduction

of them seems to have solved the problem satisfactorily. It has been pointed out,
though, that there are more properties of the entropy to be explained than its mere
equivalence with the region in phase space, before thermodynamics can be reduced
to classical mechanics, thus the discussion is still ongoing [1]. The vast majority of
the work done in this field is based on classical mechanics.

Meanwhile, quantum theory, also initially triggered by the atomic hypothesis,
has made huge progress during the last century and is today believed to be more
fundamental than classical mechanics. At the beginning of the 21st century it seems
highly unlikely that a box with balls inside could be anything more than a rough
caricature of what a gas really is. Furthermore, thermodynamic principles seem to
be applicable to systems that cannot even be described in classical phase space.
Those developments make it necessary to rethink the work done so far, whether it
has led to the desired result (e.g., demonstration of ergodicity) or not. The fact that
a basically classical approach apparently did so well may even be considered rather
surprising.

Of course, there have been suggestions of how to approach the problem on the
basis of quantum theory [7–14], but again, none of them seems to have established
the emergence of thermodynamics from quantum mechanics as an underlying theory
in a conclusive way.

Roughly 4 years after the first edition of this book had appeared, we have now
the opportunity to present an updated and considerably revised version. The presen-
tation has been changed, and there are now four parts instead of three, which also
means increased page numbers. Nevertheless, the original motivation for this text
has largely remained unchanged; it consists primarily of three interrelated objec-
tives:

(i) To give somewhat new explanation for the emergence of thermodynamic
behavior. This point of view definitely leaves one question open: whether or
not all macroscopic thermodynamic systems belong to the class of systems
that will be examined in the following. The answer to this question is beyond
the scope of this text.

(ii) To stimulate the delicate interplay between quantum mechanics and thermo-
dynamics. This could possibly shed new light on some interpretational prob-
lems within quantum mechanics: with the “exorcism” of subjective ignorance
as a guiding principle underlying thermodynamic states, the general idea of
quantum states representing subjective knowledge might lose much of its
credibility.

(iii) To ask whether the principles of thermodynamics might be applicable to sys-
tems other than the pertinent large, many-particle systems. It is a main con-
clusion of this work that the answer has to be positive. For it turns out that
a large class of small quantum systems without any restriction concerning
size or particle number show thermodynamic behavior with respect to an
adequately defined set of thermodynamic variables. This behavior (“nano-
thermodynamics”) requires some embedding but is nevertheless established
entirely on the basis of the Schrödinger equation.
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This book is not intended to be a review. Related work includes, in particular, the
so-called decoherence theory. We cannot do justice to the numerous investigations;
we merely give a few references [15–18]. It might be worth mentioning here that
decoherence has, during the last years, mainly been discussed as one of the main
obstacles in the implementation of large-scale quantum computers [19], possibly
neglecting other aspects of the phenomenon.

We close these introductory remarks with a short “manual” for the reader:
The first part of this book is simply a collection of well-established concepts

in the field of thermodynamics and quantum mechanics. Chapters 2 and 3 are not
meant to serve as a full-fledged introduction, more as a reminder of the central topics
in quantum mechanics and thermodynamics. They may very well be skipped by a
reader familiar with these subjects. Chapter 4 is a collection of historical approaches
to thermodynamics with a focus on their subtleties rather than their undoubtable
brilliance. Again this chapter is not imperative for the understanding of Part II.

In Part II the emergence of equilibrium thermodynamical behavior from
Schrödinger-type quantum dynamics is investigated. To those ends Chap. 5 lists
the properties of thermodynamic variables that do not follow in an obvious way
and thus require careful explanation on the basis of an underlying theory (quantum
mechanics). These explanations are then given in the remainder of Part II. In Chap. 6
the central ideas of the present quantum approach to thermodynamics which are
“typicality,” “objective lack of knowledge,” etc., are explained in a rather general
way. Their concrete implementation is then given in the remainder of Part II. Section
7.3 gives a flavor of how the frequently appearing Hilbert space averages are math-
ematically done. However, full explanation of the respective mathematics is given
in Appendices A, B, and C. Wherever needed in Part II results from the Appendix
concerning Hilbert space averages are simply quoted. Apart from being relevant in
the context of a “derivation of thermodynamics,” Chaps. 11, 12, and 15 comprise
their messages in a self-contained way and may thus be read without prior reading
of previous sections.

Part III is dedicated to linear non-equilibrium thermodynamics. The focus is
not on traditional linear response theory but on the relaxation dynamics of non-
equilibrium states. Chapter 17 is again a very basic review of well-established relax-
ation theories. Chapter 18 is somewhat technical and comments on the interrelations
between Hilbert space averaging and projection techniques and the implications
thereof. The remainder of Part III is then based on projection techniques and may be
read without any notion of Hilbert space averages or typicality. In Chaps. 19 and 20
the relaxation dynamics of systems coupled to finite baths and of non-equilibrium
density distributions in spatially structured systems are discussed. Chapter 21 inves-
tigates transport induced by reservoirs featuring different temperatures. The latter is
self-contained and may be read without reference to other parts.

Part IV, eventually, is concerned with some specific applications. Chapter 22
gives a brief, but nonetheless illustrative example for “typical” state features to be
expected from a product Hilbert space – independent of any physical constraints.
Chapters 23 and 24 try to explore the measurement problem in thermodynamics:
How to get information about thermodynamical variables, despite the fact that they
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are not observables in the usual sense. Thermodynamic processes (Chap. 25), while
not in the main focus of this book, nevertheless constitute a central connection
between theory and applications.
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Chapter 2
Basics of Quantum Mechanics

Those who are not shocked when they first come across
quantum theory cannot possibly have understood it.

— N. Bohr [1]

Abstract Before we can start with the quantum mechanical approach to thermody-
namics we have to introduce some fundamental terms and definitions of standard
quantum mechanics for later reference. This chapter should introduce the reader
only to some indispensable concepts of quantum mechanics necessary for the text
at hand, but is far from being a complete overview of this subject. For a complete
introduction we refer to standard textbooks [2–7].

2.1 Introductory Remarks

The shortcomings of classical theories had become apparent by the end of the 19th
century. Interestingly enough, one of the first applications of quantum ideas has
been within thermodynamics: Planck’s famous formula for black body radiation was
based on the hypothesis that the exchange of energy between the container walls and
the radiation field should occur in terms of fixed energy quanta only. Later on, this
idea has been put on firmer ground by Einstein postulating his now well-known rate
equations [8].

Meanwhile quantum mechanics has become a theory of unprecedented success.
So far, its predictions have always been confirmed by experiment.

Quantum mechanics is usually defined in terms of some loosely connected
axioms and rules. Such a foundation is far from the beauty of, e.g., the “principles”
underlying classical mechanics. Motivated, in addition, by notorious interpretation
problems, there have been numerous attempts to modify or “complete” quantum
mechanics.

A first attempt was based on so-called “hidden variables” [9]. Its proponents
essentially tried to expel the non-classical nature of quantum mechanics. More
recent proposals intend to “complete” quantum mechanics not within mechanics,
but on a higher level: by means of a combination with gravitation theory [10], with
psychology [11], or with (quantum-) information theory [12, 13].

While the emergence of classicality from an underlying quantum substrate has
enjoyed much attention recently, it has so far not been appreciated that the under-
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8 2 Basics of Quantum Mechanics

standing of quantum mechanics may benefit also from subjects like quantum ther-
modynamics.

2.2 Operator Representations

In quantum mechanics we deal with systems (Hamilton models), observables, and
states. They all are represented by Hermitian operators. Their respective specifi-
cation requires data (parameters), which have to be defined with respect to an
appropriate reference frame. These frames are operator representations. Let us in
the following consider some aspects of these operator representations in detail. First
we will concentrate on simple systems and their representation.

2.2.1 Transition Operators

If we restrict ourselves to systems living in a finite and discrete Hilbert space H
(a complex vector space of dimension ntot), we may introduce a set of orthonormal
state vectors |i〉 ∈ H . From this orthonormal and complete set of state vectors with

〈i | j〉 = δi j , i, j = 1, 2, . . . , ntot , (2.1)

we can define n2
tot transition operators (in general non-Hermitian)

P̂i j = |i〉〈 j | , P̂†
i j = P̂ji . (2.2)

These operators are, again, orthonormal in the sense that

Tr
{

P̂i j P̂†
i ′ j ′

}
= δi i ′δ j j ′ , (2.3)

where Tr {. . . } denotes the trace operation. Furthermore, they form a complete set
in so-called Liouville space, into which any other operator Â can be expanded,

Â =
∑
i, j

Ai j P̂i j , (2.4)

Ai j = Tr
{

Â P̂†
i j

}
= 〈i | Â| j〉 . (2.5)

The n2
tot parameters are, in general, complex (2n2

tot real numbers). For Hermitian
operators we have, with
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Â† =
∑
i, j

A∗
i j P̂†

i j =
∑
i, j

A ji P̂ji = Â , (2.6)

A∗
i j = A ji , (2.7)

i.e., we are left with n2
tot-independent real numbers. All these numbers must be given

to uniquely specify any Hermitian operator Â.

2.2.2 Pauli Operators

There are many other possibilities to define basis operators, besides the transition
operators. For ntot = 2 a convenient set is given by the so-called Pauli operators
σ̂i (i = 0, . . . , 3). The new basis operators can be expressed in terms of transition
operators

σ̂1 = P̂12 + P̂21 , (2.8)

σ̂2 = i(P̂12 − P̂21) , (2.9)

σ̂3 = −P̂11 + P̂22 , (2.10)

σ̂0 = 1̂ . (2.11)

These operators are Hermitian and – except for σ̂0 – traceless. The Pauli operators
satisfy several important relations: (σ̂i )

2 = 1̂ and [σ̂1, σ̂2] = 2iσ̂3 and their cyclic
extensions. Since the Pauli operators form a complete orthonormal operator basis,
it is possible to expand any operator in terms of these basis operators. Furthermore
we introduce raising and lowering operators, in accordance with

σ̂+ = 1/2
(
σ̂1 + iσ̂2

)
, σ̂− = 1/2

(
σ̂1 − iσ̂2

)
. (2.12)

Also for higher dimensional cases, ntot ≥ 2, one could use as a basis the Hermi-
tian generators of the SU(ntot) group.

2.2.3 State Representation

The most general way to define the state of a quantum mechanical system is by its
density matrix, ρi j , which specifies the representation of the density operator,

ρ̂ =
∑
i, j

ρi j P̂i j (2.13)

subject to the condition
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Tr {ρ̂} =
∑

i

ρi i = 1 . (2.14)

The expectation value for some observable Â in state ρ̂ is now given by

〈A〉 = Tr
{

Âρ̂
} =

∑
i, j

Ai jρi j . (2.15)

The density matrix ρi j = 〈i |ρ̂| j〉 is a positive definite and Hermitian matrix. The
number of independent real numbers needed to specify ρ̂ is thus d = n2

tot − 1. For
the density operator of an arbitrary pure state |ψ〉 we have ρ̂ = |ψ〉〈ψ |. In the
eigenrepresentation one finds, with Wi = ρi i ,

ρ̂ =
∑

i

Wi P̂ii , (2.16)

which may be interpreted as a “mixture” of pure states P̂ii = |i〉〈i | with the statis-
tical weight Wi . From this object the probability W (|ψ〉) to find the system in an
arbitrary pure state, expanded in the basis |i〉

|ψ〉 =
∑

i

ψi |i〉 , (2.17)

can be calculated as

W (|ψ〉) = 〈ψ |ρ̂|ψ〉 =
∑

i

|ψi |2Wi . (2.18)

To measure the distance of two arbitrary, not necessarily, pure states given by ρ̂

and ρ̂ ′ we define a “distance measure”

D2
ρ̂ρ̂ ′ = Tr

{
(ρ̂ − ρ̂ ′)2

}
. (2.19)

This commutative measure (sometimes called Bures metric) has a number of con-
venient properties: D2

ρ̂ρ̂ ′ ≥ 0 with the equal sign holding if and only if ρ̂ = ρ̂ ′; the
triangle inequality holds as expected for a conventional distance measure; for pure
states

D2
|ψ〉|ψ ′〉 = 2

(
1 − |〈ψ |ψ ′〉|2

)
≤ 2 (2.20)

and D2 is invariant under unitary transformations. A second measure of distance is
the fidelity defined by [14]

Fρ̂ρ̂ ′ = Tr

{(√
ρ̂ ρ̂ ′√ρ̂

)1/2
}

. (2.21)
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For pure states F is just the modulus of the overlap: F|ψ〉|ψ ′〉 = |〈ψ |ψ ′〉|.

2.2.4 Purity and von Neumann Entropy

For a pure state in eigenrepresentation all matrix elements in (2.13) of the density
matrix are zero except ρi i = 1, say, i.e., the density operator ρ̂ = P̂ii is a projection
operator. Obviously in this case ρ̂2 = ρ̂, due to the properties of the projection
operator, so that the so-called purity becomes

P = Tr
{
ρ̂2

} = 1 . (2.22)

In general, we have

P(ρ̂) =
∑
i, j

∑
i ′, j ′

ρi j ρi ′ j ′ Tr
{

P̂i j P̂†
i ′ j ′

}
=

∑
i, j

|ρi j |2 >
1

ntot
. (2.23)

Because of the Cauchy–Schwarz relation

|ρi j |2 ≤ ρi i ρ j j , (2.24)

we conclude that P ≤ 1. The equality sign holds for pure states only. P can be
calculated for any density matrix without prior diagonalization. In the diagonal rep-
resentation (cf. (2.16)) the purity is simply the sum of the squares of the probabilities
Wi to find the system in a respective eigenstate,

P({Wi }) = Tr
{
ρ̂2

} =
∑

i

W 2
i . (2.25)

Note that the purity itself is invariant with respect to unitary transformations. Its
value does not depend on the representation chosen.

Furthermore, a very important quantity is another measure called the von Neu-
mann entropy [14]. Also this measure is defined for any state ρ̂ as

S(ρ̂) = −kBTr {ρ̂ ln ρ̂} ≥ 0 , (2.26)

where kB denotes a proportional constant, the Boltzmann constant. (At this point
the inclusion of kB is arbitrary and not yet meant to anticipate any connection to
thermodynamics.) For a pure state the minimum entropy S = 0 is reached. The
maximum entropy obtains for

ρi j = 1

ntot
δi j , i, j = 1, 2, . . . , ntot , (2.27)

i.e., for a density matrix proportional to the normalized unit matrix, with the entropy
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Smax = kB ln ntot . (2.28)

In the same limit the purity P is minimal,

Pmin = 1

ntot
. (2.29)

The maximum entropy (or minimum purity) is thus found for the broadest possible
probability distribution, the equipartition over all pure states (remember (2.27)).
Therefore S and P are both measures for the “broadness” of the distribution.

The purity can be expressed as a rather simple function of the full state, the
evaluation of which does not require the diagonalization of a matrix, as opposed to
the calculation of the von Neumann entropy. We will thus mainly consider P rather
than S.

In general, though, these two measures do not uniquely map onto each other.
Nevertheless in the limits of maximum S (minimum P) and maximum P (minimum
S) they do. The formal approximation ln ρ̂ ≈ ρ̂ − 1̂ leads to the “linearized” entropy

Slin = kB(1 − P) ≥ 0 . (2.30)

Since, as will be shown in Sect. 2.4, S is a constant of motion, the question for the
possible origin of S > 0 arises. One interpretation is essentially classical and traces
a finite S back to subjective ignorance. In the eigenrepresentation of the density
operator (see (2.16)) the density operator can be seen as a “mixture” of pure states
P̂ii = |i〉〈i | and the entropy then reads

S = −kB

∑
i

Wi ln Wi . (2.31)

Alternatively, a nonpure state may result from the system under consideration being
entangled with another system, while the total state is pure. In this case S indicates
a principal uncertainty. It is always possible to find such an embedding, as will be
discussed in the next section.

2.2.5 Bipartite Systems

Systems typically consist of subsystems. In the case of a bipartite system, the total
Hilbert space can be decomposed into a product space

H = H (1) ⊗ H (2) , (2.32)

with dimension ntot = n(1) ·n(2). A complete set of orthonormal vectors is then given
by the product states (⊗ means tensor product of the vectors involved)
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|i j〉 = |i〉 ⊗ | j〉 , (2.33)

with i = 1, 2, . . . , n(1) numbering the states in H (1) and j = 1, 2, . . . , n(2) in H (2).
The states fulfill the orthonormality relation

〈i j |i ′ j ′〉 = δi i ′ δ j j ′ . (2.34)

Based on this we can define the transition operators

P̂i j |i ′ j ′ = |i j〉〈i ′ j ′| = P̂ (1)
i i ′ ⊗ P̂ (2)

j j ′ , (2.35)

where P̂ (μ)
i i ′ is a transition operator in the subspace of the subsystem μ = 1, 2. These,

again, form a complete orthogonal set such that any operator Â can be expanded in
the form

Â =
∑
i, j

∑
i ′, j ′

Ai j |i ′ j ′ P̂i j |i ′ j ′ . (2.36)

For a pure state

|ψ〉 =
∑
i, j

ψi j |i〉 ⊗ | j〉 (2.37)

the density operator ρ̂ = |ψ〉〈ψ | has the matrix representation

ρi j |i ′ j ′ = ψi j ψ∗
i ′ j ′ . (2.38)

If we are interested in the state of one of the subsystems alone we have to trace
over the other subsystem. The reduced density operator of the system of interest is
now given by

ρ̂(1) = Tr2 {ρ̂} =
∑
i,i ′

∑
j

〈i j |ρ̂|i ′ j〉 |i〉〈i ′|

=
∑
i,i ′

ρi i ′ P̂ (1)
i i ′ , (2.39)

with ρi i ′ = ∑
j ρi j |i ′ j . Here Tr2 {. . . } means trace operation within Hilbert space

H (2). The result for subsystem 2 is obtained by exchanging the indices of the two
subsystems.

The expectation value for any local operator Â(1) ⊗ 1̂(2) can be calculated from

〈 Â(1)〉 = Tr1
{

Â(1)ρ̂(1)
}

. (2.40)

The corresponding purity, say, for the reduced state of the first subsystem, is
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P
(
ρ̂(1)

) =
∑
i,i ′

|ρi i ′ |2 =
∑
i,i ′

∑
j, j ′

ρi j |i ′ j ρi ′ j ′ |i j ′ . (2.41)

Furthermore, the reduced von Neumann entropies are given by

S
(
ρ̂(μ)

) = −kBTrμ
{
ρ̂(μ) ln ρ̂(μ)

}
, μ = 1, 2 . (2.42)

One easily convinces oneself that for

ρ̂ = ρ̂(1) ⊗ ρ̂(2) (2.43)

the total entropy is additive,

S = S
(
ρ̂(1)

) + S
(
ρ̂(2)

)
. (2.44)

In general, the theorem by Araki and Lieb [15] tells us that

|S(ρ̂(1)
) − S

(
ρ̂(2)

)| ≤ S ≤ S
(
ρ̂(1)

) + S
(
ρ̂(2)

)
. (2.45)

This theorem implies that if the total system is in a pure state (S = 0) then
S(ρ̂(1)) = S(ρ̂(2)), no matter how the system is partitioned. Under the same condition
P(ρ̂(1)) = P(ρ̂(2)). Then if S(ρ̂(1)) = S(ρ̂(2)) > 0, it follows that (2.44) does not
apply and the total (pure) state cannot be written in a product form. This is inter-
preted to result from “entanglement,” for which the local entropies S(ρ̂(1)) = S(ρ̂(2))
thus constitute an appropriate measure.

Such pure entangled states have been of central interest now for almost 70 years.
They can have properties that seem to contradict intuition. If a local measurement on
one subsystem is made, i.e., a projection of only one subsystem state is performed,
the local state of the other subsystem can be severely affected, which has raised
the question of whether quantum mechanics could be valid at all [16]. Neverthe-
less, these states can theoretically be shown to result from product states, if the
subsystems are allowed to interact for a while. On a small scale such a buildup has
been demonstrated experimentally; it is a widespread belief that entanglement as
a fundamental quantum mechanical property should show up mainly between very
small objects.

2.2.6 Multipartite Systems

Alternatively, one may consider a network of N subsystems of dimension n each.
Then ntot = nN . As a consequence of the direct product structure, the number of
parameters required to specify a density operator then grows exponentially with N

d = n2N − 1 . (2.46)
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For the classical system of N point particles we would need 6N real parameters, i.e.,
we would just have to specify position and momentum of each individual particle.
This so-called phase space is the direct sum of the individual particle spaces. The
analog in the quantum case would be to specify the local states of the N subsystems,
for which we would need (n2 − 1)N parameters. (This was the dimension of the
direct sum of subsystem Liouville spaces.) Defining

γ = d

(n2 − 1)N
, (2.47)

we see that for n = 2, N = 3, γ = 7, but for N = 10, γ ≈ 30 000. The tremendous
information needed over the local parameters is due to the fact that correlations
(entanglement) dominate, in general. For product states γ = 1.

The blowup of γ is a typical quantum property, closer to the heart of quantum
mechanics than the famous Heisenberg uncertainty relation. Both are due to the
non-commutativity of the underlying operators, though.

The number of parameters needed to specify a Hamilton model typically grows
only polynomially with N . This is because direct interactions are usually restricted
to finite clusters, e.g., up to pairs.

2.3 Dynamics

So far, we have considered some properties of Hilbert spaces, the basis operators and
appropriate states. We turn now to some dynamical aspects of quantum systems.

The unitary dynamics of a closed system generated by a Hamilton operator Ĥ is
given by the Schrödinger equation

i�
∂

∂t
|ψ(t)〉 = Ĥ (t)|ψ(t)〉 (2.48)

for the time-dependent pure state |ψ(t)〉. This is the fundamental equation specify-
ing the so-called Schrödinger picture: here the state vectors |ψ(t)〉 carry all dynam-
ics, while the basic operators are time independent. But note that the Hamiltonian
could include explicitly time-dependent potentials. These would render the system
non-autonomous, though.

From the Schrödinger equation one can easily derive the evolution equation
directly for the density operator. This is the Liouville–von Neumann equation

i�
∂ρ̂

∂t
= [Ĥ , ρ̂] , (2.49)

with [ Â, B̂] = Â B̂ − B̂ Â defining the commutator. This equation can be written in
the form
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∂ρ̂

∂t
= L̂ρ̂ , (2.50)

where L̂ is a so-called superoperator acting (here) on the operator ρ̂ to produce the
new operator

L̂ρ̂ = − i

�
[Ĥ , ρ̂] . (2.51)

Modified superoperators control the dynamics of open quantum systems, which we
will consider in detail in Sect. 4.8.

The Liouville–von Neumann equation can formally be solved by

ρ̂(t) = Û (t) ρ̂(0) Û †(t) , (2.52)

where the unitary time evolution operator, Û †Û = ÛÛ † = 1̂, also obeys the
Schrödinger equation,

i�
∂

∂t
Û (t) = Ĥ (t) Û (t) . (2.53)

For ∂ Ĥ/∂t = 0, i.e., no explicit time-dependent Hamiltonian, it has the formal
solution

Û (t) = e−iĤ t/� . (2.54)

When represented with respect to a specific set of basis operators, the Liouville–
von Neumann equation is equivalent to

i�
∂

∂t
ρi j (t) = Tr

{
[Ĥ , ρ̂(t)] P̂†

i j

}
. (2.55)

This equation determines the evolution of the matrix elements of the density opera-
tor. The solution ρi j (t), subject to the condition

∑
i ρi i = 1, can thus be visualized as

a deterministic quantum trajectory in Liouville space, controlled by the Hamiltonian
and by the initial state ρ̂(0).

In the Heisenberg picture, the dynamics is carried by time-dependent observables

ÂH(t) = Û †(t) Â Û (t) , (2.56)

while the states are constant, ρ̂H(t) = ρ̂(0). If ∂ Â/∂t = 0 in the Schrödinger picture,
the corresponding evolution equation for the now time-dependent operators reads

i�
d

dt
ÂH = −[Ĥ , ÂH] . (2.57)
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In either picture the time dependence of the expectation value of an operator 〈 Â〉 =
Tr

{
Â ρ̂

} = Tr
{

ÂH ρ̂(0)
}

is given by

i�
∂

∂t
〈 Â〉 = Tr

{
[Ĥ , ρ̂] Â

} = −Tr
{
[Ĥ , ÂH] ρ̂(0)

}

= −〈[Ĥ , ÂH]〉 , (2.58)

which is known as the “Ehrenfest theorem.” Since this evolution equation is similar
to the classical equation of motion based on the Poisson bracket, this theorem can be
interpreted to state that “the classical equations of motion are valid for expectation
values in quantum mechanics.”

2.4 Invariants

According to the Heisenberg equation of motion (2.57), conserved quantities are
those which commute with the system Hamiltonian Ĥ . In eigenrepresentation Ĥ
can be written as

Ĥ =
ntot∑
i=1

Ei P̂ii . (2.59)

As a consequence, the projectors commute with the Hamiltonian itself,

[P̂j j , Ĥ ] = 0 , j = 1, . . . , ntot . (2.60)

Since commutators are invariant under unitary transformations, the above relation
thus holds in the Schrödinger as well as in the Heisenberg pictures. For the change
of the energy distribution we find

i�
∂

∂t
Wj = i

∂

∂t
Tr

{
P̂j j ρ̂

} = −Tr
{

[Ĥ , P̂ (H)
j j ] ρ̂(0)

}
= 0 , (2.61)

i.e., the energy distribution, the probability of finding the system in state j , is a
constant of motion.

Furthermore, defining the expectation value of an arbitrary function of the density
operator ρ̂

〈 f (ρ̂)〉 = Tr {ρ̂ f (ρ̂)} , (2.62)

one infers that
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i�
∂

∂t
〈 f (ρ̂)〉 = i� Tr

{
∂

∂t
ρ̂ f (ρ̂)

}
+ i� Tr

{
ρ̂

∂

∂t
f (ρ̂)

}

= Tr
{
[Ĥ , ρ̂] f (ρ̂)

} + Tr
{
ρ̂[Ĥ , f (ρ̂)]

}
. (2.63)

Here we have made use of the Liouville equation (2.49) and its variant

i�
∂

∂t
f (ρ̂) = [Ĥ , f (ρ̂)] . (2.64)

Observing the invariance of the first trace term in (2.63) under cyclic permutations,
we see that the right-hand side cancels,

d

dt
〈 f (ρ̂)〉 = 0 . (2.65)

Taking now f (ρ̂) = ρ̂, the term 〈 f (ρ̂)〉 = Tr
{
ρ̂2

}
is just the purity, so that

d

dt
P = 0 . (2.66)

For f (ρ̂) = ln ρ̂ one concludes that the von Neumann entropy is invariant, too. In
fact, any moment Tr

{
(ρ̂)k

}
is a constant of motion in closed quantum systems. But

note that the local reduced von Neumann entropy of a part of the system defined in
(2.42) is not necessarily conserved under a unitary time evolution of the full system
(see Sect. 6.1).

For later reference we finally investigate a bipartite system with the total Hamil-
tonian Ĥ . Here we may encounter a situation for which

[ Â(1), Ĥ ] = 0 , [B̂(2), Ĥ ] = 0 , (2.67)

where the operator

Â(1) =
∑

i

Ai P̂ (1)
i i (2.68)

acts only on subsystem 1, and

B̂(2) =
∑

j

B j P̂ (2)
j j (2.69)

acts only on subsystem 2. As a consequence,

[
(

Â(1))k
, Ĥ ] =

∑
i

Ak
i [P̂ (1)

i i , Ĥ ] = 0 . (2.70)

As this has to hold for any k, we conclude that
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[P̂ (1)
i i , Ĥ ] = 0 , (2.71)

and correspondingly,

[P̂ (2)
j j , Ĥ ] = 0 . (2.72)

According to these considerations the expectation value

W (12)
i j = Tr

{
P̂ii (1) P̂j j (2) ρ̂

}
(2.73)

is thus a conserved quantity, too. This expectation value is the joint probability for
finding subsystem 1 in state i and subsystem 2 in state j .

2.5 Time-Dependent Perturbation Theory

Just as in classical mechanics or any other theoretical framework, there are very few
examples that allow us to achieve an exact analytical solution. In quantum mechan-
ics even numerical solutions are seriously constrained by exponential explosion of
state parameters (cf. Sect. 2.2.6). Many, quite powerful, approximation schemes
have been developed. For later reference we summarize here the basics of standard
perturbation theory.

To consider time-dependent phenomena it is often very helpful – if not unavoid-
able – to use a perturbation theory instead of a full solution of the time-dependent
problem. To outline such a theory, we use in addition to the Schrödinger and the
Heisenberg pictures the interaction or Dirac picture.

2.5.1 Interaction Picture

In the interaction picture, both observables and states are time dependent. We con-
sider the Hamilton operator

Ĥ = Ĥ0 + V̂ (t) , (2.74)

where Ĥ0 represents the unperturbed Hamiltonian and V̂ (t) the time-dependent per-
turbation. According to the unitary transformation

Û0(t, t0) = exp

(
− i

�
Ĥ0(t − t0)

)
, (2.75)

where t0 is the time at which the perturbation is switched on, one can transform the
states as well as the operators of the Schrödinger picture into the interaction picture
(index I)
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|ψ(t)〉 = Û0(t, t0) |ψI(t)〉 , (2.76)

ÂI = Û †
0 (t, t0) Â Û0 (t, t0) . (2.77)

Based on these transformations, the Schrödinger equation reads

i�
( ∂

∂t
Û0

)
|ψI(t)〉 + i�Û0

∂

∂t
|ψI(t)〉 = (Ĥ0 + V̂ )Û0|ψI(t)〉 . (2.78)

Observing that

i�
∂

∂t
Û0 = Ĥ0 Û0 (2.79)

and

Û0Û †
0 = 1̂ , (2.80)

the above equation reduces to an effective Schrödinger equation for |ψI(t)〉

i�
∂

∂t
|ψI(t)〉 = V̂I(t) |ψI(t)〉 , (2.81)

identifying V̂I(t) = Û †
0 V̂ (t)Û0 . This equation has the formal solution

|ψI(t)〉 = ÛI(t, t0) |ψI(t0)〉, (2.82)

with the evolution equation

i�
∂

∂t
ÛI(t, t0) = V̂I(t) ÛI(t, t0) . (2.83)

The corresponding dynamics for observables in the interaction picture (remember
(2.77)) is then controlled by

d ÂI

dt
= 1

i�
[ ÂI(t), Ĥ0] + Û †

0

∂ Â

∂t
Û0 . (2.84)

2.5.2 Series Expansion

The formal solution (2.82) of the effective Schrödinger equation (2.81) may be writ-
ten as

ÛI (t, t0) = 1̂ − i

�

∫ t

t0

dt1V̂I(t1) ÛI(t1, t0) . (2.85)
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This integral equation can be solved for ÛI(t, t0) by iteration,

ÛI(t, t0) = 1̂ + i

�

∫ t

t0

dt1 V̂I(t1) +
(

i

�

)2 ∫ t

t0

dt1

∫ t1

t0

dt2 V̂I(t1) V̂I(t2) + · · ·

=
∞∑

n=0

(
i

�

)n ∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtn V̂I(t1) · · · V̂I(tn) , (2.86)

which is called the Dyson series expansion. In first order the transition probability
due to V̂I(t) is given by

Wi j (t) =
∣∣∣∣ δi j + 1

i�

∫ t

t0

dt1 〈 j | V̂I(t1) |i〉
∣∣∣∣
2

. (2.87)

For i �= j and going back to the Schrödinger picture, we find

Wi j (t) = 1

�2

∣∣∣∣
∫ t

t0

dt1 exp

(
i(E j − Ei )t1

�

)
〈 j | V̂ (t1) |i〉

∣∣∣∣
2

. (2.88)

Let the time-dependent perturbation be

V̂ (t) =
{

0
V̂

for
t ≤ 0
t > 0

(2.89)

and

E j − Ei

�
= ω j i . (2.90)

Then we find for the transition probability

Wi j (t) = 1

�2

∣∣∣∣
eiω j i t − 1

ω j i
〈 j |V̂ |i〉

∣∣∣∣
2

(2.91)

= 1

�2

∣∣∣∣
sin(ω j i t/2)

ω j i/2

∣∣∣∣
2

|〈 j |V̂ |i〉|2 , (2.92)

which gives Fermi’s golden rule for large times

Wi j (t) = t
2π

�
δ(E j − Ei )|〈 j |V̂ |i〉|2 , (2.93)

i.e., a constant transition rate.
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Chapter 3
Basics of Thermodynamics and Statistics

Not knowing the 2nd law of thermodynamics is like never
having read a work of Shakespeare.

— C. P. Snow [1]

Abstract After having introduced some central concepts, results, and equations
from quantum mechanics, we will now present the main definitions and laws of
phenomenological thermodynamics and of thermostatistics. The aim is not at all to
give a complete overview of the concepts of classical thermodynamics, but a brief
introduction and summary of this old and useful theory. For a complete exposition
of the subject we refer to some standard textbooks [2–5]. (A timeline of notable
events ranging from 1575 to 1980 can be found in [6].)

3.1 Phenomenological Thermodynamics

In spite of the fact that all physical systems are finally constructed out of basic
subunits, the time evolution of which follows complicated coupled microscopical
equations, the macrostate of the whole system is typically defined only by very few
macroscopic observables like temperature, pressure, volume. From a phenomeno-
logical point of view one finds simple relations between these macroscopic observ-
ables, essentially condensed into four main statements – the fundamental laws of
thermodynamics. These central statements are based on experience and cannot be
founded within the phenomenological theory.

3.1.1 Basic Definitions

A physical system is understood to be an operationally separable part of the physical
world. Microscopically such a system can be defined by a Hamilton function (classi-
cally) or a Hamilton operator (quantum mechanically), whereas in the macroscopic
domain of thermodynamics systems are specified by state functions. Such a state
function, like the internal energy U , is defined on the space of so-called macrostates.

Such a macrostate of the system is defined by a complete and independent set
of state variables (macrovariables) Zi , where i = 1, 2, . . . , nvar. The dimension
nvar is small compared to the number of microscopic variables for the system under
consideration. The macroscopic state variables Zi come in two variants: extensive

Gemmer, J. et al.: Basics of Thermodynamics and Statistics. Lect. Notes Phys. 784, 23–39 (2009)
DOI 10.1007/978-3-540-70510-9 3 c© Springer-Verlag Berlin Heidelberg 2009
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variables, Xi (e.g., volume V , entropy S), which double if the system is doubled,
and intensive variables, ξi (e.g., pressure P , temperature T ), which remain con-
stant under change of system size. For each extensive variable Xi there is a con-
jugate intensive variable ξi , with i = 1, 2, . . . , nvar. Starting from an all-extensive
macrostate, Zi = Xi , one can get different representations by replacing X j by ξ j

(for some given j). For the all-extensive macrostate one usually chooses the inter-
nal energy U (Xi ) as the appropriate state function. (Another choice would be the
entropy, see below.) The coordinate transformation to other state variables, or more
precisely, Legendre transformation, leads to new state functions.

There are no isolated macrosystems: system and environment constitute the most
fundamental partition of the physical world underlying any physical description. In
the thermodynamic regime the environment can be used to fix certain state variables
like volume V , temperature T , pressure P . The system proper is usually classi-
fied according to the allowed exchange processes with the environment. “Com-
pletely closed” means no matter exchange, no energy exchange; “closed” means
no exchange of matter; otherwise the system is termed “open.”

The existence of equilibrium states is taken as a fundamental fact of experience.
After a certain relaxation time any completely closed macrosystem approaches an
equilibrium state (stationary state), which the system will then not leave anymore
spontaneously. The number of independent state variables becomes a minimum in
equilibrium given by nvar. There are nvar state equations, relations between extensive
and intensive macrovariables in equilibrium, which help to specify the experimen-
tally verifiable properties of the system.

As a thermodynamic process we consider a sequence of state changes defined in
the state space of macrovariables of the system and its environment. A reversible
process must consist of equilibrium states only: relaxation from a non-equilibrium
state to an equilibrium state is always irreversible by definition.

Moderate deviations from global equilibrium are based on the concept of local
equilibrium. In this case the macrosystem can further be partitioned into macro-
scopic subsystems, which, by themselves, are still approximately in equilibrium.
The local state would thus be time independent, if isolated from the other neighbor-
ing parts.

Conventional thermodynamics is sometimes also called thermostatics, as the
state changes are studied here without explicit reference to time. As a phenomeno-
logical theory thermodynamics cannot define its own range of validity. In particular,
it does not give any criteria, according to which a given system should be expected
to behave thermodynamically or not.

3.1.2 Fundamental Laws

To consider thermodynamic phenomena in detail, we often need, besides the macro-
variables, some additional quantities A, which are functions of the independent
macrovariables Zi , i = 1, 2, ..., nvar. In thermodynamic processes the total change
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of A over a closed cycle may not be independent of the path, i.e.,

∮
δ A �= 0 . (3.1)

Such a quantity is non-integrable and is said to have no complete differential. Nev-
ertheless, it is possible to define an infinitesimal change,

δ A =
nvar∑
i=1

∂ A

∂ Zi

dZi , (3.2)

for which, however,

∂

∂ Z j

∂ A

∂ Zi

�= ∂

∂ Zi

∂ A

∂ Z j

. (3.3)

Sometimes one can introduce an integrating factor for the quantity A such that the
last relation is fulfilled and A becomes integrable. Furthermore two non-integrable
quantities may add up to form an integrable one. State functions are always inte-
grable. In the following dA will denote a complete differential, δ A an infinitesimal
change (not necessarily a complete differential), and ΔA a finite change of A.

Zeroth Law:

For a thermodynamic system there exists an empirical temperature T such that two
systems are in thermal equilibrium, if T (1) = T (2). Any monotonic function f (T ) of
T can also be used as an empirical temperature.

First Law:

For any thermodynamic system the total internal energy U is an extensive state
function. In a completely closed system U is constant in time,

δU = 0 . (3.4)

U may change only due to external energy transfer: δU = δU ext. Examples are as
follows:

• Change of volume V : δU ext = −P dV (P: pressure).
• Change of magnetization M: δU ext = B dM (B: magnetic field).
• Change of particle number N : δU ext = μ dN (μ: chemical potential).

The total contribution has the general form

δ A =
nvar−1∑

i=1

ξi dXi , (3.5)
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where δ A is called the total applied work, Xi an extensive work variable (excluding
entropy), and ξi the conjugate intensive variable to Xi (excluding temperature). Why
just these variables Xi , no others? The answer is that there exist environments (i.e.,
some appropriate apparatus) such that these energy changes can actually be carried
out in a controlled fashion.

For thermodynamic systems we may have, in addition, a “heat contribution” δ Q.
The first law of thermodynamics thus reads explicitly

dU = δ Q + δ A = δ Q +
nvar−1∑

i=1

ξi dXi , (3.6)

δ Q and δ A do not constitute complete differentials by themselves, but their sum
does. For any closed path in macrostate space we thus have

∮
dU = 0 , (3.7)

which constitutes a form of energy conservation; there is no perpetual motion
machine (perpetuum mobile) of the first kind, i.e., there is no periodic process in
which work is extracted without supplying energy or heat. Periodic means that the
machine is exactly in the same state after each cycle (ready for the next one), which
is not necessarily true for the environment.

Second Law:

The first law guarantees that each process conserves the energy of the whole sys-
tem (system and environment together). However, there are processes that we typi-
cally do not observe even though they would not violate the first law. According to
Clausius:

Heat never flows spontaneously from a cold body to a hotter one.

An important alternative formulation of the second law makes use of the concept of
the perpetuum mobile of second kind (Thomson’s formulation):

It is impossible to construct a periodically operating machine, which does nothing else but
transforms heat of a single bath into work.

Experience tells us that the above two formulations of the second law of thermo-
dynamics are fulfilled, in general. However, it is not possible to prove this law
within the phenomenological theory of thermodynamics. In statistical mechanics
there have been numerous attempts to do just this. We will introduce some of them
later in Chap. 4.

For reversible processes one finds that

dS = δ Q

T
. (3.8)
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In this case 1/T is an integrating factor for δ Q. S is called entropy. If irreversible
processes participate, the quantity is not integrable anymore. In general, for arbitrary
(reversible and irreversible) processes we have

δ S ≥ δ Q

T
. (3.9)

As long as irreversible processes take place, entropy is increased until the system
reaches equilibrium. In equilibrium S takes on a maximum value, usually con-
strained by some conservation laws.

The entropy of a system can thus change due to internal entropy production and
external entropy transfer:

δ S = δ Sint + δ Sext . (3.10)

The second law states that

δ Sint ≥ 0 . (3.11)

A system is called adiabatically closed, if

δ Sext = δ Q

T
= 0 =⇒ δ S ≥ 0 . (3.12)

In the case of a reversible process we need to have dStot = dSg +dSc = 0, where
dSg is the entropy change of the system, dSc the entropy change of the environment.
Only under this condition can a process run backward without violating the second
law, i.e., after the reverse process everything, the system as well as the environment,
is in exactly the same state as before.

It is important to note that entropy changes are measurable. For this purpose we
couple the system to an external system (bath at temperature T c) and perform a
reversible process with ΔStot = ΔSg + ΔSc = 0. For fixed T = T c we can identify

ΔSg =
∫

δ Q

T c
. (3.13)

ΔSg can thus be measured via the reversible heat exchange.

Remark: The measurability of entropy changes for any individual thermodynamic
system has far-reaching consequences. It excludes the possibility to consistently
interpret S in terms of subjective ignorance (though one may still use this metaphor
in a pragmatic way). Furthermore, in so far as quantum physical uncertainties can
be shown to give rise to thermodynamic entropy, this may shed new light on the
question whether quantum mechanical states could be interpreted as representing
our subjective knowledge or ignorance, indicating that this is not the case. Quantum
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thermodynamics, as treated in this book, should thus help to clarify ongoing contro-
versial disputes.

Third Law (Nernst):

For T → 0 we have for systems without “frozen-in disorder,”

S → 0 (3.14)

independent of Xi or ξi , respectively. As a consequence, specific heats, e.g., go to
zero for T → 0. This is interpreted to imply that the zero point of the absolute
temperature T cannot be reached. In support of the above remark, S = 0 cannot
mean that we have “complete knowledge” of the respective ground state; this is
hardly ever the case.

3.1.3 Gibbsian Fundamental Form

The so-called Gibbsian fundamental form now follows as a combination of the
first and the second law (for reversible processes i.e. remaining in equilibrium state
space)

dU = T dS −
nvar−1∑

i=1

ξi dXi . (3.15)

The “natural” independent macrovariables for U are thus S and Xi , which are all
extensive. Euler’s homogeneity relation (definition of a complete differential)

dU = ∂U

∂S
dS +

nvar−1∑
i=1

∂U

∂ Xi
dXi (3.16)

allows us to identify

T (S, Xi ) =
(

∂U

∂S

)

Xi

, (3.17)

ξ j (S, Xi ) =
(

∂U

∂ X j

)

S,Xi �=X j

. (3.18)

The absolute temperature T thus has the property of an empirical temperature as
defined in the zeroth law, it is the conjugate variable to S.
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3.1.4 Thermodynamic Potentials

So far we have restricted ourselves to the internal energy U (S, Xi ) of the system as
a thermodynamic state function or potential (see (3.15)). Instead of U we may alter-
natively consider the entropy function, S(U, Xi ). Both of these basic state functions
are functions of extensive variables only. Rewriting the Gibbsian fundamental form
we get

dS = 1

T
dU −

nvar−1∑
i=1

ξi

T
dXi (3.19)

from which, comparing with the Euler equation (cf. (3.16)), we read

(
∂S

∂U

)

Xi

= 1

T
, (3.20)

(
∂S

∂ X j

)

U,Xi �=X j

= − ξ j

T
. (3.21)

However, for concrete physical situations, e.g., special contact conditions of sys-
tem and environment, it is more appropriate to use a different set of independent
variables. This set should be better adapted to the considered situation. The method
to perform this coordinate transformation is called the Legendre transformation.

We start from the energy function U (S, Xi ), and restrict ourselves to simple fluid
systems (nvar = 2) with the single work variable X = V . For this volume V the
conjugate intensive variable is the pressure P = −∂U/∂V . The free energy F
(or Helmholtz free energy) results from a Legendre transformation of the function
U (S, V ) replacing S by its conjugate T :

F(T, V ) = U (S(T, V ), V ) − ∂U

∂S
S = U − T S , (3.22)

dF = dU − T dS − S dT = −S dT − P dV . (3.23)

For the enthalpy H we replace V by the conjugate variable P ,

H (S, P) = U − ∂U

∂V
V = U + PV , (3.24)

dH = dU + V dP + P dV = T dS + V dP . (3.25)

Finally, the Gibbs free energy (or free enthalpy) results, if we replace S and V by
their respective conjugate variables,
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G(T, P) = U − ∂U

∂S
S − ∂U

∂V
V = U − T S + PV , (3.26)

dG = −S dT + V dP . (3.27)

All these thermodynamic potentials are equivalent. Of course there are additional
potentials, if there are more work variables, e.g., magnetic variables, exchange of
particle numbers.

What is the use of these thermodynamic potentials? According to the second
law the entropy reaches its maximum value in equilibrium. As a consequence these
thermodynamic potentials will reach a minimum value for the equilibrium state of
the system under specific conditions. This allows us to use these potentials to com-
pute the properties of the system if a calculation based on the entropy is impossible.
Additionally we need these potentials in the statistical theory, as will be seen below.

3.2 Linear Non-equilibrium Thermodynamics

Up to this point all considerations and discussions referred to equilibrium situa-
tions, i.e., situations that are reached after sufficient time if systems are left alone.
These equilibrium states are time independent, thus the theory developed so far
excludes, technically speaking, all phenomena that feature a time evolution. Of
course, relations like the Gibbs fundamental form (see Sect. 3.1.3) or the formu-
lation of thermodynamic potentials are essentially meant to describe processes like
adiabatic expansion, isothermal compression that surely do have a time dependence,
but all these processes are driven by the change of external parameters like volume,
temperature. These processes are called “quasi-static” since it is assumed that the
system will be immediately at rest the very moment in which the external parameter
stops changing. Thus, this theory does not include any process in which a system
develops without an external influence.

Such processes happen on the way to equilibrium. They are thus irreversible and
much harder to deal with because the internal energy is no longer a state function
of the extensive quantities. Therefore Gibbs’ fundamental form of (3.15) is not nec-
essarily valid and one needs more and more parameters to specify the state of a
system.

There is, however, a class of irreversible processes that happen close to equi-
librium which are, with some additional assumptions, accessible from a slightly
enlarged theory called “linear irreversible thermodynamics.”

The first assumption is that in such processes equilibrium thermodynamics
remains locally valid, i.e., it is assumed that it is possible to divide the system
into spatial cells to each of which equilibrium thermodynamics applies, only the
thermodynamic quantities may now vary from cell to cell. Regarding the level of
description one does not need entirely new quantities, one only needs the standard
quantities for each cell and these are assumed to be small enough so that the quan-
tities may be given in the form of smooth space (and time)-dependent functions.



3.2 Linear Non-equilibrium Thermodynamics 31

So, from extensive quantities one goes to densities (e.g., U → u(q, t), where q
is the vector of position coordinates) and from intensive quantities to fields (e.g.,
T → T (q, t)). For the entropy density one gets (see Sect. 3.1.4)

s(q, t) = s
(
u(q, t) , Xi(q, t)

)
, (3.28)

or, specializing in situations in which no extensive quantities other than energy and
entropy vary,

s(q, t) = s
(
u(q, t)

)
. (3.29)

To describe the evolution of the system one has to introduce the “motion” of the
energy – the energy current ju . Since the overall energy is conserved, the current is
connected with the energy density by a continuity equation,

∂u

∂t
+ ∇ju = 0 . (3.30)

If one had an equation connecting ju to the functions describing the thermal state of
the system like u(q, t) or T (q, t), one could insert this equation into (3.30) getting
an autonomous equation describing the behavior of the system. The problem is that
such an equation depends on the material and could, in principle, take on the most
complicated forms. The aim of the considerations at hand is to show that, under
some assumptions, this equation can just assume a form into which the properties
of the specific material enter via a few constants.

Since equilibrium thermodynamics is supposed to be locally valid, one finds for
the differential of the entropy density, with (3.20),

ds = ∂s

∂u
du = 1

T
du (3.31)

and thus for the entropy current js connected with the energy current,

js = 1

T
ju . (3.32)

Entropy is no longer a conserved quantity, so a local entropy production rate ṡ enters,

ṡ = ∂s

∂t
+ ∇js . (3.33)

Now, substituting (3.31) and (3.32) into (3.33), one finds, exploiting (3.30)

ṡ = − 1

T 2
∇T ju . (3.34)
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Demanding that ṡ has to be positive at any point and any time, (3.34) sets restrictions
on the above-mentioned equation for ju .

A basic restriction deriving from another concept is the Markov assumption, i.e.,
the assumption that the ju(q, t) should only depend on the state of the system at the
actual time t and not at the configurations at former times t ′ < t . This dependence
thus has to be local in time. It could nevertheless, in principle, be non-local in space.
ju(q, t) could depend on the values of, say T

(
q′, t

)
at all q′ �= q or spatial derivatives

of T of arbitrarily high order. This, however, is forbidden by (3.33). ju can only
depend on first-order derivatives (no higher, no lower order) of T , otherwise the
positivity of ṡ could not be guaranteed. Specializing now in cases with very small
temperature gradients, one can neglect all terms in which the first-order derivatives
enter other than linearly, eventually finding

ju(q, t) = −κ ∇T (q, t) . (3.35)

The explicit form of κ depends on the material. This is the above-mentioned equa-
tion that allows, together with (3.30), for a closed description of linear irreversible
processes (equation of heat conduction). Equation (3.35) is also known as Fourier’s
lawand has turned out to be appropriate for describing a huge class of experiments
that proceed close to equilibrium.

This concept can be generalized: the external forces Fi , like gradients of electric
potentials, chemical potentials, or temperature, are taken to be responsible for the
respective currents ji : heat currents, diffusion currents, as well as energy currents,
which are not independent of each other. In general, we expect

ji =
∑

j

Li j Fj , (3.36)

where Li j is the matrix of transport coefficients. Due to the Onsager theorem, the
matrix Li j should be symmetric (Li j = L j i ). Since the current ji also induces an
entropy flow through the system, we have to be very careful in choosing currents
and forces. However, if we choose these quantities ensuring that the entropy density
increases, ṡ ≥ 0, while the currents ji flow, it follows from the continuity equation
for the entropy that

ṡ =
∑

i

ji Fi (3.37)

and, as a further consequence, we find Onsager’s theorem fulfilled (see [7]).

3.3 Statistics

All considerations so far were aimed at a macroscopic description of large systems
in contact with different types of environments. To investigate the behavior of such
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systems, we have introduced the central laws of thermodynamics – phenomeno-
logical restrictions for the development of a system, without any fundamental jus-
tification. These laws, and especially the second one, are exclusively founded on
experience obtained in a large variety of different thermodynamic experiments. This
phenomenological theory of thermodynamics does not allow for the calculation of
a thermodynamic potential from a microscopic picture; instead, the potential must
be found from experiment.

The connection of the macroscopic behavior of a given system to the micro-
scopic time evolution, according to a classical Hamilton function or to a quantum
mechanical Hamiltonian, did not enter our considerations yet, and will be the main
subject of this book. Nevertheless, even if it might not provide any explanation, the
theory of statistical physics provides a “recipe” for how to calculate an equilibrium
entropy from a microscopic picture. This recipe together with the above-mentioned
phenomenological theory enables us to calculate all sorts of equilibrium behavior.
This way of dealing with thermodynamic phenomena has sometimes been com-
pared to “driving a car without knowing how an engine works”; nevertheless, it is
an important technique and therefore briefly described in the following.

3.3.1 Boltzmann’s Principle, A Priori Postulate

Boltzmann postulated the following connection between the thermodynamic entropy
and the microstate of an isolated system (all extensive state variables, internal energy
U , volume V , and particle number N , are fixed from the outside) as

S = kB ln m(U, V, N ) , (3.38)

where kB is the so-called Boltzmann constant and m is the number of microstates
accessible for the system under the given restrictions. The number of accessible
microstates m is often also called statistical weight or sometimes thermodynamic
weight, and we will evaluate this quantity below.

However, let us first consider a macrostate of a given system. From phenomenol-
ogy we have learned that the equilibrium state must have maximum entropy (the
second law, see Sect. 3.1.2) and thus, according to Boltzmann, this state should
also belong to a maximum number of microstates. For illustration, think of a gas
in a container: the states of maximum entropy are states where the gas particles are
equally distributed over the whole volume and, of course, the number of such states
is very large in comparison to the number of states, where all gas particles are in
one corner of the container, say.

The entropy defined above is an extensive quantity in the sense that two systems
with statistical weights m(1) and m(2) have the joint weight m(1) · m(2) and the total
entropy of both systems S = kB(ln m(1) + ln m(2)).

Within statistical mechanics of isolated systems we have another very important
postulate – the assumption of equal a priori probabilities of finding the system in
any one of the m possible microstates belonging to the respective macrostate. As a
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postulate, this statement is not provable either, but as, e.g., the energy of a gas in a
volume V does not depend on the position of the gas particles within the container,
each of these “microstates” might, indeed, be expected to be equally likely.

This idea of assuming certain probabilities for microstates rather than calculating
them led to yet another way of describing a macrostate of a system, which is the
so-called statistical ensemble. This ensemble consists of m identical virtual systems
for each accessible microstate and each is represented by a point in phase space. This
concept has been supported by the claim that the thermodynamic system should be
quasi-ergodic, i.e., its trajectory would come infinitesimally close to every possible
microstate within its time evolution, thus one would be allowed to replace the time
average by the ensemble average. Later we will discuss in more detail the ideas
behind this quasi-ergodic theorem and the problems we have to face after its intro-
duction (see Sect. 4.2).

We can now describe the state of a system by the density of points in phase
space belonging to the statistical ensemble. This density W (q, p, t) contains the
probability of finding a point in phase space at position (q, p) at time t . According
to the a priori postulate this probability should be constant within the respective
energy shell (see below, (3.40)) and elsewhere zero

W (q, p, t) =
{

1
m = const. E < H (q, p) < E + ΔE

0 else
. (3.39)

The statistical ensemble defined by this special density is called the microcanonical
ensemble (see Fig. 3.1b).

3.3.2 Microcanonical Ensemble

The microscopic behavior of any N particle system is described by the respective
Hamilton function H (q, p), dependent on all generalized coordinates of the system.
A microstate of the system is then represented by a point in the systems phase space,
the 6N -dimensional space spanned by all position and momentum coordinates of the
N particles. For an isolated system, a system which does not exchange any extensive
variable like energy, volume with the environment, the Hamilton function defines
an energy surface H (q, p) = U in the phase space. The state evolution is therefore
constrained to this hypersurface in phase space. Since the total isolation of a system
is a very idealized restriction, let us consider in the following not completely isolated
systems, for which the internal energy is fixed only within a small interval

E < H (q, p) = U < E + ΔE . (3.40)

The representing trajectory of the system is then restricted to an energy shell of the
thickness ΔE in phase space, contrary to the restriction to an energy surface in the
case of total isolation.
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To exploit Boltzmann’s postulate we need to know the number of microstates
m in such an energy shell of the respective phase space. Usually we divide the
phase space into cells of the size h3N , arguing that in each cell there is exactly one
microstate of the system. This assertion is reminiscent of a quantum state in phase
space, due to the uncertainty relation. However, we could also have introduced an
abstract division into cells. In any case, the number of states should be the phase
space volume of the respective energy shell in phase space divided by the cell size.

The total volume of the phase space below the energy surface H (q, p) = E is
given by the volume integral

Ω(E) =
∫∫

H (q,p)≤E

N∏
μ=1

dqdp , (3.41)

and the volume of the energy shell by Ω(E + ΔE) − Ω(E). The latter can directly
be evaluated by the volume integral

Ω(E + ΔE) − Ω(E) =
∫∫

E<H (q,p)<E+ΔE

N∏
μ=1

dqdp . (3.42)

For further reference we also define here an infinitesimal quantity, the state density
(cf. Fig. 3.1a)

Fig. 3.1a State density G(E) G(E)

E E+ΔE

Ω(E)

G(E)ΔE

E

Fig. 3.1b Probability
W (p, q) for a microcanonical
ensemble

1
m

E

W

E E+ΔE
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G (E) := lim
ΔE→0

Ω(E + ΔE) − Ω(E)

ΔE
(3.43)

= dΩ(E)

dE
. (3.44)

Finally the number of microstates in the respective energy shell, according to the
above argumentation, is

m = Ω(E + ΔE) − Ω(E)

h3N
. (3.45)

We thus find in linear approximation for small ΔE

m ≈ ΔE G (E)

h3N
, (3.46)

where G (E) is the state density (3.43) at the energy surface H (q, p) = E , which
we have assumed does not change much in the small interval ΔE . The Boltzmann
entropy now reads

S = kB ln m = kB ln
ΔE G (E)

h3N
. (3.47)

In most cases ΔE can be considered a constant independent of E . As explained later
this is not true in all cases (see Sect. 4.5).

From (3.20) and the entropy definition we are then able to define a temperature
of an isolated system in equilibrium by the state density at the energy E ,

1

T
= ∂S

∂ E
= kB

∂

∂ E
ln

ΔE

h3N
G (E) = kB

G (E)

∂G (E)

∂ E
. (3.48)

Due to this result the statistical temperature corresponds to the relative change of
the state density with the energy.

So far we have restricted ourselves to a microcanonical ensemble where all pos-
sible microstates are equally likely. Because of the assumed isolation of the sys-
tem this ensemble is not very well adapted for a variety of experimental situations.
Therefore we extend our considerations to a more general exchange concept, with
more detailed information about the microstate of the system.

3.3.3 Statistical Entropy, Maximum Principle

First, we define a new quantity

S′(Wi ) = −kB

∑
i

Wi ln Wi , (3.49)
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where distinguishable states of the system, whatever they might be, are labeled by i
and Wi is the probability of finding the system in state i . Originally, this definition
was proposed by the information theoretician Shannon, who intended to measure
lack of knowledge by this function. In thermostatistics the probabilities Wi are the
probabilities for finding the system in a microstate with energy E .

To find the best guess about the probability distribution, provided one knows
some property of the system for sure, one has to compute the maximum of S′ with
respect to the Wi s under the restriction that the resulting description of the system
has to feature the known property. This maximum of S′ then is the entropy S. This
scheme is often referred to as Jaynes’ principle introduced in [8, 9].

Again, if all extensive quantities, like volume and internal energy of a system,
are fixed (microcanonical situation), one has to maximize S′ over all states featuring
this energy and volume, which are all states from the accessible region. The only
macrocondition to meet is the normalization of the distribution

∑
i

Wi − 1 = 0 . (3.50)

As expected from our former considerations, in this case (isolated situation) a uni-
form distribution (see (3.39)) over all those states results, as claimed in the a priori
postulate. Therefore definition (3.49) meets the definition of Boltzmann in the case
of a microcanonical situation, if we introduce (3.39) as the respective probability
distribution of the microcanonical ensemble.

Much more interesting are other contact conditions, e.g., canonical ones. In a
canonical situation energy can be exchanged between system and environment – the
system is in contact with a heat bath. As an additional macrocondition we require
that the mean value of the energy is equivalent to the internal energy of the system
U , given by

∑
i

Wi Ei = U . (3.51)

Of course the normalization condition (3.50) should also be obeyed. Now, we max-
imize S′ with respect to the Wi s under observance of both these conditions required
for the variation

δ

(∑
i

Wi ln Wi + α
(∑

i

Wi − 1
)

+ β
(∑

i

Wi Ei − U
))

= 0 , (3.52)

with the Lagrange multipliers α and β. From this variation we find the probability
distribution

Wi = 1

Z
e−βEi with Z = e1+α , (3.53)
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called the Boltzmann distribution, where we have introduced the partition function
Z instead of the Lagrange multiplier α.

It remains to evaluate the two Lagrange multipliers. By introducing the result of
the variation in condition (3.50), we find

Z =
∑

i

e−βEi . (3.54)

For the second Lagrange multiplier we start from the entropy definition introducing
the distribution

S = −kB

∑
i

Wi ln Wi = kB ln Z
∑

i

Wi

︸ ︷︷ ︸
=1

+kBβ
∑

i

Wi Ei

︸ ︷︷ ︸
=U

. (3.55)

We thus get

U − 1

kBβ
S = − 1

β
ln Z . (3.56)

The left-hand side is the free energy F (see (3.22)), if we identify β and Z , respec-
tively, as

β = 1

kBT
and F = −kBT ln Z . (3.57)

Note that there is no way to avoid this ad hoc identification if one wants to get a
connection to phenomenological thermodynamics. In the same way other extensive
quantities allowed for exchange can be handled, again yielding results which are in
agreement with experiments.

We have thus found a recipe to evaluate the thermodynamic potentials and there-
fore the entropy of the system only by microscopic properties. These properties
are specified by the Hamilton function of the system entering the partition func-
tion. If one is able to evaluate the logarithm of the partition function, all other
thermodynamic properties, state equations, intensive parameters, etc., follow from
phenomenological considerations.

However, a complete derivation of thermodynamics from microscopical theories
is still missing. As already mentioned the above statistical considerations are only
recipes for concrete evaluation of thermodynamic behavior. A detailed introduction
to some approaches to thermodynamics from a microscopical theory will be given
in the following chapter.



References 39

References

1. C.P. Snow, The Two Cultures and the scientific revolution (Cambridge University Press, New
York, 1959) 23

2. H.B. Callen, Thermodynamics and an Introduction to Thermostatistics, 2nd edn. (Wiley, New
York, 1985) 23
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Chapter 4
Brief Review of Pertinent Concepts

Given the success of Ludwig Boltzmann’s statistical approach
in explaining the observed irreversible behavior of
macroscopic systems . . . , it is quite surprising that there is still
so much confusion about the problem of irreversibility.

— J. L. Lebowitz [1]

Boltzmann’s ideas are as controversial today, as they were
more than hundred years ago, yet they are still defended
(Lebowitz 1993). Boltzmann’s H-Theorem is based on the
unjustifiable assumption that the motions of particles are
uncorrelated before collision.

— H. Primas [2]

Abstract This chapter is meant to provide a neither complete nor irreducible
overview of the ideas and arguments which have been brought forward during the
search for a derivation of thermodynamics. A central issue in these efforts has been
the irreversibility which is most likely absent in any underlying theory. Among
others, we give a brief summary of central classical concepts such as the Boltz-
mann equation, H -Theorem, ergodicity, the ensemble as introduced by Gibbs and
Ehrenfest’s view on the subject. Furthermore we discuss the Shannon entropy, the
von Neumann entropy, and the theory of open quantum systems within the quantum
mechanical regime. Any “decision” in favor of any of those approaches is left to the
reader. Here, only the most prominent ideas that are or have been around are briefly
introduced.

Even though phenomenological thermodynamics works very well, as outlined in
the previous chapter, many scientists felt and feel an urge to “derive” the laws of
thermodynamics from an underlying theory [3].

Almost all approaches of this type focus on the irreversibility that seems to be
present in thermodynamic phenomena, but is not intrinsically part of any underlying
theory. So to a large extent these approaches intend to prove the second law of
thermodynamics in terms of this irreversibility. They try to formulate entropy as a
function of quantities, the dynamics of which can be calculated within a microscopic
picture in such a way that the entropy would eventually increase during any evolu-
tion, until a maximum is reached. This maximum value should be proportional to
the logarithm of the volume of the accessible phase space (energy shell); see (3.47).

Gemmer, J. et al.: Brief Review of Pertinent Concepts. Lect. Notes Phys. 784, 41–62 (2009)
DOI 10.1007/978-3-540-70510-9 4 c© Springer-Verlag Berlin Heidelberg 2009
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Only if this limit is reached the identification of the “microscopical entropy” with
the phenomenological entropy will eventually yield state equations that are in agree-
ment with experiment. It has not been appreciated very much that there are further
properties of the entropy that remain to be shown, even after the above behavior has
been established (see Sect. 4.5 and Sect. 5.1).

One problem of all approaches based on Hamiltonian mechanics is the applica-
bility of classical mechanics itself. To illustrate this, let us consider a gas consisting
of atoms or molecules. In principle, such a system should, of course, be described
by quantum mechanics. Nevertheless, for simplicity, one could possibly treat the
system classically, if it were to remain in the Ehrenfest limit (see Sect. 2.3), i.e., if
the spread of the wave packages were small compared to the structure of the poten-
tials which the particles encounter. Those potentials are generated by the particles
themselves, which basically repel each other. If we take the size of those particles to
be roughly some 10−10 m, we have to demand that the wave packages should have
a width smaller than 10−10 m in the beginning. Assuming particle masses between
some single and some hundred proton masses and plugging those numbers into the
corresponding formulas [4], we find that the spread of such wave packages will be
on the order of some meters to 100 m after 1 s, which means the system leaves the
Ehrenfest limit on a timescale much shorter than the one typical for thermodynamic
phenomena. If we demand the packages to be smaller in the beginning, their spread-
ing gets even worse. Considering this, it is questionable whether any explanation
based on Hamiltonian dynamics in phase space or μ-space (cf. Sect. 4.1) can ever
be a valid foundation of thermodynamics at all. This insufficiency of the classical
picture becomes manifest at very low temperatures (freezing out inner degrees of
freedom) and it is not obvious why it should become valid at higher temperatures
even if it produces good results.

Nevertheless a short, and necessarily incomplete overview, also and mainly
including such ideas, shall be given here.

4.1 Boltzmann’s Equation and H-Theorem

Boltzmann’s work was probably one of the first scientific approaches to irreversibil-
ity (1866) [5]. It was basically meant to explain and quantify the observation that a
gas, which is at first located in one corner of a volume, will always spread over
the whole volume, whereas a gas uniformly distributed over the full volume is
never found to suddenly shrink to one corner. This seems to contradict Hamiltonian
dynamics according to which any process that is possible forward in time, should
also be possible backward in time.

Instead of describing a system in real space (configuration space), Boltzmann
tried to describe systems in μ-space, the six-dimensional space spanned by the
positions q and the velocities v of one particle being a point-like object in a three-
dimensional configuration space. Now, to describe the state of the whole system
consisting of very many, N , particles, Boltzmann did not introduce N points in this
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μ-space, he rather used a continuous function f (q, v, t) meant as a sort of particle
density in μ-space. His basic idea was to divide μ-space into cells on an interme-
diate length scale, one cell of size dxdydzdvx dvydvz being big enough to contain
very many particles, but small compared to a length scale on which the number
of particles within one cell would substantially change from one cell to the next.
If such an intermediate scale could be introduced, f (q, v, t) would simply be the
number of particles in the cell around (q, v). Thus, if f was large at some point,
this would simply mean that there are many particles at the corresponding point in
configuration space, moving in the same direction with the same velocity.

This description is definitely coarser than the full microscopic description, since
information about the exact position of particles within one cell is discarded, which
will turn out to be an important point, and it excludes a class of states, namely
all those for which the number of particles per cell cannot be given by a smooth
continuous function.

Having introduced such a description, Boltzmann tried to give an evolution equa-
tion for this function f , which is today known as the Boltzmann equation. Since
a full derivation of the Boltzmann equation is beyond the scope of this text (the
interested reader will find it in [6]) we only give a qualitative account of the basic
ideas and describe in some detail the assumption on which this theory relies.

For a change of f at some point in μ-space and at some time t two different
mechanisms have to be taken into account: a change of f due to particles that do
not interact and a change due to particles that do interact (scatter). The part corre-
sponding to particles that do not collide with each other does not cause any major
problems and results only in some sort of sheer of the function f that changes
positions but leaves velocities invariant.

More problematic is the part due to particles that do interact with each other.
First, only the case of interactions that are short ranged compared to the mean free
path are considered. Due to this restriction the dynamics can be treated on the level
of scattering processes, just relating incoming to outgoing angles, rather than com-
puting full trajectories. Furthermore, as this is the most important assumption in
this context, it is assumed that the particles in cells that collide with each other are
uncorrelated within those cells before they scatter. This is called the “assumption
of molecular chaos.” To understand this assumption in more detail, we consider
an infinitesimal time step of the evolution of some special function f depicted in
Fig. 4.1. We restrict ourselves here to a two-dimensional “gas”; nevertheless, the
μ-space is already four-dimensional, thus we have to visualize f by projections.
The special function f corresponds to a situation with all particles concentrated
in one cell in configuration space but moving in opposite directions with the same
velocity. By some “center of mass” coordinate transformation any collision process
may by mapped on this one. After a period dt f will look as shown in Fig. 4.2.
Due to momentum and energy conservation f will only be non-zero on a circle.
However, where exactly on this circle the particles end up depends on their exact
positions within the cells before the collisions. If, e.g., the particle configuration at
t0 had been such that all particles had collided head-on, there could only be particles
in the marked cells in Fig. 4.2 (right). This corresponds to a strong correlation of
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y t = t0

vx

vy

v0−v0

Fig. 4.1 Two-dimensional gas in μ-space at t = t0 before any collision. Projection onto position
space (left). Projection onto velocity space (right). White particles are flying with v0 to the right-
hand side, black ones with −v0 to the left

x

y t = t0 + dt

2v0dt

vx

vy

Ω

Fig. 4.2 Two-dimensional gas in μ-space at t = t0 + dt . Projection onto position space (left).
Because of momentum conservation all particles are now concentrated on a ring in velocity space
(right). In the boxes at v0 and −v0 there are only particles which did not collide or which collided
head-on

the particles before the collision. If the particles had been uniformly distributed and
completely uncorrelated, the distribution of particles onto the circle at t0 +dt would
simply be given by the differential scattering cross section σ (Ω) corresponding to
scattering into the respective angle Ω . This is exactly what Boltzmann assumed. By
simply plugging in the differential cross section for f after the collision process he
could derive an autonomous evolution equation for f which no longer contains the
exact positions of the particles.

This assumption, which seems intuitively appealing, has been criticized by other
scientists for the following reason: even if the positions of particles within their cells
were uncorrelated before the collision, they will no longer be uncorrelated after the
collision. To understand this we look at the configuration of the particles before the
collision more closely, see Fig. 4.3. Some particles are going to collide head-on (pair
of particles with number 4), some are going to collide on a tilted axis (e.g., pair of
particles with number 1), and some are not going to collide at all during dt (e.g., pair
of particles with number 3). If we ask which of those particles will still move in the
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Fig. 4.3 Configuration (hypothetical) in two cells before (left) and after the collision (right).
Configurations as those depicted for particles “1” and “4” cannot result. Thus, after the collision,
particle configurations in corresponding cells are correlated

initial direction after the collision, i.e., occupy the marked cells in Fig. 4.2 (right),
it is the particles that collided head-on (particles 4) and the ones that did not collide
at all (particles 2, 3, 5, 7). That means that within a cylinder of length 2v0dt on the
left side of the particles moving to the right (white ones), there is either no particle
(e.g., particle 5) to the left or there is exactly one in the cylinder (e.g., particle 4).
Thus there are, definitely, correlations between the positions of particles in the cells
marked in Fig. 4.2 (right) after the collision process. The same is true for all cells
on opposite positions on the ring.

To meet this criticism Boltzmann argued that there might be correlations of par-
ticles after collisions but not before collisions, since particles would collide so many
times with other particles before they collided with themselves again that in these
intermediate collisions all correlations were erased. This is why the assumption of
molecular chaos is also called the “Stoßzahlansatz” (“large number of collisions
approach”).

One modern view on this problem follows the lines of “typicality,” cf. Sect. 6.1:
There are initial microstates for which f (q, v, t) dynamically obeys the Boltzmann
equation and there are microstates for which f (q, v, t) does not. However, the rela-
tive weight of the amount of initial microstates for which f (q, v, t) does not follow
the Boltzmann equation decreases to zero in a certain limit of infinitely “dense”
gases consisting of infinitely small particles (cf. [7] and references therein).

Exploiting the above-described Boltzmann equation, Boltzmann was able to
prove that the function

H (t) =
∫

f (v, t) log f (v, t) dv (4.1)

(already very reminiscent of the entropy proper) which he formulated as a functional
of f can only decrease in time, regardless of the concrete scattering potential. Thus,
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in a way, irreversibility was introduced. This was the beginning of modern statistical
mechanics.

Based on the Boltzmann equation it is possible to derive the Maxwell–Boltzmann
distribution, which describes the distribution of velocities of particles in a gas, to
derive the equation of state for an ideal gas, identifying the mean energy of a particle
with 3

2 kBT , and even set up transport equations.
Despite the enormous success of these ideas, Boltzmann later abandoned these

approaches and turned to ideas centered around ergodicity. In this way he responded
to the fact that he could not get rid of the assumption of molecular chaos, which
appeared unacceptable to him.

4.2 Ergodicity

The basis of this approach, also pursued by Boltzmann, is the assumption that any
possible macroscopic measurement takes a time which is almost infinitely long
compared to the timescale of molecular motion. Thus, the outcome of such a mea-
surement can be seen as the time average over many hypothetical instantaneous
measurements. Hence, if it were true that a trajectory ventured through all regions
of the accessible volume in phase space, no matter where it started, the measured
behavior of a system would be as if it were at any point at the same time, regard-
less of its starting point. This way irreversibility could be introduced, entropy being
somehow connected to the volume that the trajectory ventured through during the
observation time.

In order to state this idea in a clearer form, the so-called “ergodic hypothesis”
had been formulated:

The trajectory of a representative point of the system in phase space eventually passes
through every point on the energy surface (accessible volume).

If this statement were taken for granted, it could be shown that the amount of time
that the trajectory spends in a given volume is proportional to that volume [8]. This
leads to another formulation of the ergodic hypothesis stating that the time average
equals the ensemble average, the latter in this case being an average over all system
states within the energy shell.

Unfortunately, the ergodic hypothesis in this form is necessarily wrong for any
system, since the trajectory is a one-dimensional line, whereas the so-called energy
surface is typically a very high dimensional volume, hence the trajectory cannot
pass through all points of the energy surface in any finite time [8]. To circumvent
this limitation, the quasi-ergodic hypothesis was introduced, which states that the
representative point passes arbitrarily close to any given point in the accessible vol-
ume in phase space.

Birkhoff and von Neumann actually demonstrated that there are systems which
are quasi-ergodic in this sense and that their representing points actually spend equal
time in equal phase space cells [9, 10]. This proof, however, cannot be generalized to
the class of thermodynamic systems as a whole, and it remains unclear how exactly
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Fig. 4.4 Ergodicity approach. Entropy is defined by the volume in phase space that is occupied by
the cells that the trajectory has already ventured through (gray region). This obviously depends on
the observation time (solid line) and the cell size

an entropy should be introduced. It has been suggested to divide phase space into
finite size cells (coarse graining) and simply count the cells that the trajectory passes
through in a given time (see Fig. 4.4), or to count the cells weighted with the time
the representing point spent within the cell.

Thus there is a fair amount of arbitrariness. Obviously a lot has to be introduced
artificially, such as averaging (counting) time, cell size.

4.3 Ensemble Approach

The term “ensemble” was introduced by Gibbs in about 1902 [11]. The idea is that,
in general, a macroscopic observation will be consistent with a very large number of
microscopic configurations. All these, represented by their corresponding points in
phase space, form the “ensemble.” The ensemble, therefore, is basically represented
by a density in phase space which is normalized and non-zero everywhere where
the system could possibly be found.

To describe the evolution of a system, one now considers the evolution of this
density rather than the evolution of a single representing point. The most important
theorem for the analysis of the evolution of such a density is Liouville’s theorem.
This theorem states that the volume of any region in phase space is invariant under
Hamiltonian evolution. This theorem has two important consequences: first, if the
system is described by a density which is uniform throughout all the accessible
energy surface, it will be in a stationary state because this distribution cannot change
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in time. Thus, such a state that somehow fills the entire accessible region can be
seen as an equilibrium state. Therefore one could be tempted to connect the volume,
in which such a density is non-zero, with the entropy. Unfortunately, the second
consequence is that such a volume cannot change in time. This means that if a
system does not start off in an equilibrium state, it can never reach one.

In order to save this concept, Ehrenfest and others introduced coarse graining
also into this idea [12]. They claimed that entropy should not be connected to the
volume in which the density is non-zero, but rather to the number of cells, in which
the density is non-zero somewhere. If a smooth-shaped region, in which an initial
density is non-zero, would then be mapped by the Hamiltonian evolution onto a
“sponge”-like structure featuring the same volume but stretched over the whole
energy shell (see Fig. 4.5), such an entropy could be said to grow up to the limit,
where the structures of the sponge region become small compared to the cell size.
Such a behavior is called “mixing,” owing to a metaphor by Gibbs, who compared
the whole scenario to the procedure of dripping a drop of ink into a glass of water
and then stirring it until a mixture results [11].

Fig. 4.5 Ensemble approach. The volume of a region in phase space cannot grow during a Hamilto-
nian evolution, due to Liouville’s law. Nevertheless a simple initial density (left) can be transformed
to a complicated structure (right) that may eventually be found in any cell, if some graining is
introduced

However, even if the phase space played a unique role here, since Liouville’s
theorem is only true in phase space or in any canonical transformation of it, the cell
size has to be introduced artificially, and, of course, mixing has to be shown for
any system under consideration. This has been done for some systems, but again,
there is no generalization to thermodynamic systems at all. Another objection raised
against this idea is concerned with the fact that entropy seems to be here due to the
observer’s inability to find out in exactly which microstate the system is. It has been
argued that this would introduce an unacceptable amount of subjectivity into this
field of physics.

4.4 Macroscopic Cell Approach

The idea of the “macroscopic cells” is also due to Ehrenfest who called them “stars”
[8]. Such a star is a region in phase space that only consists of points that are con-
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equilibrium cell

starting cell

trajectory

Fig. 4.6 Macroscopic cell approach. The phase space is divided into cells, according to the
macrostate of the system. One of these cells is much larger than all the others, the equilibrium
cell. Any trajectory that is not subject to further restrictions is likely to end up in the biggest cell

sistent with one macroscopic description of the system. For example, if we want
to describe a gas by the volume it occupies, V , and its total internal energy, U ,
all points in phase space corresponding to a gas in this macrostate will form the
macroscopic cell labeled by those specific macroscopic variables, V and U . This
way, phase space is not grained into equal-sized Cartesian cells like in the former
approaches, but into strangely shaped macroscopic cells that may be extremely dif-
ferent in size from each other (see Fig. 4.6).

This difference in size is crucial here, for it is assumed that the “equilibrium
cell,” i.e., the cell in which the gas occupies the biggest possible volume, V , would
be by far the largest one, i.e., be large enough to almost fill the entire phase space.
Technically this also needs to be proven for any thermodynamic system individually,
but it seems much more plausible than the assumption of ergodicity or mixing. From
a conceptual point of view this approach is very closely related to the “typicality”
approach as described in Sect. 6.1.

This plausibility is connected to the so-called “law of large numbers.” It is usually
established by considering some abstract space (basically identified with μ-space),
grained into a large number of equally sized cells and divided into two halves, each
one containing an equal number of cells (see Fig. 4.7). If now the set of all possible
distributions of a large number of points into those cells is examined, it turns out
that the vast majority of such distributions feature the same amount of points in
both halves.

The larger the number of cells and the number of points, the more drastic is
this result. Transferring this result to phase space, it can be argued that almost all
points in phase space, corresponding to distributions of points in μ-space, belong to
one macroscopic state, specified by one macroscopic variable that just measures the
amount of points, say, in the left half [13].
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Fig. 4.7 Macroscopic cell approach, “the law of large numbers.” The vast majority of distributions
of points in these cells feature the same amount of points in both halves (right). There is just one
configuration where all points are in the left half (left)

Having established such a structure of phase space, one does not need the strict
ergodicity hypothesis any longer, for if the trajectory wanders around in phase space
without any further restrictions, it will most likely eventually spend almost all time
in the biggest cell, even if it started in a small one (see Fig. 4.6).

In such an approach, entropy is connected to the size of the cell the representing
point is wandering through. However, here new problems are to be faced: to decide
whether or not a given microstate belongs to a macroscopic cell one has to assign a
volume to the configuration of gas particles. This is more subtle than it might seem at
first sight. One method is to coarse grain configuration space into standard Cartesian
cells and count the cells that are occupied by at least one particle. However, this only
yields satisfactory results for a certain ratio of the cell size to the diluteness of the gas
particles. Other approaches proceed by taking the convex cover or other measures
defined for a set of points, thus there is a fair amount of arbitrariness.

Another problem with this idea arises if one tries to examine situations, in which
the internal energy of a system is not rigidly fixed, but the system can exchange
energy with another, in some sense, bigger system called a heat bath. In this case,
one finds empirically that the probability of finding the system in a state of energy
E is proportional to exp(−E/kBT ) the Boltzmann distribution (see Sect. 3.3.3).
There are attempts to explain this behavior by enlarging the phase space to con-
tain both the system and the bath. Qualitatively the argument then is that the cells
containing less energy in the considered system will have more energy in the bath
due to overall energy conservation, and are, thus, bigger than cells corresponding
to higher energies in the considered system. Therefore, so the argument goes, it is
more likely to find the considered system at lower energies. However, in order to
derive a Boltzmann distribution more properties are needed to make this concept
work: an exponential growth of the cell sizes of the bath (see Chap. 12) and, most
importantly, ergodicity of the full system. Otherwise cell sizes will not map onto
probabilities. So again, in this sense this approach only holds under the assumption
of ergodicity, the very condition one tried to get rid of.
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4.5 The Problem of Adiabatic State Change

One issue that has attracted much less attention in the past than the second law
is the fact that entropy should be shown to be invariant during so-called adiabatic
processes [14]. As known from countless practical experiments, the state of a system
controlled by the change of an external parameter, like volume or magnetic moment,
proceeds in such the way that entropy is left unchanged, if the system is thermally
insulated and the parameter change happens slowly enough. As obvious as this fact
may seem from an experimental perspective, it is surprising from the theoretical
side. From all the possible ways in which, e.g., energy can change, exactly that one
needs to be singled out that leaves a quantity as complicated as entropy unchanged!
This is true for all sorts of processes that fulfill the conditions mentioned above.
From a microscopical point of view this is an enormously large class of processes.
For the phenomenological theory of thermodynamics it is a very important property
since, otherwise, the identification of pressure with the negative derivative of energy
with respect to volume under constant entropy, a basic statement of the first law,
would be without justification [see Sect. 3.1.3 and especially (3.18)].

The most popular answer to this question on the basis of classical mechanics is
the “law of the invariance of the phase space volume” [14]. This law is introduced
by investigating a short time step of the evolution of a system while an external
parameter a is changed. The considered time step is short enough to neglect the
motion of any representing point of the system in phase space during that step.
However, with the parameter change the “energy landscape” of the system in phase
space also changes by an infinitesimal amount. This means all points that belonged
to one energy shell of energy E and thickness ΔE before the step may belong, in
general, to different energy shells after the step (see Fig. 4.8).

Now the ensemble average is computed, i.e., the mean energy change ΔE cor-
responding to all the points on the energy shell before the time step. Hereby it
turns out by using differential geometry that the volume below the energy surface
Ωa+Δa(E+ΔE) corresponding to the energy E+ΔE defined by the “new” Hamilto-
nian encloses a volume in phase space that is exactly as large as the volume enclosed
by the energy surface Ωa(E) corresponding to the energy E defined by the “old”
Hamiltonian,

Ωa+Δa(E + ΔE) = Ωa(E) . (4.2)

For the exact definition of such phase space volumes, see Sect. 3.3.2.
The idea now is that in an adiabatic process the actual representing point of

the system moves much faster than the Hamiltonian changes, and that it moves
in an ergodic way. If this were the case, the system would undergo many such
infinitesimal changes, while the energy changes corresponding to the points on the
energy shell would remain practically the same. Within a time interval in which
the representing point passes all points on the energy shell and in which the exter-
nal parameter only changes by a very small amount, the system would “average
itself.” If the change of the external parameter were performed sufficiently slowly,
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Fig. 4.8 Invariance of entropy. Phase space of a particle interacting with a harmonic wall (see
inset). If we were going to change an external parameter by moving the wall from position A to
B, the Hamiltonian would change and therefore also the phase space. If the particle was initially
within the region between the dashed lines of the phase space, it could be in the two different gray
regions after the change. Two representing points are shown belonging to the same energy surface
before the process, which are on different surfaces afterward

the representing point would thus travel through phase space in such a way that the
energy surfaces the point can be actually found on will always enclose the same
volume. If one now considered the evolution of many representing points, initially
on equidistant energy surfaces, it may be argued that the volumes in between two
adjacent energy surfaces corresponding to two representing points cannot change,
since the volumes enclosed by those energy surfaces do not change. The conclusion
of this consideration is that the volume of the energy shell of a representing point
does not change in a sufficiently slow process.

This reasoning faces two major shortcomings: first, the whole concept relies
on ergodicity, a behavior that, in general, can only be postulated (see Sect. 4.2).
Furthermore, the Boltzmann definition connects entropy with the volume of the
energy shell [see (3.47)]. This volume depends linearly on the thickness of the shell,
ΔE and may be written as ΔE G (E), where G (E) is the classical state density,
which may be computed from the volume enclosed by some energy surface Ω(E)
by G (E) = ∂Ω(E)/∂ E (see Sect. 3.3.2). The thickness ΔE is controversial, if only
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entropy changes are considered. However, its precise value is irrelevant, as long as
it is not changed during the process. This is why entropy is usually defined simply
on the basis of G (E) as S = kB ln G (E). The latter, however, may lack invariance,
as will be shown below.

Consider, e.g., a particle bound to a two-dimensional rectangular surface which
may even be quasi-ergodic (see Fig. 4.9, upper part). The state density G (E) of
such a system is constant, i.e., does not vary with E (see Fig. 4.9 lower part). If
one edge of the surface is moved out, the state density changes but remains constant
with respect to E , shifted only to a higher value. Thus, although the energy changes,
the system cannot have the same entropy after the process, according to the above
definition. The volumes enclosed by energy surfaces corresponding to representing
points at the upper and lower energies of the energy shell may nevertheless be left
invariant (see Fig. 4.9). The above consideration involves a change of ΔE , which
is problematic, since it is usually left out of the entropy definition. This problem
does not show in standard calculations simply because, contrary to our example,
one has for typical systems like ideal gases G (E) ≈ Ω(E). However, in principle,
the problem remains unsolved (cf. Sect. 14.1).
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Fig. 4.9 Invariance of entropy. Special example of a particle in a two-dimensional box (upper
part). The respective state densities and the problem of different ΔE before and after the change
of the external parameter (volume of a box) from a to a + Δa are shown

4.6 Shannon Entropy, Jaynes’ Principle

In Sect. 3.3.3 Jaynes’ principle, i.e., maximization of Shannon entropy (3.49), has
been introduced basically as a recipe of how to calculate thermodynamic behavior
from knowledge about microscopic structures. Nevertheless, since maximization of
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entropy plays a major role in this concept, it is sometimes brought forth as a justifi-
cation for the second law. As explained in Sect. 3.3.3, this consideration is neither
based on classical mechanics nor on quantum theory, indeed its applicability is not
even meant to be restricted to physics at all. The basic idea is that entropy represents
a measure of lack of information, thus the whole concept is introduced as a rational
way of dealing with incomplete knowledge, wherever it may occur [15, 16]. Thus,
this approach somehow radicalizes the idea that has already been underlying some
of the previously described concepts, namely that thermodynamic behavior is due to
the observer’s inability to measure precisely and in enough detail. This would mean
that the origin of the second law was no longer searched for in the physical world
but would take place more or less in the observer’s brain.

And this, so the most common objection against this point of view, causes prin-
cipal problems. From the fact that entropy and thus a basic thermodynamic quantity
is based on the subjective lack of knowledge of the observer it must follow that,
if an observer gains more information about a system, its entropy decreases and
thus, e.g., its temperature decreases. This means that a change in the observer’s
mind could induce a macroscopic physical change of a system. This is considered
unacceptable, at least as long as it is unclear whether or not there are principal limits
to the observer’s possibility to overcome his lack of knowledge.

All other approaches mentioned above define entropy on the basis of the dynam-
ics of a microscopic picture; thus entropy is eventually defined as a function of
time, the evolution of which is controlled by some underlying equation of motion. A
reduction proper is not even attempted in Jaynes’ approach, microscopic dynamics
does not play any role there.

At first sight it appears to be an advantage of this approach that properties of
systems under canonical (rather than microcanonical) conditions follow naturally
from the basic idea. However, for this to be true in general, one has to accept that
keeping an intensive quantity fixed leads to a fixed average value of the conjugate
extensive quantity. For this claim no further justification is given.

Furthermore, if this principle is applied to the exchange of any other extensive
quantity, the resulting states are not necessarily stationary anymore, which is incon-
sistent, for the resulting states should be equilibrium states.

A last objection against this theory is that the limits of its applicability are not
stated clearly. Technically, this concept might be applied, e.g., to low-dimensional
“few body problems,” for which the laws of thermodynamics are obviously not
valid.

4.7 Time-Averaged Density Matrix Approach

This concept is explicitly quantum mechanical and refers to the von Neumann
entropy (see Sect. 2.2.4 or [10])

S = −kBTr {ρ̂ ln ρ̂} . (4.3)
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Since any possible state ρ̂ of a quantum system can be written as a weighted mix-
ture of states that form an orthogonal set, the von Neumann entropy reduces to
Shannon’s entropy with those orthogonal states taken as the distinguishable states
and their weights as the corresponding probabilities. The von Neumann entropy
is invariant under unitary transformations. This property has two consequences: it
is independent of the chosen basis and it is time independent, just like the Gibbs
entropy in the ensemble approach.

Since one needs an entropy that can possibly change in time, it has been sug-
gested to calculate S using a time-averaged density matrix rather than the actual
instantaneous one.

The elements of the time-dependent density matrix read

〈i |ρ̂(t)| j〉 = ei(E j −Ei )t 〈i |ρ̂(0)| j〉 , (4.4)

where |i〉, | j〉 are energy eigenstates and Ei , E j the respective eigenenergies. Since
all off-diagonal elements are oscillating, they will vanish if the density matrix is
time averaged [17]. Moreover, it can be shown that the von Neumann entropy indeed
rises, if the off-diagonal elements vanish. There are investigations indicating that the
respective quantum dynamics are in a sense ergodic, at least for a class of systems
[18].

The problem of this idea is the averaging time. If systems get big, typically the
energy-level spacing becomes very small, and the averaging time that is necessary
to actually see entropy rises significantly, may very well exceed typical relaxation
times of thermodynamic systems. In the limit of degenerate energy eigenstates this
averaging time becomes infinitely long. Thus, technically speaking, a system with
a precisely given energy (microcanonical conditions), and therefore only occupying
degenerate energy eigenstates, would never exhibit an increasing entropy, regardless
of the averaging time.

4.8 Open System Approach and Master Equation

The open system approach is based on the fact that any description of a real system
will necessarily be incomplete. This means that the subsystem selected for investi-
gation will eventually be subject to the interaction with some unobserved and, to a
large extent, uncontrollable “environment.” Isolated models should thus be taken as
an idealization of rather limited validity for classical as well as for quantum systems.
Embeddings of the target system prevail, which do not only limit the accessible
information but also drastically change the dynamics of the parts. Note, however,
that the partition between system and environment does not follow from the under-
lying complete description; it has to be put in “by hand.”

There is no space for a complete introduction into the theory of open quan-
tum systems here. Let us, thus, just repeat some central aspects and comment on
common results. To learn more we refer the interested reader to the excellent and
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comprehensive books by Breuer and Petruccione [19] or Weiss [20] discussing most
aspects of open quantum systems.

The total Hamiltonian of the full system is defined by

Ĥ = Ĥ0 + λV̂ , (4.5)

where Ĥ0 describes an uncoupled local Hamiltonian of system and environment,
and V̂ their interaction with strength λ. It is possible to consider different parti-
tioning schemes here as well, not only system–environment partitions. Important is
the possibility to split up the Hamiltonian into two parts, one part which is fully
under control, i.e., we know the spectrum of this part, and the rest which is small
in some perturbative sense. Here, the full system is considered to be a closed quan-
tum system, i.e., constituting the whole “quantum universe.” Thus, the dynamics of
the combined system state in the interaction picture is given by the Liouville–von
Neumann equation (� = 1)

∂

∂t
ρ̂(t) = −iλ[V̂ (t), ρ̂(t)] = λ L̂(t) ρ̂(t) , (4.6)

where ρ̂(t) is the density operator for the state of the full system. The time argument
of the interaction results from the transformation into the interaction picture

V̂ (t) = eiĤ0t V̂ e−iĤ0t . (4.7)

The right-hand side of the dynamical equation (4.6) can also be written by using
the Liouvillian L̂(t), a superoperator acting on density operators of the Liouville
superspace.

The discrimination between relevant and irrelevant parts does not follow from
the underlying complete description, it is typically motivated by a certain partition
between system proper and environment. Formally, the relevant part can be pro-
jected out from the full state of the system, by using the projection superoperator

ρ̂rel(t) = P̂ ρ̂(t) . (4.8)

Accordingly, a superoperator projecting on the irrelevant part may be introduced by

ρ̂irrel(t) = Q̂ ρ̂(t) = (Î − P̂) ρ̂(t), (4.9)

with Î being the unit operator in Liouville space. Both superoperators are maps in
the state space of the combined system featuring standard properties
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P̂ + Q̂ = Î , (4.10)

P̂Q̂ = Q̂P̂ = 0 , (4.11)

P̂2 = P̂ , (4.12)

Q̂2 = Q̂ . (4.13)

Using these projection superoperators and considering initial states which are
identically reproduced by the projection, i.e., P̂ ρ̂(0) = ρ̂(0) one finally finds the
exact dynamical equation for the relevant part, called the Nakajima–Zwanzig (NZ)
equation [21, 22]

∂

∂t
P̂ ρ̂(t) =

∫ t

0
ds K̂(t, s)P̂ρ̂(s), (4.14)

with the memory kernel K̂(t, s) which is a superoperator as well. For a full deriva-
tion of this equation, see [19]. In case of P̂ ρ̂(0) �= ρ̂(0), i.e. for initial correlations,
the above given NZ equation has to be extended by a further inhomogeneity which
may potentially alter the resulting dynamics significantly. However, in order to sim-
plify the discussion below we have skipped this term. For more details on this, see
Chap. 11.

So far this integro-differential equation is as complicated to solve as the full,
above-given Schrödinger equation. Hence, the memory kernel is expanded in the
coupling strength λ finding

K̂(t, s) =
∞∑

i=1

λi K̂i (t, s) = λ2P̂L̂(t)L̂(s)P̂ + O(λ4) , (4.15)

where all odd terms vanish due to the properties of the projection operators (for
details, see [19]). In case of a weak interaction, a truncation of the expansion after
second-order called Born approximation seems to be plausible. This approximation
leads to the second-order equation for the relevant part

∂

∂t
P̂ ρ̂(t) = λ2

∫ t

0
ds P̂L̂(t)L̂(s)P̂ρ̂(s) . (4.16)

Basically, the Born approximation is a perturbation expansion in the coupling
strength between system and environment, thus an approximation for weakly inter-
acting bipartite systems. Since higher oder terms are connected to multiple inte-
grations of time, these are also connected to later times within the dynamics of the
relevant part. This makes the above approximation also some kind of approximation
within time which gets worse for larger times of the dynamics. But if the system has
already reached a stationary equilibrium state on a timescale where higher orders
are typically very small, the truncation at second order can be rather good for the
whole dynamics. In Chap. 19, however, we will consider an example where the
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second-order approximation is correct for short times and completely wrong on a
longer timescale. Equation (4.16) remains to be an integro-differential equation,
containing all the history of the dynamics and is therefore in principle suitable to
treat non-Markovian situations, i.e., distinct memory effects.

Within a system–environment partitioning scheme a standard projection operator
is defined by the action

ρ̂rel(t) = P̂ ρ̂ = TrE {ρ̂(t)} ⊗ ρ̂B = ρ̂S(t)⊗ ρ̂B, (4.17)

with an arbitrary time-independent state ρ̂B of the environment mostly chosen to be
a thermal one. Using both this standard projection operator and the definition of the
Liouvillian, (4.16) turns into

∂

∂t
ρ̂S(t) = −λ2

∫ t

t0

ds TrE
{
[V̂ (t), [V̂ (s), ρ̂S(s)⊗ ρ̂B]]

}
. (4.18)

This type of equation is also obtained from an iterative approach to the Liouville–
von Neumann equation (4.6) for weakly interacting systems under the assumption
that the total state of the system remains factorizable for all times, i.e., ρ̂(t) =
ρ̂S(t)⊗ ρ̂B (see [23]). However, this does not mean that the state of the system is
really separable for all times, since even weak interactions may lead to serious
quantum correlations for longer times (cf. [24]). Furthermore, it is hard to see
how local entropy could rise, without developing entanglement between the sys-
tem and its environment, local entropy being an entanglement measure in this case.
This issue is also addressed in some detail in Sect. 11.1. However, under the non-
entanglement assumption environments (linearly coupled to the system proper) may
even be treated classically [25].

Since such an equation is still very hard to solve one intends to get back to a
time-local form. This, in turn, cannot be achieved without specializations, approxi-
mations, and/or assumptions. Different authors propose slightly different schemes,
here. All of them proceed in the interaction picture and require the interaction
between the subsystems to be small. A widely applied and famous procedure is
using the Markov assumption to remove the time convolution of the kernel by
replacing the state of the system at time s on the right-hand side of (4.18) by the
state at time t . With this approximation one obtains the Redfield master equation
(see [26–28])

∂

∂t
ρ̂S(t) = −λ2

∫ ∞

0
ds TrE

{
[V̂ (t), [V̂ (t − s), ρ̂S(t)⊗ ρ̂B]]

}
. (4.19)

This Markovian equation does not resolve the dynamics beyond the correlation time,
and thus, assumes that environmental correlations decay much faster than the state
of the system changes. Equation (4.19) is also obtained from another approach (see,
e.g., [29]), constructing a Dyson series and truncating at some order due to the
smallness of the interaction. This might be in conflict with evaluating the result for
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arbitrarily long times, or even times long enough to see the effect of the environment
on the system. It can be shown that at least one stationary state of the above given
Markovian quantum master equation (4.19) is the canonical equilibrium state

lim
t→∞ ρ̂S(t) ∝ e−β ĤS , (4.20)

where ĤS is the local Hamiltonian of the system in Ĥ0 given in (4.5) and β is the
inverse temperature of the chosen thermal state ρ̂B of the environment (for a proof,
see [30]).

Starting from (4.19) and using a concrete microscopic model for the environ-
ment, e.g., a set of decoupled harmonic oscillators, with an eigenfrequency density
suitable to fulfill the Markov assumption (i.e., the fast decay of correlations within
the environment), and assuming a special type of interaction (rotating wave approx-
imation), an autonomous master equation can be derived. Before writing down this
closed differential equation for the relevant part, let us illuminate the problem from
a different perspective.

Instead of the above shown microscopic derivation, it is possible to propose the
most general form of a differential equation describing the dynamics of the relevant
part in a closed manner, i.e., without a concrete dynamical model for the irrelevant
part. If the Markovian quantum master equation for the relevant part is given by the
autonomous differential equation

∂

∂t
ρ̂S(t) = L̂ ρ̂S(t) , (4.21)

according to the time-independent generator L̂, the dynamical map from the state
space of density operators into itself is defined as

V̂(t) = eL̂ t . (4.22)

Here, of course, the dynamics has to conserve the properties of the density operator,
and thus, V̂(t) must be a convex linear, completely positive and trace-preserving map
satisfying the semigroup property (cf. [19]). Due to these requirements Lindblad
[31, 32] was able to derive the most general form of the generator L̂.

To write down the most general form of the generator we need a suitable basis for
the Liouville space which has n2 dimensions if n is the dimension of the respective
Hilbert space. A suitable basis to span this superspace is defined by the set of n2

operators {F̂i }. We require that these operators are orthogonal due to the Hilbert–
Schmidt scalar product

Tr
{

F̂i F̂†
j

}
= δi j , (4.23)

and choose one to be the unit operator within this state space. In terms of these
operators the generator is defined by
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L̂ ρ̂S = −i[ĤS, ρ̂S] +
n2−1∑
i, j=1

γi j

(
F̂i ρ̂S F̂†

j − 1

2
[F̂†

j F̂i , ρ̂S]+
)

(4.24)

excluding the unit operator from the sum. This form is called the first standard
form of the generator. Since the coefficient matrix γi j has to be positive due to the
properties of the dynamical map (4.22), it is easily brought into Lindblad form by
diagonalizing the matrix γi j finding

L̂ ρ̂S = −i[ĤS, ρ̂S] +
n2−1∑
i=1

γi

(
L̂ i ρ̂S L̂†

i − 1

2
[L̂†

i L̂ i , ρ̂S]+
)
, (4.25)

with the Lindblad operators L̂ i which are linear combinations of the basis opera-
tors F̂i . The first term describes the coherent evolution due to the Hamiltonian of
the system, whereas the following terms describe decoherence and damping effects
following from the coupling to the other degrees of freedom not explicitly modeled
here. The rates γi depend on the coupling strength λ and eventually on a tempera-
ture of the associated environment. The generator (4.25) is the most general form
which preserves all properties of the density operator. The Lindblad form can also
be obtained from a microscopic model, say (4.20), using several approximations.
Finally, one needs the Born, Markov, Redfield, and rotating wave approximations or
secular approximation to derive the Markovian–Lindblad quantum master equation
(4.25).

Besides the Nakajima–Zwanzig (NZ) technique there is another different approach
to the reduced relevant dynamics, which does not contain a time convolution within
the memory kernel. This approach is therefore called time convolutionless method
or TCL (see [33–35]). The idea behind this approach is to remove the influence
of the future time evolution on the history of the dynamics by using the backward
propagator in time, and thus, obtain a time-local differential equation. This, finally,
produces the TCL master equation (here again for factorizing initial conditions)

∂

∂t
P̂ ρ̂ = K̂(t)P̂ρ̂(t), (4.26)

with the time-dependent TCL generator which is a very complicated superopera-
tor. This time-local equation is again exact, however, as difficult to treat as the full
problem. Again a perturbation expansion of the generator

K̂(t) =
∞∑

i=1

λi K̂i (t) (4.27)

leads to the second-order equation
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∂

∂t
P̂ ρ̂ = λ2

∫ t

0
ds P̂L̂(t)L̂(s)P̂ρ̂(t), (4.28)

which is similar to the NZ equation, but local in time. For a complete derivation, a
discussion of differences between NZ and TCL and some examples, see [19].

Thus, all these techniques come with the remarkable advantage of being able
to describe not only equilibrium states but also the way to equilibrium. However,
although there are extensions, these approaches typically rely on many crucial
approximations. Furthermore, state changes of the environment are not included,
which introduces a certain asymmetry between system and environment which
becomes a problem in case of finite small environments. It is the environment
already being in an equilibrium state that induces equilibrium in the considered
system.
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Chapter 5
The Program for the Foundation
of Thermodynamics

Nobody knows, what entropy really is.
— J. Von Neumann [1]

Abstract In this chapter a “checklist” of properties of thermodynamic quantities
will be given, which is meant as a set of rules by which thermodynamic behavior
(as we observe it) is completely defined. Thus, if all those rules can be shown to
result from an underlying theory, here quantum mechanics, thermodynamics might
be considered as emerging from this underlying theory; if the approach failed to
demonstrate any of them, the task would not be accomplished fully.

For a foundation of thermodynamics it is tempting to give an abstract but, never-
theless, intuitively appealing, ontological definition of entropy, such as entropy is
disorder, entropy is some volume in phase space, entropy is the lack of knowledge.
However, then one is left with the task of showing that the quantity so defined indeed
behaves in a way that is empirically observed (see Chap. 4, Sect. 3.1).

Thus, here we introduce thermodynamics on the basis of some axiomatic struc-
ture which only spells out how thermodynamic quantities are expected to behave
without giving explanations of their “intrinsic nature.” Usually some of the axioms
deal with the notorious irreversibility of thermodynamic systems, others with the
possibility of formulating the internal energy U as a state function in terms of the
entropy S and other extensive variables. Starting from first principles it is evident
that much of the behavior of thermodynamic quantities (including their mere exis-
tence) needs explanation.

The axiomatic structure or “checklist” given here should neither be considered
unique nor irreducible. If, e.g., ergodicity (and mixing) were assumed, the validity
of the second law (Checklist 2) and the equality of intensive variables (Checklist 4)
would follow; thus, one could replace those two items by demanding ergodicity.
This, however, would not be suitable for the approach at hand. The choice of prop-
erties given here is expected to be complete and appropriate for starting from the
theory of quantum mechanics.

Gemmer, J. et al.: The Program for the Foundation of Thermodynamics. Lect. Notes Phys. 784,
65–68 (2009)
DOI 10.1007/978-3-540-70510-9 5 c© Springer-Verlag Berlin Heidelberg 2009
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5.1 Basic Checklist: Equilibrium Thermodynamics

1. Definition of Thermodynamic Quantities: All thermodynamic quantities
(entropy, temperature, energy, pressure, etc.) should be precisely defined as func-
tions of the variables of an underlying theory, such that this underlying theory
describes the dynamics of those variables. If introduced in this way, the thermo-
dynamic quantities would “always” be well defined, i.e., even outside equilib-
rium, or for systems that are not thermodynamic (see Sect. 5.2). However, only
for thermodynamic systems and for processes close to equilibrium the functions
are required to behave as formulated below. (In the work at hand such definitions
of thermodynamic quantities are given in Chaps. 6, 13, and 14.)

2. Second Law of Thermodynamics (Maximum Principle for Entropy): This
axiom establishes the irreversibility of thermodynamic evolutions and processes.
It postulates the existence of a certain stationary (up to fluctuations, cf. below)
equilibrium state, into which a thermodynamic system will evolve eventually.
Under given constraints this equilibrium state is stable with respect to pertur-
bations. It should be shown that the system in quest reaches such a state for
which the fluctuations of all well-defined thermodynamic quantities are negli-
gible. This state has to be controllable by macroscopic constraints. Since those
constraints can be imposed in different ways, i.e., by keeping different sets of
intensive and extensive variables fixed or controlled, at least two cases have to
be distinguished:

a. Microcanonical Conditions (energy U kept fixed): In this case the entropy
should only increase during the evolution, and the final state should only
depend on the energy distribution of the initial state. (This behavior is estab-
lished in Sect. 10.1.)

b. Canonical Conditions (temperature T kept fixed): Since under these condi-
tions the equilibrium state of the system is controlled by the contact with a
heat bath, the only specifying parameter is its temperature; the equilibrium
state should only depend on this temperature, regardless of its initial state.
(This behavior is established in Sect. 10.2.)

3. Gibbsian Fundamental Form (Possibility of macroscopic control): From this
law, eventually, connections between measurable, macroscopic intensive and
extensive quantities are inferred. Thus, it guarantees that for a certain class of
processes that involve a change of those macroscopic variables, a detailed micro-
scopic picture is dispensable and can be replaced by a simpler, macroscopic
picture.

a. State Function: It should be shown that if the extensive variables, say, volume
V and (equilibrium) entropy S, take on certain values, the internal energy U
necessarily has a corresponding value, regardless of the path by which the
state has been reached.

b. Temperature as a Conjugate Variable: It should be shown that standard
close-to-equilibrium processes (heating, cooling, etc.), in which all extensive
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variables are kept fixed except for energy and entropy, proceed according to

(
∂U

∂S

)

V =const.

= T . (5.1)

Of course, here and below the above-mentioned definitions of temperature T ,
entropy S, etc. (that are in principle based on the microstate) have to be used.
(This behavior is established in Sect. 13.3.)

c. Pressure as a Conjugate Variable: It should be shown that there are pro-
cesses (isentropic), in which the extensive variable volume V changes, while
all others, including especially entropy, remain constant. The analysis of such
a process then has to yield,

(
∂U

∂V

)

S=const.

= −P (5.2)

where P is the pressure. (This behavior is established in Sect. 14.1.)
d. Other Conjugate Variables: It should be shown that processes may and will

occur such that while some additional extensive variable changes, all others
remain constant. The derivative of U should yield the respective conjugate-
intensive variable.

4. Classes of Thermodynamic Variables:

a. Extensive Variables: It should be shown that thermodynamic variables that
are claimed to be extensive, in particular the entropy S, are indeed extensive
quantities. (This is shown in Chap. 12.)

b. Intensive Variables: It should be shown that two systems allowed to exchange
some extensive quantity will end up in an equilibrium state having the same
conjugate intensive variable. (This behavior is, e.g., established in Sect. 13.2.)

Those properties of thermodynamic quantities and the various relations allow for
an application of the standard techniques and methods of thermodynamics. Thus, if
they are shown to result as claimed from quantum mechanics, the field of thermo-
dynamics can, in this sense, be considered reducible to quantum mechanics.

Such a reconstruction, theoretically satisfying as it might be, will eventually have
to be judged by the results it produces. Thus, in order to make it a physically mean-
ingful theory rather than just an abstract mathematical consideration, the limits of
its applicability have to be examined just as much as its connection to the standard
classical theory. This is the subject of the supplementary checklist.
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5.2 Supplementary Checklist: Quantum Mechanical Versus
Classical Aspects

1. Thermodynamic Systems: It is necessary to explain and clarify the relation-
ship between the emerging theory and its underlying theory. If the emerging
properties would inevitably result from the underlying theory, one could discard
the latter completely. In the present context this cannot be the case: the under-
lying theory is supposed to be quantum mechanics, and it is obvious that not
all systems that obey quantum mechanics can be described thermodynamically,
while Schrödinger-type quantum theory is believed to underlie all sorts of non-
relativistic systems. Thus, a fairly precise definition of the class of systems that
can be expected to behave thermodynamically should be given. This definition
should not result in a tautology like “all systems that show the properties men-
tioned above are thermodynamic systems,” but should result in a criterion that
can be checked with acceptable efforts.

2. Quantum Versus Classical Entropy: Despite its problematic foundation stan-
dard “classical” thermodynamics works pretty well for almost all practical pur-
poses. If this is not just incidental, it should be possible to show that entropy as
a function of, say, volume and energy should be the same, no matter whether it
is calculated based on a standard classical definition or the quantum mechanical
one that can be shown to have the above properties. Here, this would eventu-
ally amount to showing that quantum state density and the volume of energy
shells in classical phase space are proportional for large classes of systems (that
have a classical analog). Such a relation would prove a kind of “correspondence
principle.”
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1. M. Tribus, E.C. McIrvine, Sci. Am. 225(9), 179 (1971) 65



Chapter 6
Outline of the Present Approach

One person’s mystery is another person’s explanation.
— N. D. Mermin [1]

Abstract As already indicated in previous chapters we intend to explain the validity
of the laws of thermodynamics on the basis of quantum dynamics as given by the
Schrödinger equation. In this chapter we provide the background of this approach
which does not rely on ergodicity, mixing, etc., but on the concept of “typicality.”
The importance of a system–environment scheme for a concise definition of entropy
and the role of entanglement in this context is discussed. Furthermore we investigate
the nature of thermodynamical uncertainties (often referred to as “fluctuations”).
Within this quantum version of the typicality approach these uncertainties appear as
quantum uncertainties and are thus of fundamental nature.

6.1 Typicality and Dynamics

Despite the fact that some call it a “tired old question” the search for the origin and
the true nature of the second law of thermodynamics is ongoing [2]. The idea of
any (thermodynamic) system always approaching a “state” (equilibrium) in which
it behaves as if it occupied an immense multitude of microstates at the same time
(ensemble), even if it started from a perfectly concrete microstate, is still quite puz-
zling. How can the system end up in a multitude of states at all, and even worse,
always in the same well-defined set, no matter where it started from? How can
this behavior that obviously breaks time symmetry be explained on the basis of
a time-reversal-invariant underlying theory? The traditional answers are of course
well-known and may be found in Sect. 4.

Although conceptually already being present in the (later) work of Boltzmann
and Ehrenfest, the idea of typicality seems to have attracted less attention than
the above-mentioned approaches. The term “typicality” has (to the authors best
knowledge) been coined by Lebowitz et al., who have done pioneering work on this
concept (cf. [3–6] and references therein). Especially within the quantum context
typicality has recently been picked up and worked on also by others [7, 8]. What is
special about the typicality approach?

Within the typicality approach there is neither time averaging like in the ergod-
icity approach nor does the microstate evolve into an ensemble as in the approaches
based on mixing. The idea simply is that very many microstates from some well-
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defined region in the microstate space of the system (phase space, Hilbert space,
etc.) may yield, for some observables (or rather, function defined on this microstate
space), very similar outcomes. If this is the case one may draw states from the above
region at random, consider the above observable, and for a majority of states, the
corresponding outcomes will be almost the same and furthermore in accord with
the idea of the system occupying all states within the respective region “at the same
time.” Thus, with respect to the above observable most microstates are almost indis-
tinguishable from the ensemble.

Let us try to put this concept in a more rigorous form thereby defining the term
“typicality” as it will be used throughout the remainder of this book. Consider a
system that may occupy various microstates. Call those microstates X. These could
be, e.g., points in phase space for a classical system, points (for the case of pure
states) in Hilbert space for a quantum system, the set of occupied sites in a “lattice
hopping model”. Now consider some set of microstates X and call the region formed
by them the “accessible region” (AR). In principle it could be an arbitrary set, but
most conveniently it will be defined by a common feature of all microstates belong-
ing to it. If this common feature is, e.g., a value of an observable that is conserved
under given dynamics, e.g., energy, a microstate cannot leave the AR, irrespective
of the details of the dynamics. (This consideration also motivates the term “acces-
sible region”.) Consider, furthermore, a scalar function f (X) of those microstates.
That could be, e.g., any observable in the classical case, some expectation value or
some local entropy, purity or anything alike in the quantum case. Now we define the
restricted average of this function f with respect to the AR as follows:

EAR[ f ] ≡
∫

AR
f (X)dVX . (6.1)

(In the case of a discrete microstate the integral should be replaced by a corre-
sponding sum.) This definition only makes sense with respect to a certain “metric”
or definition of the volume element in the space of the microstates. In the classical
case, e.g., the outcome of (6.1) depends on whether one chooses the volume element
as, e.g., dVX ≡ dxdp (as one usually does for good reasons) or as dVX ≡ dx2dp2

or anything alike. In principle the choice of this metric is arbitrary. However, if
one aims at inferring statements on dynamics from the quantities considered here, a
certain choice of the volume element is to be preferred. This will be considered in
more detail below. We, furthermore, define the variance of f with respect to the AR
as follows:

VAR[ f ] ≡ EAR[( f − EAR[ f ])2] = EAR[ f 2] − E2
AR[ f ] . (6.2)

Equipped with those definitions we may now define typicality. The observable f (X)
will be almost the same for all X from the AR if the variance is small. This means
that EAR[ f ] is the typical f with respect to the AR if and only if

V
1
2
AR[ f ] � fmax − fmin, (6.3)
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where fmax, fmin are the extremal values of f within the AR. Such a property is in
general called “typicality.”

The generalization of typicality from scalars to vectors or tensors M̂(X) is rather
straightforward. Define the average and (possibly) the typical tensor simply by the
tensor formed by the averages of all its components. Denote that average tensor as
M̂0 ≡ ÊAR[M̂]. Define, furthermore, a distance measure D in the space of those
tensors, i.e., let D(P̂, Q̂) be the distance between P̂ and Q̂. Then M̂0 is typical with
respect to the AR if

EAR[D(M̂(X), M̂0] � Dmax(M̂0), (6.4)

where Dmax(M̂0) is the maximum distance of any tensor from M̂0 within the AR. To
detect typicality it is in this case sufficient to consider averages rather than variances,
since distances are by construction non-negative. If some average distance is small,
almost all distances must be small. One could also define typicality for scalars on
the basis of distances, but that would obviously also lead to mean deviations as
considered in (6.2).

So far these considerations on typicality have been restricted to statements on
relative frequencies of certain “observables” in certain regions in microstate space.
However, the second law is eventually not a statement on relative frequencies of
features of microstates which are drawn at random, but on dynamics. So how can
the previous considerations be linked with dynamics?

To those ends assume that the pertinent dynamics preserves the microstate vol-
ume, for example, in the continuous case through an equation of motion of the form

Ẋ = G(X) with divXG = 0 , (6.5)

whether or not (6.5) applies, depends, of course, on the above-mentioned represen-
tation of the microstate space. In the case of classical mechanics, e.g., it applies
for the standard position–momentum representation of phase space and canonical
transforms thereof. (A representation of Hilbert space to which such a description
applies will be introduced in Sect. 7.1.) We furthermore partition the AR into two
sets of states α and β according to some (scalar) observable f (X): Let X belong to
α if

| f (X) − EAR[ f ]| ≤ ε (6.6)

and to β otherwise. Define the “size” Ω(γ ) of a set γ by the volume it occupies in
microstate space, i.e.,

Ω(γ ) ≡
∫

γ

dVX . (6.7)

Now choose an ε such that ε � fmax − fmin. In case there is typicality of f with
respect to the AR one will nevertheless have Ω(α) � Ω(β), i.e., there are many
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more states featuring an f very close to the average than states that do not. Let
us, in this case, call α the “equilibrium set” and β the “non-equilibrium set.” Now
denote by Ωt (β → α) the size of the set of states that initially (t = 0) belonged to β,
but evolved under (6.5) into α at time t , i.e., the amount of states that evolved from
the non-equilibrium set to the equilibrium set. Let, respectively, Ωt (α → β) stand
for the amount of states that evolved from the equilibrium set to the non-equilibrium
set. If the dynamics preserves the microstate volume those two amounts are equal
Ωt (β → α) = Ωt (α → β). However, due to the equilibrium set being much larger
than the non-equilibrium set we may state

Ωt (α → β)

Ω(α)
� Ωt (β → α)

Ω(β)
. (6.8)

Or to state in words, if there is typicality the relative frequency of states that evolve
from the non-equilibrium set to the equilibrium set is much larger than the relative
frequency of states that evolve from the equilibrium set to the non-equilibrium set.
In a sense this may be viewed to explain the origin of the second law. Note that
up to here nothing has been said about entropy, as a matter of fact we did not even
define it so far. Thus, the second law is to be understood here simply as a statement
claiming that some observables show a strong dynamical tendency toward constant
values that are then called equilibrium values. To explain this central result in a
non-formal way we non-literally quote here a little parable that H. J. Schmidt1 told
in this context:

Consider America and Osnabrück (a little German town, ca. 160 000 inhabitants). Assume
both have reached their maximum number of inhabitants, i.e., if people from Osnabrück
want to move to America the same amount of Americans has to move to Osnabrück. (It
is understood there are no other places to go to except for America and Osnabrück). Now
if there is some migration going on at all, one is much more likely to meet somebody in
Osnabrück who is about to leave for America, than to meet somebody in America heading
for Osnabrück.

Here, obviously, people are microstates. Living in America corresponds to being
in equilibrium while living in Osnabrück amounts to being non-equilibrated. This
little story also illustrates the very general and overall character of the statement.
There may very well be people who remain in Osnabrück forever, as well as people
moving back and forth between America and Osnabrück all the time. While the
general statement on relative frequencies holds, the individual migration history
depends on the person considered. Or, to come back to physics, the above statement
(6.8) is a statement on the statistics of all possible initial states featuring some non-
equilibrium property, compared to the statistics of all possible initial states featuring
the respective equilibrium property. Even if there is typicality, special initial states
may not equilibrate or even evolve from equilibrium to non-equilibrium; however,
in a mathematical sense, those are few. To verbally illustrate once more, we want

1 At this point the authors like to thank H. J. Schmidt for his interest in this work, the fruitful
discussions, valuable comments, and extensions. His contribution is faithfully acknowledged.
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to quote Penrose here with a comment made in the context of the closely related
macroscopic cell approach, Sect. 4.4 [9]:

We would seem now to have an explanation for the second law! For we may suppose that our
phase space point does not move about in any particularly contrived way, and if it starts off
in a tiny phase space volume, [...], then, as time progresses, it will indeed be overwhelmingly
likely to move into successively larger and larger phase space volumes, [...].

In the context of strongly interacting many-particle quantum systems (Hubbard
model, etc.), there have recently been considerable (numerical) efforts to investigate
whether or not some observables or correlation functions dynamically equilibrate
[10, 11]. It should again be noted here that considerations based on typicality cannot
replace such investigations of concrete dynamics in concrete models. Nevertheless
the typicality approach can provide a picture of the scenario which is generally to
be expected.

6.1.1 On the Analysis of Quantum Typicality

This paragraph is meant as a short “roadmap” for our concrete approach to typicality
in quantum systems. Thus, roughly speaking, we essentially analyze in the following
(Sect. 7–Sect. 10) if and in which sense the typicality paradigm as mathematically
defined by (6.3) and (6.4) holds for quantum systems. (Comparable considerations
may also be found in [6–8, 12–14].) In this analysis the microstate space will be
concretely formed by all pure states, i.e., will essentially be the Hilbert space, repre-
sented in a pertinent way, cf. Sect. 7. It will be demonstrated that typicality applies to
a wide range of observables, or precisely, quantum mechanical expectation values,
if the systems feature high-dimensional Hilbert spaces and the observables-bound
spectra. Furthermore we find that the typical values are in accord with the Boltz-
mann principle of “equal a priori probabilities.”

However, it turns out that typicality of the full state, i.e., not only of some observ-
ables, cannot be found in unpartitioned system scenarios. There is also no increase
of the von Neumann entropy in those scenarios, cf. Sect. 8. If one considers, in con-
trast, bipartite total quantum systems, i.e., total systems consisting of a (considered)
system and an environment, one finds that there may even be typicality of states.
“State” in this case refers to the reduced, local density matrix of the system. Again,
it turns out that the typical state (toward which local states then tend to evolve) is
in accord with the Boltzmann principle, which implies that the typical state is a
maximum local entropy state. Thus, in this case evolutions from low toward high
entropies may be expected. This holds for microcanonical as well as for canonical
conditions, cf. Sect. 9 and Sect. 10. In Sect. 11 we comment in some detail on the
concept of system–environment factorizability and the increase of local entropy.
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6.2 Compound Systems, Entropy, and Entanglement

Before we start with the investigations outlined in the last paragraph of Sect. 6.1
we would like to comment on some related, more conceptual issues in
advance.

In all theoretical approaches to thermodynamics entropy plays a central role. As
already mentioned the entropy we are going to consider is the von Neumann entropy
(Sect. 2.2.4; [15]), which is defined for a system on the basis of its density operator.

As already explained in Sect. 2.4 this entropy is invariant with respect to unitary
transformations. Since the von Neumann equation (2.49) gives rise to a unitary evo-
lution of the density operator ρ̂, this entropy can never change for the total system
and is thus not a candidate for the thermodynamic entropy with all its properties (cf.
Chap. 4 and Chap. 5). Nevertheless the present approach also provides an explana-
tion for the tendency toward equilibrium of many observables in pertinent closed
systems. However, from Chap. 9 on we will be dealing with bipartite systems, i.e.,
systems the Hilbert spaces of which may be represented as direct products of the
Hilbert spaces of their two “local” systems (cf. Sect. 2.2.5). In this case a valid and
complete description of, say, a subsystem is given by the reduced density operator
ρ̂(1), rather than by the density operator of the full system ρ̂. Contrary to the entropy
of the total system, the entropy of subsystem 1 defined according to (2.42) on the
basis of ρ̂1 can very well change under unitary transformations of the compound
system. It would not change if the unitary transformation generated by the von
Neumann equation factorized as Û (t) = Û (1)(t) ⊗ Û (2)(t) which, in turn, would
be the case if the Hamiltonian of the full system did not contain any interactions
between the subsystems. However, if the Hamiltonian contains such interactions,
regardless of how small they might be, the subsystem entropy is no longer a con-
served quantity and may change in time [16]. And, according to the outline in the last
paragraph of Sect. 6.1, it can be expected to increase substantially for sufficiently
long times.

As already mentioned, in the following it will be assumed that the state of the
total system is always a pure state. (We want to remark here that this course of action
is taken more for mathematical simplicity than for conceptual reasons.) Since for
such a pure state the local entropy is an entanglement measure, an evolution toward
increasing local entropy is also an evolution toward increasing entanglement. Thus
in contrary to approaches in which the local relaxation dynamics is inferred on the
basis of the idea of system and environment remaining factorizable (cf., Sect. 4.8,
[17]), here relaxation and growing correlations are impartial. A more detailed argu-
ment in favor of this general view, in spite of it being possibly somewhat counter-
intuitive, will be given in Chap. 11. Thus a typicality of high entropy reduced local
states, as announced in the outline in the last paragraph of Sect. 6.1, is equivalent
to stating that the Hilbert space of pertinent compound systems is essentially filled
with entangled states. Results in that direction are also presented in [12, 13, 18, 19].
This may also appear to contradict the idea of entanglement as being something
exotic, rare, or hard to produce.
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It has often been argued that the influence of the environment should not play any
crucial role, since entropy rises also (or especially) in the case of an isolated sys-
tem. However, in the context of thermodynamics this isolation only means that the
system is not allowed to exchange any extensive quantities like energy or particles,
with the environment. It does not mean that there is no interaction at all between the
system and its environment. In particular, this is not to be confounded with a micro-
scopically closed system. For example, gas particles within a thermally insulating
container, nevertheless, interact with the particles that make up the container walls,
otherwise the gas would not even stay inside the container. Quantum mechanically
such an interaction, even if it does not allow for an exchange of energy with the
environment, will, nevertheless, typically give rise to entanglement [16].

6.3 Fundamental and Subjective Lack of Knowledge

It is often stated that entropy should somehow be a measure for the lack of knowl-
edge. However, then the question arises whether the observer, by overcoming his
deficiency to calculate or observe more precisely, i.e., by reducing his subjective
lack of knowledge, could indeed influence the entropy and the resulting thermody-
namic behavior of real physical systems (cf. also remark in Sect. 3.1.2).

Within classical mechanics lack of knowledge may always be considered subjec-
tive: in principle, any observable could be known with “unlimited” precision. This
is fundamentally different in quantum mechanics. From the uncertainty principle
we know that there are always observables that are undetermined. Nevertheless,
in single-system scenarios (no compound systems), at least one observable can, in
principle, be known exactly at any time, if the initial state is a pure state; hence, the
fundamental lack of knowledge does not grow. However, for compound systems
there are pure states for which all observables referring to a specific subsystem
are unknown, even if some compound observable of the full system is exactly pre-
dictable, just like the position of a particle is necessarily unknown to anybody, if its
momentum is exactly predictable. Thus, in the latter case, the fundamental lack of
local knowledge is considerably larger than in the former case. Those states are the
entangled states mentioned in Sect. 6.2 [20, 21]. Compound systems might evolve
from states that contain exact knowledge about some observable of each subsystem
(pure product states) into the above-mentioned states, featuring this fundamental
lack of knowledge about any local observable [16].

So, in the quantum domain we have two possible sources of ignorance: one being
due to our inability to identify the initial state and calculate the evolution exactly,
the other being intrinsic to the momentary state and thus present even for a demon
with unlimited abilites. Or, to rephrase, even if we knew the microstate with preci-
sion, there will most likely be uncertainties (in the context of thermodynamics often
called “fluctuations”) of some (single system) or all (compound system) observ-
ables. These are fundamental quantum uncertainties.
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Here we want to show that in typical thermodynamic situations the fundamen-
tal lack of knowledge by far dominates over the subjective lack of knowledge in
the following sense. Almost all the possible evolutions (of which we are typically
unable to predict the actual one) will eventually lead to states that are characterized
by a maximum fundamental lack of knowledge about the considered subsystem; this
lack is only limited by macroscopic constraints.
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Chapter 7
Dynamics and Averages in Hilbert Space

The use of statistical methods, essentially ignoring the
dynamics, is a very powerful tool; but like a very powerful
drug, it must be used with proper safeguards and under adult
supervision.

— H. Grad [1]

Abstract In the previous chapter the concept of typicality has been introduced for
a rather abstract space of the states of a system. Also the properties of the dynamics
which are imperative for the applicability of the concept have been denoted quite
formally. Here we introduce the Hilbert space of pure quantum states as our con-
crete state space and formulate a representation of Hilbert space. Within this rep-
resentation the dynamics as described by the Schrödinger equation indeed meets
the above requirements. Furthermore the averages and variances that occur in the
context of typicality are mathematically concretized for this quantum case and thus
accordingly called Hilbert space average and Hilbert space variance, respectively.

7.1 Representation of Hilbert Space

Contrary to the real configuration space, Hilbert space (see Sect. 2.2), the space on
which quantum mechanical state vectors are defined, is neither three dimensional
nor real, which makes it almost inaccessible to intuition. Thus there is no obvious
way for having quantum mechanical states parametrized, i.e., specified by a set of
numbers, quantum mechanical states. Obviously one has to choose a basis {|i〉} such
that

|ψ〉 =
∑

i

ψi |i〉 . (7.1)

It is, however, unclear which basis one should prefer and how one should represent
the set of complex numbers {ψi }. This could be done in terms of real and imaginary
parts, absolute values and phases, or in many other ways. Eventually one will always
have a set of real numbers that somehow specify the state. To decide now, how big
a region in Hilbert space really is, and this is a very important question within our
approach (see Sect. 6.1), the only way is to calculate the size of the region that the
corresponding specifying parameters occupy. Therefore one eventually has to orga-
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nize the parameter space as a real Cartesian space of some dimension. The problem
now is that the size of this region will depend on the parametrization chosen. Thus,
if one wants to compare such regions in terms of size, one has to explain why one
does this on the basis of the special chosen parametrization.

This question does not only arise in the context of quantum mechanics or Hilbert
spaces, but it needs to be answered for classical phase space considerations also.
It is not mandatory to parametrize the microstates of classical systems in terms of
their positions and momenta. This parametrization (or canonical transforms thereof)
is simply routinely chosen to guarantee the validity of Liouville’s law. Since the
invariance of the microstate volume with respect to dynamics is imperative for the
typicality approach (see Sect. 6.1) we primarily search for a parametrization which
provides this invariance. To those ends we first introduce a parametrization and
demonstrate the invariance property afterward.

Consider a representation of a state in terms of the real ηi and imaginary ξi parts
of its amplitudes with respect to some orthonormal basis {|i〉},

|ψ〉 =
∑

i

(ηi + i ξi )|i〉 . (7.2)

If the ηi and ξi are organized in a Cartesian parameter space, a representation of
Hilbert space with a real, regular, Cartesian metric is defined. All vectors that rep-
resent physical states, i.e., that are normalized, lie on a hypersphere of unit radius,

〈ψ |ψ〉 =
∑

i

(ηi − i ξi )(ηi + i ξi ) =
∑

i

(η2
i + ξ 2

i ) = 1 ; (7.3)

this property is obviously independent of the choice of the basis {|i〉}.

7.2 Dynamics in Hilbert Space

Within this representation of the state in Hilbert space the Hamiltonian itself can be
represented as a Hermitian matrix with the elements

Hi j = gi j + ihi j , (7.4)

with hii = 0, hi j = −h ji , and gi j = g ji to be a Hermitian matrix. The Schrödinger
equation of the vector components is then given by

η̇i + iξ̇i =
∑

k

(gik + ihik)(ηk + iξk) . (7.5)

Considering both real and imaginary parts of these complex equations separately,
the following system of differential equations results:
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η̇i = hikηk + gikξk , (7.6)

ξ̇i = −gikηk + hikξk , (7.7)

where we use the Einstein convention to sum over double indices. This system of
differential equations may be written in vector form, according to the vector of num-
bers q = {ηi , ξi } and the Hamiltonian matrix

q̇ = Hq := G(q) , (7.8)

where we have introduced the vector G representing the right-hand side of the dif-
ferential equation. To show that the dynamics given by (7.8) conserves the volume
we have to investigate the divergence of the right-hand side, i.e.,

div G(q) = ∂Gk

∂qk
, (7.9)

using again the Einstein convention. Plugging in (7.6) and (7.7) the divergence reads

div G(q) = hik
∂ηk

∂ηi
+ gik

∂ξk

∂ηi
− gik

∂ηk

∂ξi
+ hik

∂ξk

∂ξi
. (7.10)

Since real and imaginary parts are independent of each other the two terms in the
middle vanish. The other derivative is just a delta function, finally finding for the
divergence

div G(q) = 2hii = 0 , (7.11)

which is zero according to the hermiticity of the Hamiltonian (as required for an
application of the typicality approach, cf. (6.5)). That implies that the quantum
dynamics indeed conserves the volume which directly follows from the vanish-
ing divergence (see [2–4]). We remark here that in this case an even more rigid
statement holds for the dynamics of sets in Hilbert space: Consider the (squared)
distance between any two points (states) in this representation of Hilbert space
d2(ψ1, ψ2) ≡ ∑

i (ηi,2 −ηi,1)2 + (ξi,2 −ξi,1)2 = ||ψ2〉−|ψ1〉|2. It is easy to show that
d is a constant of motion. Thus, not only the volume of a set of states is invariant
but also its shape. It does not undergo deformation. (From this fact it has often been
inferred that there is no “quantum chaos” [5].)

There is a further interesting general feature of the quantum dynamics: In this
parametrization of Hilbert space the effective Hilbert space velocity, of some trajec-
tory, v, can be defined by

v =
√√√√∑

i

[(
dηi

dt

)2

+
(

dξi

dt

)2
]

. (7.12)
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The square of this velocity may be written as

v2 =
∑

i

d

dt
(ηi + i ξi )

d

dt
(ηi − i ξi ) =

∣∣∣∣
d

dt
|ψ〉

∣∣∣∣
2

. (7.13)

This squared absolute value of v can now be calculated from the Schrödinger equa-
tion in the following form:

i
d

dt
|ψ〉 = (Ĥ − E0)|ψ〉 , (7.14)

where E0 is an arbitrary, real, constant zero-point adjustment of the energy that
results just in an overall phase factor of exp(iE0t) for any solution. It has, however,
an influence on the Hilbert space velocity, for it could, e.g., make a stationary state
be represented by a moving point in Hilbert space. Thus, one wants to choose E0

such as to make the Hilbert space velocity as small as possible, since any motion that
is due to E0 just reflects a changing overall phase which has no physical significance.

Inserting (7.14) into (7.13) we find for the square of the Hilbert space velocity

v2 = 〈ψ |(Ĥ − E0)(Ĥ − E0)|ψ〉
= 〈ψ |Ĥ 2|ψ〉 − 2E0〈ψ |Ĥ |ψ〉 + E2

0〈ψ |ψ〉 . (7.15)

Obviously v is constant, since all terms in (7.15) that could possibly depend on time
are expectation values of powers of Ĥ and thus constants of motion.

Searching the minimum of v2 with respect to E0 now yields

E0 = 〈ψ |Ĥ |ψ〉 = 〈ψ(0)|Ĥ |ψ(0)〉 , (7.16)

which inserted into (7.15) gives the Hilbert space velocity

v =
√

〈ψ |Ĥ 2|ψ〉 − (〈ψ |Ĥ |ψ〉)2

=
√

〈ψ(0)|Ĥ 2|ψ(0)〉 − (〈ψ(0)|Ĥ |ψ(0)〉)2 , (7.17)

which is just the energy uncertainty, or the variance of the energy probability distri-
bution of the corresponding state. Accordingly, stationary states, i.e., energy eigen-
states, are represented by non-moving points in Hilbert space. If the states belonging
to some AR all feature roughly the same energy probability distribution (which
will apply to many cases considered below, cf. Sects. 8.1, 9.3.1 and 9.3.2) and thus
very similar energy variances, then they will all venture through Hilbert space with
approximately the same velocity.
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7.3 Hilbert Space Average and Variance

This and the remaining sections of this chapter are meant to introduce the mathe-
matical ideas behind the methods used later in Chap. 8 on a rather abstract level.
(These methods are explained in full detail in the Appendix.) Though we strongly
recommend that the reader should go through these sections first, they may never-
theless be skipped by the reader who is primarily interested in results. In this case
the reader may proceed to Chap. 9.

In the following we will often be interested in the average of a certain quantity
over a subregion of the complete Hilbert space called the accessible region (AR),
cf. Sect. 6.1. Here, the quantity itself depends on the complete state of the system.
This state of the full system is constrained to the accessible region within the high-
dimensional Hilbert space, which results from the conservation of some quantities,
as will be seen later. Before we can compute these mean values, we need to know
how to evaluate such an average of a quantity in Hilbert space in general.

Let f be a function of the complete state |ψ〉 of the system in the AR. To calculate
the Hilbert space average � f � of f over the AR we use the parametrization for a
state |ψ〉 introduced in the last section, the real and imaginary parts {ηi , ξi } of the
complex amplitudes ψi . The Hilbert space is now represented by a 2ntot-dimensional
Cartesian space, in which the Hilbert space average (HA) over the AR is defined as

� f � =
∫

AR f
({ηi , ξi }

)∏ntot
n=1 dηndξn∫

AR

∏ntot
n=1 dηndξn

, (7.18)

where the integral in the denominator is just the volume of the AR we are integrating
over. Such a constraint average can always be also represented by an unconstrained
average involving a suitable “weight function” G

� f � =
∫

f
({ηi , ξi }

)
G
({ηi , ξi }

) ntot∏
n=1

dηndξn . (7.19)

Here, the integration is over the whole infinite Cartesian space spanned by all
{ηi , ξi }. To make (7.18) and (7.19) indeed equivalent, G has to be zero everywhere
outside the AR and must take on equal values anywhere inside the AR. Furthermore
of course

∫
G

∏ntot
n=1 dηndξn = 1 is required. Obviously this HA meets the following

standard properties of averages:

�c f � = c� f � with c ∈ C , (7.20)

� f + f ′� = � f � + � f ′� ,

� f ∗� = � f �∗
.

The restrictions which define the AR arise from peculiarities of the dynamics,
e.g., constants of motion. For reasons given below, Sect. 8.1, we will exclusively
focus on restrictions which yield ARs of a special type. This type of AR may
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be described as follows: Partition the total set of coordinates {ηi , ξi } into subsets
labeled by J , i.e., {ηJ

j , ξ
J
j }. Denote the number of coordinates within the set J by

2n J . With these definitions our type of ARs or rather the weight functions G may
be defined in the following way:

G ≡
∏

J

gJ ({ηJ
j , ξ

J
j }), (7.21)

with the gJ defined by

gJ ({ηJ
j , ξ

J
j }) ≡

δ
(√∑ntot

j=1

(
(ηJ

j )2+(ξ J
j )2

)
−RJ

)

∫
δ
(√∑ntot

j=1

(
(ηJ

j )2+(ξ J
j )2

)
−RJ

)∏NJ
j dηJ

j dξ J
j

. (7.22)

Obviously G is by construction normalized. Furthermore it represents a confinement
onto hyperspheres within the subsets J . The radius of each hypersphere within a
subset is given by RJ . Thus, in order to fulfill the normalization of the full state, i.e.,
〈ψ |ψ〉 = 1 we have to require

∑
J R2

J = 1. It is also important to notice that this
G has product form with respect to coordinates from different subsets. As a direct
consequence there are no correlations between observables or quantities which are
defined on the basis of the coordinates from different subsets. Or, to state in equa-
tions: Assume the total f to be a product in the sense of f ≡ ∏

J f J ({ηJ
j , ξ

J
j }), then

the HA takes on the form

� f � =
�∏

J

f J

�

=
∏

J

� f J � . (7.23)

To actually evaluate � f J � it then suffices to consider only the subset J , i.e.,

� f J � =
∫

gJ ({ηJ
j , ξ

J
j }) f J ({ηJ

j , ξ
J
j })

NJ∏
j

dηJ
j dξ J

j . (7.24)

This is simply the average of f J over a single hypersphere of dimension NJ

and radius RJ . How such averages can concretely be calculated is described in
Appendix A. Thus, since the quantities f we are going to consider are always sums
of products of the above type, we can do all our HAs by exploiting (7.20), (7.23),
and (7.24)

According to Sect. 6.2 the crucial quantity to establish typicality is not so much
the average of some observable, but the variance. If the variance is small there is
typicality. However, from a formal, mathematical point of view the variance may of
course be introduced on the basis of averages. In our case we may define the Hilbert
space variance Δ2

H( f ) simply as

Δ2
H( f ) := � f 2� − � f �2

. (7.25)
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The only term that needs particular consideration is the first term on the right-hand
side. But since squaring of a sum of products results also in a sum of products, this
term can as well be evaluated using the techniques described above.
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Chapter 8
Typicality of Observables and States

. . . the positions and velocities of every particle of a classical
plasma or a perfect gas cannot be observed, nor can they be in
an atom nor in a molecule; the theoretical requirement now is
to find the gross macroscopic consequences of states that
cannot be observed in detail.

— A. Cook [1]

Abstract The implementation of the typicality approach to quantum systems as
introduced in Chaps. 6 and 7 is further elaborated on. Thus, a concrete class of
accessible regions as formally introduced in Sect. 6 is given. To start with, expec-
tation values of observables are investigated for typicality. We essentially find that
typicality can be expected for observables which are defined on high-dimensional
Hilbert spaces, but feature bound spectra within the accessible state space. The typ-
ical values of the observable are in accord with Boltzmann’s principle of “equal a
priori probabilities.” Furthermore, typicality of a state rather than for an observable
is introduced. We find that, while there may very well be such typicality of some
observables there is no typicality of states for non-composite systems. This points
toward the investigation of composite systems.

8.1 A Class of Accessible Regions

As already mentioned, we intend to show here that many relevant properties or
features of a quantum state (expectation values of relevant observables, entropies,
etc.) do not depend on the precise “position” of the state in Hilbert space, but only
on a certain (possibly large) region in which the state can be found. But how can we
know in which region a state may be found? Due to physical invariants the Hilbert
space may be “coarse grained” into accessible regions (ARs) onto which a state is
confined. That means, under a given unitary evolution the state can never leave an
AR to enter another one, it can only venture through the AR it started in. Thus if we
know the AR of some initial state we know its AR at any later time even if we are
unable to calculate its exact dynamics.

In order to define such ARs, we divide the Hilbert space in the following into
subspaces labeled by α. Each subspace α is associated with a projection operator

Gemmer, J. et al.: Typicality of Observables and States. Lect. Notes Phys. 784, 85–93 (2009)
DOI 10.1007/978-3-540-70510-9 8 c© Springer-Verlag Berlin Heidelberg 2009
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Π̂α =
∑

i

|α, i〉〈α, i | (8.1)

according to the orthonormal states |α, i〉 belonging to the subspace α. Furthermore
we require orthogonality and completeness of the projectors in the sense of

∑
α

Π̂α = 1̂, Π̂αΠ̂β = δαβΠ̂α . (8.2)

The dimension of the subspace α is thus given by

Nα = Tr
{
Π̂α

}
. (8.3)

If we represent an operator as a matrix in an orthonormal basis according to those
subspace projection operators, each block within this matrix corresponds to one
(diagonal) or two (off-diagonal) such subspaces, as shown in Fig. 8.1. If, e.g., some
operator only acts on one given subspace it only has non-zero entries in the corre-
sponding diagonal block. Applying the projection operator (8.1) to an arbitrary state
|ψ〉 of the considered system we define the non-normalized vector

|ψα〉 ≡ Π̂α|ψ〉 . (8.4)

According to the definition of the projection operator the probability to find the
system within the subspace α is defined by the expectation value of the projection
operator and is given by

α
=

1

α = 1

α
=

2

α = 2

α
=

3

α = 3

α
=

4

α = 4

Fig. 8.1 Arrangement of states according to subspaces α. Operators represented by matrices, e.g.,
the Hamiltonian, feature a block form



8.2 Hilbert Space Average of Observables 87

〈ψ |Π̂α|ψ〉 = 〈ψα|ψα〉 = Wα . (8.5)

We can now define the AR by the set of projectors Π̂α and the set of corresponding
probabilities Wα . If and only if some given |ψ〉 is in accord with (8.5), it belongs to
accessible region α:

AR := {|ψ〉 : 〈ψ |Π̂α|ψ〉 = 〈ψα|ψα〉 = Wα} . (8.6)

Note that this definition of the AR exactly corresponds to the confinement of a state
onto hyperspheres as discussed in Sect. 7.3.

As explained above this choice of the AR has primarily dynamical reasons: If the
Π̂α correspond to invariants of the system such that

[Π̂α, Ĥ ] = 0 (8.7)

(Ĥ being the Hamiltonian of the system, which then, in the representation of Fig. 8.1
assumes block-diagonal form), then the (pure) state of the system |ψ(t)〉 can never
leave the AR it started in, simply because the Wα are constant. What are such possi-
ble invariant subspaces Π̂α? Of course subspaces spanned by some exact eigenstates
of Ĥ always fulfill (8.7) and thus are invariant projective subspaces. However, if
there is a small perturbation of Ĥ of strength ε, say, one can nevertheless expect
subspaces spanned by the eigenstates of the unperturbed system corresponding to
an energy interval ΔE > ε to be approximately invariant. That means, even the
perturbed system will not substantially leave the AR defined on the basis of such
subspaces. This construction of adequate Π̂αs is of great practical importance, since
most likely, for a system in quest, the exact eigenstates are unknown and thus now
concrete computation may be based upon them. More accessible projectors Π̂α may
arise from natural invariants of a system. If, e.g, the number of particles in a system
is conserved, a subspace spanned by all states featuring the same amount of particles
is a valid Π̂α , even if its energy eigenstates are not known at all.

All further considerations will be restricted to this type of AR. In the following
it will be investigated whether or not there is typicality with respect to those ARs,
i.e., whether or not crucial properties of a state primarily depend on AR the state
belongs to, but not so much where exactly within this AR it is located.

8.2 Hilbert Space Average of Observables

Let us start by considering the expectation values of some Hermitian operator Â,
i.e., 〈ψ | Â|ψ〉, with |ψ〉s belonging to some specific AR. If there were typicality with
respect to the expectation value of this Â and the chosen AR, that would mean that
the various possible 〈ψ | Â|ψ〉s would not differ much from each other. Of primary
interest may be the question whether or not this is the case. It is, however, technically
simpler to answer the following question first: if there was a typical 〈ψ | Â|ψ〉, what
would it be? Or to rephrase, what is the average over all possible 〈ψ | Â|ψ〉s from
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the AR? Such an average is a Hilbert space average (HA) over a given AR and
as already mentioned we denote it by �〈ψ | Â|ψ〉�. (Thus the double brackets always
refer to some AR.) Its abstract mathematical formulation has already been discussed
in Sect. 7.3. (For additional literature, cf. [2–6].)

To compute the HA of a general operator Â we decompose it into subspaces
defined by the projection operators (8.1) finding

Â =
∑
αβ

Âαβ, Âαβ ≡ Π̂α ÂΠ̂β . (8.8)

(In the representation sketched in Fig. 8.1 those Âαβ assume the mentioned block
form). According to this decomposition the HA yields

�〈ψ | Â|ψ〉� =
∑
αβ

�〈ψ |Π̂α ÂΠ̂β |ψ〉�

=
∑
αβ

�〈ψα| Â|ψβ〉� . (8.9)

Using a concrete representation for the states in Hilbert space as introduced in
Sect. 7.1, the average reduces to

�〈ψα| Â|ψβ〉� =
∑

i j

�Aαi,β jψ
∗
αiψβ j�

=
∑

i j

Aαi,β j�ψ
∗
αiψβ j� . (8.10)

Here we have used the notations

ψαi ≡ 〈α, i |ψ〉, ψβ j ≡ 〈β, j |ψ〉, Aαi,β j ≡ 〈α, i | Â|β, j〉. (8.11)

As discussed in Appendices A and B.1, such averages can only be non-zero for
α = β and i = j . Thus the average yields

�〈ψα| Â|ψα〉� =
∑

i

Aαi,αi�|ψαi |2�AR

= Wα

Nα

Tr
{

Âαα

}
, (8.12)

where we have used the special average (B.3). For more details on the derivation of
this result, see Appendix B.1.

It is instructive to re-derive this result (8.12) from a slightly different perspective.
To those ends we rewrite (8.9) in a somewhat different fashion:
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�〈ψ | Â|ψ〉� =
∑
αβ

�〈ψα| Â|ψβ〉�

=
∑
αβ

�Tr
{

Â|ψβ〉〈ψα|}� . (8.13)

In the above expression the operators |ψβ〉〈ψα| are multiplied by Â, then the the
trace is taken, then the Hilbert space average is taken, then the double sum over all
subspaces is taken. From the definitions of these operations follows that, to some
extent, the order in which they are performed may be changed without changing the
result. From this consideration the following relations may be inferred:

�〈ψ | Â|ψ〉� = Tr
{

ÂΩ̂
}
, Ω̂ ≡

∑
αβ

�|ψβ〉〈ψα|� = �|ψ〉〈ψ |� . (8.14)

We mention in passing that same technique is used to find slightly more complicated
HAs in Sect. 19.4.

Now the HA of the observable Â is given as the expectation value of Â corre-
sponding to some fictitious state Ω̂ . We may compute Ω̂ in more detail

Ω̂ =
∑
αβi j

�ψ∗
αiψβ j�|β, j〉〈α, i | . (8.15)

With the same results from Appendix B.1 that we already used to derive (8.12) we
find

Ω̂ =
∑
αi

Wα

Nα

|α, i〉〈α, i | =
∑

α

Wα

Nα

Π̂α . (8.16)

The central comment that should be made on this result is that it is in some sense in
agreement with Boltzmann’s postulate of a priori equally distributed probabilities. If
one, following the reasoning of Boltzmann, distributes the probabilities Wα equally
among the states that span the subspaces α one gets the very same state Ω̂ . Or, to
rephrase, Ω̂ represents the corresponding Boltzmann ensemble. Thus, if there is a
typical outcome for 〈ψ | Â|ψ〉 it will be the same that one obtains from applying
standard Boltzmann ensemble theory.

8.3 Hilbert Space Variance of Observables

Now, we eventually have to decide whether or not there is a typical outcome for
〈ψ | Â|ψ〉 within the considered AR. Or, to rephrase, whether or not the distribution
of 〈ψ | Â|ψ〉s, which one gets from drawing states from the AR at random is broad or
small. As a measure for the width of this distribution we calculate its Hilbert space
variance (HV) as already explained in Sect. 7.3. The HV of the expectation value of



90 8 Typicality of Observables and States

an observable is defined as

Δ2
H(〈ψ | Â|ψ〉) := �〈ψ | Â|ψ〉2� − �〈ψ | Â|ψ〉�2

. (8.17)

The second term is just the square of the above-derived average. Therefore we pri-
marily concentrate on the first term. Since the calculation is in principle similar to
the above one and rather lengthy we omit it here, but the interested reader may find
it in Appendix B.2. The first term of the variance (8.17), thus, reads

�〈 Â〉2� =
∑
αβ

WαWβ

Nα(Nβ + δαβ)

(
Tr

{
Âαβ Â†

αβ

}
+ Tr

{
Âαα

}
Tr

{
Âββ

} )
. (8.18)

With this term and the squared HA, cf. (8.12), the HV of an expectation value of an
observable yields

Δ2
H(〈 Â〉) =

∑
αβ

WαWβ

Nα(Nβ + δαβ)

(
Tr

{
Âαβ Â†

αβ

}
+ Tr

{
Âαα

}
Tr

{
Âββ

} )

−
∑
αβ

WαWβ

Nα Nβ

Tr
{

Âαα

}
Tr

{
Âββ

}

=
∑
αβ

WαWβ

Nα(Nβ + δαβ)

(
Tr

{
Âαβ Â†

αβ

}
− δαβ

Tr
{

Âαα

}
Tr

{
Âββ

}

Nα

)
. (8.19)

This is a rigid result and may, in principle, be evaluated for any given AR and
any operator Â. Whenever it is small, the average result (8.16) can be considered
as being typical. For what scenarios can such typicality be expected? Specializing
without substantial loss of generality to observables with Tr

{
Â
} = 0 the variance

of the spectrum of Â reads

Δ2
S( Â) = 1

N
Tr

{
Â2

} = 1

N

∑
αβ

Tr
{

Âαβ Â†
αβ

}
, N ≡

∑
α

Nα . (8.20)

An HV is by construction positive, so are both terms that appear in the difference
in (8.19), omitting the second of those will only make the outcome larger. Thus an
upper bound to the HV written in a suggestive way reads

Δ2
H(〈 Â〉) ≤ 1

N 2

∑
αβ

(WαWβ

nαnβ

)
Tr

{
Âαβ Â†

αβ

}
, (8.21)

with nα(β) ≡ Nα(β)/N . Thus, whenever the system occupies with significant prob-
ability only subspaces that are large enough to represent a substantial fraction of
the full dimension of the system, the HV is roughly by a factor N smaller than
the variance of the spectrum of Â. Thus, a result for 〈 Â〉 as calculated from Ω̂
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(cf. (8.15)) classifies as typical for a wide range of accessible regions if Â has a
bounded spectrum and is defined on a large-dimensional Hilbert space. This finding
is in accord with the results by Reimann [7].

In which cases can this be expected? Consider as an instructive example the
case of no restriction, i.e., the AR being all Hilbert space. One may be interested
in a “local” variable A which should really be written as A ⊗ I , where I denotes
the unit operator acting on the (for this inquiry “irrelevant”) rest of the system. If
this rest of the system is enlarged N increases drastically while Δ2

S( Â) remains
constant. Thus the corresponding HV will decrease according to (8.21). This means
whenever a bounded local variable of interest is “embedded” in a large surrounding
featuring a high dimensionality, a small HV can be expected. Such a scenario is
naturally implemented if a considered system is coupled to a large “environmental”
system. One may then even observe a set of local variables which determine the
reduced (local) state of the considered system completely, finding that they all relax
to equilibrium due to all their HVs being small. Such a scenario will be considered
in substantially more detail in Chaps. 9 and 10. However, since the above reasoning
does not require weak coupling, it also applies in principle to scenarios in which
the system–environment partition in the traditional sense is absent. If one, e.g.,
considers a many-particle system of some solid state type, one may be interested
in the number of particles that can be expected in some spatial region of the sys-
tem. The variance of the corresponding number operator surely remains unchanged
if the whole system is increased (at constant particle density) but the dimension
on which the number operator is defined increases exponentially. Thus a strongly
typical “occupation number” will result from this scenario.

The same overall picture can be considered more or less appropriate even if there
are restrictions to different subspaces Π̂α . Thus, in very many scenarios and for
many observables one finds small HVs and in all those cases the typicality argument
applies.

8.4 Hilbert Space Averages of Distances Between States

Thus, due to typicality, measuring only one or a few observables Â, one may not be
able to distinguish some |ψ〉 from the AR from Ω̂ . However, measuring more and
more observables one will eventually be able to determine the full, true quantum
state |ψ〉 of the system. Thus, one may ask whether a true, pure quantum state
from the AR is typically close or similar to the state that represents the Boltzmann
ensemble, i.e., Ω̂ . To quantify this question we need a distance measure. We will
employ the Bures metric (2.19) which has already been introduced in Sect. 2.2.3 to
measure the distance between two density operators. Here we want to quantify the
distance D between some pure state ρ̂ ≡ |ψ〉〈ψ | from the AR and the ensemble
state Ω̂

D2(ρ̂, Ω̂) ≡ Tr
{(

ρ̂ − Ω̂
)2
}

. (8.22)
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To repeat, the measure D is always positive, vanishes for ρ̂ = Ω̂ , reaches a maxi-
mum of

√
2 for Ω̂ pure and orthonormal to ρ̂ (“maximum distance”), etc. To decide

whether or not the ρ̂s (|ψ〉s) from the AR are typically close to Ω̂ we can thus
simply compute the HA of D2. If the result was small compared to, say, 1, there
would be a “typicality of states.” To do so we consider

�D2(ρ̂, Ω̂)� =
�

Tr
{(

ρ̂ − Ω̂
)2
}�

=
�

Tr
{
ρ̂2 − 2ρ̂Ω̂ + Ω̂2

}�
, (8.23)

where we have combined the mixed terms due to the properties of the trace opera-
tion. Exchanging the average and the trace operation (which can be done due to the
same reasons as given before (8.14)), we find

�D2(ρ̂, Ω̂)� = Tr
{
�ρ̂2� − 2�ρ̂Ω̂� + Ω̂2

}
. (8.24)

Since Ω̂ in the second term on the right-hand side is constant it can be taken out of
the average. Furthermore, using Ω̂ = �ρ̂�, we finally find

�D2(ρ̂, Ω̂)� = Tr
{
�ρ̂2� − Ω̂2

} = �Tr
{
ρ̂2

}
� − Tr

{
Ω̂2

}

= �P(ρ̂)� − P(Ω̂), (8.25)

where P denotes the purity of a state as introduced in Sect. 2.2.3. Since in this
example ρ̂ is always a pure state its purity is always 1. If the purity of Ω̂ is low,
which will be the case in most realistic, thermodynamical scenarios, the above mean
distance �D2(ρ̂, Ω̂)� will be close to 1 and thus not small at all.

This finding essentially implies that there is no typicality of states, whatsoever,
in such a “single-system scenario.” While there may be many observables for which
almost all pure states from the AR produce almost the same outcome as Ω̂ (typ-
icality of some observables) there will always be other observables that produce
outcomes that are significantly different from the ones corresponding to Ω̂ . This
simply reflects that there is no typicality of states.

This may drastically change if one considers compound systems, i.e., systems
with a principle structure as outlined in Sect. 2.2.5. If, in such a scenario, we con-
centrate on the state of only one subsystem, which is mathematically formulated in
terms of a reduced density matrix, there may very well be typicality of this reduced
state. This means that then essentially all reduced states ρ̂(S)(ψ) (cf. (2.39)) corre-
sponding to pure states |ψ〉 from some AR (defined on the full compound system)
may be very close to the HA over all those reduced states. In this case the corre-
sponding �D2(ρ̂, Ω̂)� will indeed be very small compared to 1. As a consequence in
this case there will also be typicality for all possible observables that can be defined
on the considered subsystem. This scenario and its consequences will be discussed
in some detail in Chap. 10.
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Chapter 9
System and Environment

The results in decoherence theory strongly suggest that
interactions with the environment are crucial in the emergence
of quasi-classical and thermodynamic behavior.

— M. Hemmo and O. Shenker [1]

Abstract Since the considerations in Chap. 8 suggest that typicality of states or
increasing von Neumann entropy may only be found in composite systems, we here
formulate a system–environment scenario in some detail. Technically an adequate
notation is introduced. We comment on the fact that any thermodynamic scenario
comprises some sort of environment. This statement holds if the notion of “environ-
ment” is enlarged to include not only systems with which extensive quantities (heat,
particles, etc.) may be exchanged but any interacting quantum system. If the system
is, e.g., a gas, the environment is or includes at least the vessel that contains the gas.
We explain in which sense weak system–environment coupling plays a crucial role
in our scenario. We, furthermore, discuss the implications of this weak coupling
on a pertinent accessible region. Eventually couplings are classified according to
whether or not they allow for energy exchange between system and environment.

9.1 Partition of the System and Pertinent Notation

We assume that the full Hamiltonian may be partitioned as

Ĥ = ĤS + ĤE + ÎSE , (9.1)

where ĤS and ĤE are the local Hamiltonians of the system S and the environment E,
respectively, which act on two different parts of a product Hilbert space in the sense
discussed in Sect. 2.2.5 (see also Fig. 9.1). The Hamiltonian part ÎSE describes the
interaction between system and environment. Note that in the framework of this
approach the environment must not necessarily be a standard reservoir, say a set
of harmonic oscillators, etc., as required in the context of traditional open quantum
systems. No decay of bath correlation functions or anything alike is required for the
applicability of the typicality approach. Thus the environment may be any quantum
system, possibly as small as a molecule or so.

System and environment could hypothetically be mutually non-influencing
physical objects, this is mathematically reflected by the fact that the two local
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Fig. 9.1 (a) Sketch to illustrate the notation. The eigenstates of system and environment are coarse
grained with respect to energy. The “grains” are labeled by capitals, A, B, respectively. The energy
eigenstates within the grains are labeled by a, b. Thus a pair A, B (marked in black) indicates
a set of states representing a given (gross) distribution of energy onto system and environment
(b) A two-dimensional representation of the basis states of the full system. The axes correspond
to system energy and environmental energy, respectively. The black spot indicates the same set of
states that is also marked in Fig. 9.1

Hamiltonians always commute,

[ĤS, ĤE] = 0 . (9.2)
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In the following we are mostly going to take the interaction ÎSE between system and
environment as some sort of weak coupling. Such a weak coupling description might
require a reorganization of the partition, as will be outlined in Sect. 9.2. Depending
on its concrete structure ÎSE may or may not allow for energy transfer between
system and environment. In case it does not allow for energy transfer it neverthe-
less may give rise to some sort of dephasing. The interaction ÎSE thus specifies the
macroscopic (or even microscopic) constraints, such as microcanonical, canonical,
as will be seen later.

In the following we essentially write the Hamiltonian of the whole system in the
product energy eigenbasis of the decoupled system and environment. Let us intro-
duce our nomenclature for such a bipartite system in some more detail. In order to
adjust our notation to the type of accessible region (AR) considered in the previous
section (cf. (8.6), Fig. 8.1) the energy spectra of system and environment are “coarse
grained” as depicted in Fig. 9.1. These compartments could in principle have differ-
ent widths (with respect to energy) but in the following we are going to choose them
to be all of some width ΔE . The mean energy of the compartments in the system
and the environment is denoted by ES

A and EE
B , respectively. Thus the indices A

and B specify compartments in the spectrum of the system and the environment,
respectively. To label the energy eigenstates of the decoupled subsystems (system,
environment) within the compartments, we introduce a subindex counting the states
in each subspace A or B,

a = 1, . . . , NA and b = 1, . . . , NB . (9.3)

Thus |A, a〉 denotes the ath energy eigenstate within the compartment A of the
system, whereas |B, b〉 denotes the bth state of subspace B of the environment
(cf. Fig. 9.1). For later reference we already introduce here the notation for the
projectors corresponding to these compartments

Π̂A ≡
∑

a

|A, a〉〈A, a|, Π̂B ≡
∑

b

|B, b〉〈B, b| . (9.4)

A pure state of the full system will be denoted as a superposition of product eigen-
states (of the decoupled system) |A, a〉 ⊗ |B, b〉,

|ψ〉 =
∑
A,B

∑
a,b

ψ AB
ab |A, a〉 ⊗ |B, b〉 . (9.5)

In general it is not possible to write the state of one subsystem as a pure state. This
is due to the entanglement between system and environment (cf. Sect. 2.2.5), which
will most likely emerge during the time evolution, even if we start with a separable
state in the beginning, cf. Chap. 11. The state of a single subsystem is thus a mixed
state and must be described by a density matrix. From the density operator of the
whole system ρ̂ = |ψ〉〈ψ |, the reduced density operator of the subsystem, S, is
found by tracing over the environment (see Sect. 2.2.5)
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ρ̂(S) :=
∑

A,A′,B

∑
a,a′,b

ψ AB
ab

(
ψ A′ B

a′b

)∗
|A, a〉〈A′, a′| . (9.6)

Analogously, it is possible to evaluate the density operator of the environment, but
mostly we are not interested in this state.

The diagonal elements of the density operator are the probabilities of finding the
system in the respective eigenstate. Since they are frequently needed, we introduce
these quantities now. The joint probability of finding the system at energy ES

A and
the environment at the energy EE

B is given by

WAB = W (ES
A, EE

B) :=
∑
a,b

|ψ AB
ab |2 . (9.7)

Of course the individual probabilities WA, WB to find the subsystems at ES
A, EE

B ,
respectively, are

WA =
∑

B

WAB, WB =
∑

A

WAB . (9.8)

Another important quantity is the probability of finding the complete system (approx-
imately, up to ΔE) at the energy E . This probability is a summation of all possible
joint probabilities WAB under the subsidiary condition of overall energy conserva-
tion,

W (E) =
∑
A,B

WAB MAB,E, with MAB,E ≡ δ(ES
A + EE

B − E) , (9.9)

where δ assumes the value 1 if its argument vanishes and 0 otherwise.

9.2 Comment on Bipartite Systems and Physical Scenarios

This section is meant as a little example how the previously mentioned partitioning
scheme (system–environment) can be applied to the standard thermodynamical sys-
tem of, e.g., an (ideal) gas g in a container c. It is intended to clarify the physical
background, but it is not imperative for the understanding of the following sections.

Let us analyze the above-mentioned example in some detail under this point of
view. Writing down the Hamiltonian for such a gas–container system, the sum over
the kinetic energies of all gas particles μ (mass m, momentum operator p̂g

μ, assume
for the moment for simplicity that the gas particles are somehow distinguishable) is
the only part of this Hamiltonian that acts on the gas subspace alone,

ĤS =
∑

μ

�
2

2mg
(p̂g

μ)2 . (9.10)
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ĤE, the Hamiltonian of the container provides the environment that has to be present
to make the gas particles a thermodynamic system. It reads

ĤE =
∑

μ

�
2

2mc
(p̂c

μ)2 + 1

2

∑
μ,ν

V̂ c(qc
μ, qc

ν) , (9.11)

where V̂ c(qc
μ, qc

ν) are the interactions that bind the container particles (mass m)
at positions qc

μ and qc
ν to each other to form a solid, and acts exclusively in the

container subspace. Thus, as required, ĤS and ĤE commute.
Now, Î contains the interactions of all gas particles with all container particles

and reads

Î =
∑
μ,ν

V̂ gc(qg
μ, qc

ν) . (9.12)

This part contains the repelling interactions between the gas particles and the con-
tainer particles and establishes the container as a boundary for the gas particles from
which they cannot escape. Starting from first principles, the Hamiltonian has to be
written in this way, especially the last part is indispensable (see Fig. 9.2).

Unfortunately, any stationary state of ĤS, and it is such a state we want to see the
system evolve into, is unbounded and thus not confined to any volume that might
be given by the container. This is due to the fact that such a state is a momentum
eigenstate and therefore not localized in position space. This means the expectation
value of Î , for an energy eigenstate of the uncoupled problem, ĤS + ĤE would
definitely not be small, and thus the system would miss a fundamental prerequisite,
the weak coupling, for a thermodynamic system accessible from our method.

The standard way to overcome the above-mentioned deficiency is to define an
effective potential for the gas particles generated by the container, in which all gas
particles are trapped. Fortunately, an effective local Hamiltonian and an effective
interaction can be defined so that the weak coupling limit is fulfilled by

Ĥ g ′ := ĤS + V̂ g , Î ′ := Î − V̂ g , V̂ g = V̂ g({qg
μ}) . (9.13)

Here, V̂ g({qg
μ}) is some potential for the gas particles alone and depends on all posi-

tion vectors {qg
μ}. V̂ g will be chosen to minimize the coupling energy. Substituting

the real parts by the effective parts of the Hamiltonian obviously leaves the full
Hamiltonian unchanged, but now there is a chance that the partition will fit into the
above scheme (see Sect. 9.1). A good candidate for V̂ g will be some sort of effective
“box” potential for each gas particle, comprising the mean effect of all container par-
ticles. This makes Î ′, the deviation of the true “particle-by-particle” wall interaction
from the “effective box” wall interaction, likely to be small. The eigenstates of the
gas system alone are then simply the well-known bound eigenstates of particles in a
box of corresponding size (see Fig. 9.3).
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pg
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qc
ν

V̂ c
V̂ gc

Fig. 9.2 Bipartite system: gas in a container, represented by an interacting net of particles (black
dots)

The effective potential V̂ g({qg
μ}) is a sort of a weighted summation over all inter-

actions of the gas particle with all particles of the container (see Fig. 7.3). According
to the pre-condition of these considerations, this potential will indeed be a weak
interaction. Thus, the Hamiltonian is reorganized so that a partition into system and
environment with a weak interaction is possible.

In general, however, the effective interaction Î ′ cannot be made zero and repre-
sents a coupling, i.e., a term that cannot be written as a sum of terms that act on the
different subspaces separately. Such a coupling, however small it might be, can, and
in general will, produce entanglement, thus causing local entropy to increase. (For
a specific example of this partition scheme, see [2].)

9.3 Weak Coupling and Corresponding Accessible Regions

Generically, weak coupling between system S and environment E is assumed in
standard thermodynamic considerations. Already the concept of energy being either
in the system or the environment, i.e., the idea that the total energy of the full system
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Fig. 9.3 Bipartite system: gas in a container, represented by an effective single particle potential
(indicated by equipotential lines)

may be computed as a sum of the energy contained in the system and the energy con-
tained in the environment, makes the assumption of a weak coupling indispensable.
Furthermore, it can be shown that the concept of intensive and extensive variables
relies on a weak coupling limit (cf. [3] and also [4]).

In our case, since we eventually want to define our AR in terms of products of
energy eigenstates, the coupling strength (perturbation strength) has a crucial influ-
ence on the AR as has already been outlined in Sect. 8.1. For an infinitesimally weak
interaction a state with given (sharp) energies, US for the isolated system and UE for
the isolated environment, can only evolve into states featuring the very same pair
of energies US, UE if energy exchange is forbidden. It can only evolve into states
featuring the very same sum of energies US + UE if energy exchange is allowed.
An interaction with a finite strength δε, however, may “absorb” or “release” a cor-
responding amount of energy. Thus during an evolution the US, UE or US + UE,
respectively, are no longer exactly conserved, but only confined to some energy
interval ΔE > δε. This essentially sets the scale for the “energy coarse graining”
outlined in Sect. 9.1. Hence an appropriate AR of the type discussed in Sect. 8.1
will eventually involve invariant subspaces defined in terms of Π̂A, Π̂B . The con-
crete definition of this AR will be discussed in detail in the two following sections.
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However, we want to mention here that choosing ΔE arbitrarily large will always
produce a permissible AR in the sense of a pure state being unable to leave the AR
during its evolution. Nevertheless this could be an inappropriate AR for it may be
“too large,” i.e., it may contain enormous regions into which that state can never
venture. The whole typicality argument only holds if the ARs are chosen such that
the state could, under given constraints, hypothetically reach any point within the
AR. Thus one should reasonably choose ΔE one order of magnitude or so larger
than δε but not more. Eventually the whole approach, of course, only yields a reli-
able result, if the result does not severely depend on how large ΔE is chosen, within
this limits. We are going to address this question below whenever it occurs.

9.3.1 Microcanonical Conditions

It has often been claimed that a system under so-called microcanonical condi-
tions would not interact with its environment. This, however, is typically not true
(cf. [5, 6]). A thermally isolated gas in a container, e.g., definitely interacts with the
container, otherwise the gas could not even have a well-defined volume, as explained
above (Sect. 9.2). If a system is thermally isolated, it is not necessarily isolated in the
microscopic sense, i.e., not interacting with any other system. The only constraint
is that the interaction with the environment should not give rise to energy exchange.
As will be seen later, this does not mean that such an interaction has no effect on
the considered system, a fact that might seem counterintuitive from a classical point
of view but is, nevertheless, true in the quantum regime. This constraint, however,
leads to an immense reduction of the region in Hilbert space, AR, which the wave
vector is confined to.

We start with the so-called microcanonical contact, which is similar to the pure
dephasing models from open system theory. An interaction ÎSE is present, but it
is neither allowed to (substantially) exchange energy between the system and its
environment, nor should it contain much energy in itself, thus we take it to be of
some strength δε as already done in the last section. For such a scenario we now
have to define an appropriate AR. Following the argument in the last section we
choose some ΔE with ΔE > δε. A substantial exchange of energy is impossible if
we define the invariant subspaces of the full system in the sense of Sect. 8.1 by

Π̂α = Π̂AΠ̂B , α = (A, B) . (9.14)

The dimensions of subspaces α are obviously given by the product of the dimensions
of A and B, Nα = NA NB . The AR is then defined by a set Wα = WAB where WAB

is the (initial and conserved) probability to find the system S in the energy intervals
A and the environment E in the energy interval B, cf. (9.7). Thus we may, using the
notation introduced in Sect. 8.1, state the AR as follows:

AR := {〈ψ |Π̂AΠ̂B |ψ〉 = WAB} . (9.15)
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So far we have defined an AR which is in accord with a microcanonical contact.
But what structural properties must ÎSE feature in order to give rise to such an AR?
It essentially only has to leave WA and WB invariant under the evolution. This only
specifies some commutator relations of ÎSE:

[Π̂A, ÎSE] = [Π̂B, ÎSE] = 0 . (9.16)

Obviously there are a lot of, at least mathematically possible, non-zero interactions
that do fulfill these conditions.

In Fig. 9.4 we illustrate the AR as resulting from microcanonical conditions. The
average reduced state and its typicality corresponding to microcanonical conditions,
i.e., the above-described AR, will be addressed in Sect. 10.2.
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e
n
t

Fig. 9.4 Under microcanonical conditions only a certain set of states is accessible to the evolution
of the full system. The set of states depends on the initial state and may, e.g., be indicated by the
black region. The representation of states follows the scheme introduced in Fig. 9.1

9.3.2 Energy Exchange Conditions

So far, we only considered a contact scenario, for which no energy transfer between
system and environment was allowed. However, many systems do exchange energy
with their environment, and therefore it is necessary to allow also for this possibility
in our considerations.

Finally, for environments with a special increase of the state density with energy,
i.e., an exponential increase, the system will reach the canonical equilibrium state.
This special scenario is called canonical contact. However, first let us consider here
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Fig. 9.5 Under energy exchange conditions only a certain set of states is accessible to the evo-
lution of the full system. The set of states depends on the initial state which may, e.g. , belong to
the black region. The corresponding accessible set of states, however, is indicated in gray. The
arrows represent some “transitions” which are allowed under energy exchange conditions. The
representation of states follows the scheme introduced in Fig. 9.1

the more general situation of an energy exchange contact condition, without any
assumptions about the spectrum of the environment.

Our approach to the “energy exchange conditions” will be based on similar tech-
niques as before. The possibility of a partition according to Sect. 9.1 is still assumed.
We concretely consider an interaction which allows for energy exchange between
system and environment and which is again of overall strength ε, cf. Sect. 8.1. Thus
now we assume subspaces spanned by the eigenstates of the full decoupled system
from an energy interval of width ΔE (which is again chosen as ΔE > ε, just like
above) as invariant. Hence, choosing to label the invariant subspaces by their mean
energy E , rather than by α as done in Sect. 8.1, we may characterize the new AR by
the projectors

Π̂E =
∑
AB

Π̂AΠ̂B ME,AB . (9.17)

Here MAB,E stands again for the delta-like function which warrants that ES
A + EE

B ≈
E , as defined in (9.9). The corresponding set of probabilities W (E) is again to be
computed from the initial state by

W (E) :=
∑
A,B

WAB MAB,E =
∑
A,B

∑
a,b

MAB,E|ψ AB
ab (0)|2 . (9.18)
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Those sets, Π̂E, W (E), specify the AR if energy exchange is allowed. Using again
the notation introduced in Sect. 8.1 we may state

AR := {〈ψ |Π̂E|ψ〉 = WE} . (9.19)

Other than in the case of microcanonical conditions this AR does not imply any
other property of ÎSE except for its weakness, i.e., no additional commutator rela-
tions, etc. The only constraint that this AR implements is the approximate conserva-
tion of the sum of the energies contained in the subsystems, i.e., considered system
and environment. Since the total energy is conserved anyway, the sum of the local
energies is approximately conserved whenever the interaction is weak.

In Fig. 9.5 the energy exchange coupling is depicted. Starting again in some
region in Hilbert space, the figure shows further subspaces the system could evolve
into. That means that all these states belong to the AR here, which are much more
than for the microcanonical case.

The average reduced state and its typicality corresponding to energy exchange
conditions, i.e., the above-described AR, will be addressed in Sect. 10.3.
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Chapter 10
The Typical Reduced State of the System

Indeed my favourite key to understanding quantum mechanics
is that a subsystem cannot be isolated by tracing from an
enveloping pure state without generating impurity: the
probability associated with measurement develops because the
observer must implicitly trace himself away from the observed
system.

— E. Lubkin [1]

Abstract In Chap. 8 we found that there is no typicality of the full state of the
non-composite system. In this chapter we investigate whether or not there is typ-
icality of the reduced state of some considered system which interacts with some
sort of environment. This question is answered for couplings that may exchange
energy between system and environment and couplings that cannot. It is essentially
found that, roughly speaking, large environments yield typical reduced states of the
system. Those typical states turn out to be, e.g., the Boltzmann equilibrium state
under microcanonical or the Gibbs equilibrium state under canonical conditions.
Thus the composite system scenario may give rise to standard thermodynamical
relaxation of the whole considered system, including increase of local entropy.

10.1 Reduced State and Typicality

In Sect. 8.4 we addressed the question whether or not there can be typicality of the
full state of a single system, which implies that all possible expectation values would
have to take on the same values for almost all states from some accessible region
(AR). We found that to be impossible in the context of single systems, but it has
already been announced in Sect. 8.4 that such a typicality can occur for the reduced
state (as introduced in Sect. 2.2.5) of one subsystem in a compound, e.g., bipartite
system. In this case all reduced states for some subsystem corresponding to all full
states from some AR have to be essentially the same. They may, furthermore, all
take the form of some standard ensemble.

Such a scenario can then clarify the reason of the immense success of all sorts
of computations based on equilibrium ensembles despite the fact that no pure
microstate can ever evolve into such an ensemble (cf. Sect. 4). If there is typicality
of the reduced state the full system may very well always be in some evolving pure
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state, nevertheless all possible measurements on the subsystem will yield the same
outcomes as if its state was the equilibrium ensemble.

Hence in this section we are going to analyze in which cases such a typicality
is indeed present for bipartite systems and the AR arising from microcanonical or
energy exchange conditions, as described in Sect. 9.3. Of course we will also, or
in fact first, analyze whether the possibly typical, mean state takes the form of a
standard ensemble.

For simplicity of notation we are going to use now some symbols that have
already been introduced before for slightly different objects. Other than in (8.22) ρ̂

will in the following denote the reduced density operator of the considered system
S with the environment E already being traced out (as explained in Sect. 2.2.5), i.e.,

ρ̂ ≡ TrE{|ψ〉〈ψ |}, (10.1)

with |ψ〉 being the pure state of the full system as before (for an explicit formulation
of the reduced density operator, see (9.6)). In the sense of (8.22) and (8.14) we had
�ρ̂� = Ω̂ . However, now we define the Hilbert space average (HA) of the reduced
state ρ̂ as given in (10.1) by

ω̂ ≡ �ρ̂� . (10.2)

After these introductory remarks we proceed as follows:

1. Find the average reduced state ω̂ corresponding to the pertinent AR.
2. Check whether ω̂ is in accord with a standard Boltzmann ensemble.
3. Check whether the mean distance �D2(ρ̂, ω̂)� between the average state and the

actual reduced state is indeed small.

We start by considering matrix elements of the reduced density operator ρ̂. If
the considered system itself consists of subspaces labeled by A (C) with states a
(c) there is a suitable basis for it in terms of the states |A, a〉, as already used in
Sect. 9.1. From (10.1) it is straightforward to show that a matrix element of ρ̂ in this
basis, ρ Aa,Cc ≡ 〈C, c|ρ̂|A, a〉, can be expressed in terms of the full state |ψ〉 as

ρ Aa,Cc(ψ) = 〈ψ ||A, a〉〈C, c|⊗ 1̂|ψ〉, (10.3)

with 1̂ being the unit operator of the environment. This way the HA of the reduced
state may be accessed on the basis of HAs of expectation values of operators for
which already some results have been derived in Chap. 8. However, since the oper-
ators |A, a〉〈C, c| ⊗ 1̂ are not Hermitian and our previous results are on HAs of
observables, i.e., Hermitian operators, we prefer to consider the operators

X̂ Aa,Cc := 1

2
(|A, a〉〈C, c| + |C, c〉〈A, a|)⊗ 1̂ , (10.4)

Ŷ Aa,Cc := i

2
(|A, a〉〈C, c| − |C, c〉〈A, a|)⊗ 1̂ , (10.5)
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which are obviously Hermitian. Thus, the operator used in (10.3) reads

|A, a〉〈C, c|⊗ 1̂ = (
X̂ Aa,Cc − iŶ Aa,Cc

)⊗ 1̂ . (10.6)

The expectation values of the operators given in (10.4) and (10.5) refer to the real
and imaginary parts of the density matrix elements:

〈X̂ Aa,Cc〉 ≡ 〈ψ |X̂ Aa,Cc|ψ〉 = Re{ρ Aa,Cc} , (10.7)

〈Ŷ Aa,Cc〉 ≡ 〈ψ |Ŷ Aa,Cc|ψ〉 = Im{ρ Aa,Cc} . (10.8)

The elements of the reduced density operator are thus given in terms of 〈X̂ Aa,Cc〉,
〈Ŷ Aa,Cc〉 as

ρ Aa,Cc = 〈X̂ Aa,Cc〉 − i〈Ŷ Aa,Cc〉 . (10.9)

Hence their HAs simply read

�ρ Aa,Cc� = �〈X̂ Aa,Cc〉� − i�〈Ŷ Aa,Cc〉� . (10.10)

Since on the right-hand side of (10.10) only HAs of Hermitian operators appear we
may now use the results from Sect. 8 to compute the mean matrix elements of ρ̂. The
mean reduced state ω̂ is simply the operator formed by all averaged matrix elements
of ρ̂, i.e.,

ω̂ =
∑
AC

∑
ac

�ρ Aa,Cc�|A, a〉〈C, c| . (10.11)

Below we will use this form to analyze whether ω̂ is in accord with standard equi-
librium ensembles.

But as mentioned above another central aim is to show that this state is indeed
the most probable reduced state of the system S. As discussed in Sect. 8.4 this can
be shown by using the average over the distance between the actual states ρ̂ and the
mean state ω̂. It is straightforward to show that the considerations on such distances
from Sect. 8.4 directly carry over to reduced states such that, in complete analogy
to (8.25), we may write

�D2(ρ̂, ω̂)� = �Tr
{
ρ̂2

}
� − Tr

{
ω̂2

}
. (10.12)

This, as turns out after some technical computations, may be written in terms of
Hilbert space variances of Hermitian operators as

�D2(ρ̂, ω̂)� =
∑
AC

∑
ac

(
Δ2

H(〈X̂ Aa,Cc〉) + Δ2
H(〈Ŷ Aa,Cc〉)

)
. (10.13)
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For details concerning the derivation of this result see Appendix C.1, especially
(C.6). This is of course not necessarily small. However, we will use this result in the
following to show that there are several big classes of systems with different contact
conditions for which (10.12) is indeed very small.

10.2 Microcanonical Conditions

10.2.1 Microcanonical Average State

Let us start, for simplicity, with a microcanonical contact scenario, i.e., no energy
exchange between system and environment. Thus the pertinent AR is given by
(9.15). To compute the average of the reduced density matrix elements according
to (10.10) we have to account for the average of the operators X̂ Aa,Cc and Ŷ Aa,Cc

first. The average of the expectation value of a Hermitian operator is given by (8.12),
thus, we need the “suboperators”

X̂ Aa,Cc
αα = X̂ Aa,Cc

A′ B,A′ B

= 1

2
Π̂A′Π̂B

(
(|A, a〉〈C, c| + |C, c〉〈A, a|) ⊗ 1̂

)
Π̂A′Π̂B

= 1

2
δA′ A δA′C

(|A, a〉〈C, c| + |C, c〉〈A, a|) ⊗ Π̂B . (10.14)

Taking the trace of this operator as required by (8.12) yields

Tr
{

X̂ Aa,Cc
A′ B,A′ B

}
= δA′ A δA′C δAC δac NB . (10.15)

Equipped with this expression we may now compute the HA of X̂ Aa,Cc with respect
to the AR corresponding to microcanonical conditions, finding again from (8.12)

�〈X̂ Aa,Cc〉� =
∑
A′ B

WA′ B

NA′ NB
Tr

{
X̂ Aa,Cc

A′ B,A′ B

}

=
∑

B

WAB

NA
δAC δac . (10.16)

Further explicit calculations of averages and variances can be found in Appendix C.
Here we only quote the result that the HA of 〈Ŷ Aa,Cc〉 vanishes (see Appendix C.2).
Thus using (10.10), the microcanonical HA of the reduced density operator is even-
tually found to be

�ρ Aa,Cc� =
∑

B

WAB

NA
δAC δac . (10.17)



10.2 Microcanonical Conditions 111

With (9.8)

�ρ Aa,Cc� = WA

NA
δAC δac . (10.18)

From (10.18) follows the average of the full density operator for system S: all off-
diagonal elements vanish whereas we get equal a priori probabilities on the diagonal
elements, i.e., a Boltzmann state

ω̂ = �ρ̂� =
∑

A

WA

NA

Π̂A . (10.19)

Since it is in accord with Boltzmann’s a priori principle its von Neumann entropy
S(ω̂) is the maximum entropy compatible with some given set of WA. For the case
of one specific WA = 1 and all others vanishing, ω̂ reduces to the standard equi-
librium state corresponding to the microcanonical ensemble. And its von Neumann
entropy is of course the standard Boltzmann entropy, cf. (3.38). The crucial question
is now whether or not ω̂ is a typical state. Only if it is, will it appear as an effective,
attractive local equilibrium state.

10.2.2 Typicality of the Microcanonical Average State

To show that the state given in (10.19) is indeed the typical state for the AR we have
to compute the mean distance of this state to all actual reduced states of the system as
discussed in Sects. 8.4, 6.2, and 10.1. To evaluate the mean squared distance accord-
ing to (10.13) we need the Hilbert space variances (HVs) of the expectation value
of the operator X̂ Aa,Cc and Ŷ Aa,Cc. These variances are computed in Appendix C.3
and read

Δ2
H(〈X̂ Aa,Cc〉) =1

2

∑
B

WAB WC B

NA(NC NB + δAC )
− δACδac

∑
B

W 2
AB

N 2
A(NA NB + 1)

,

(10.20)

Δ2
H(〈Ŷ Aa,Cc〉) =1

2

∑
B

WAB WC B

NA(NC NB + δAC )
. (10.21)

From these results the mean distance of the states within AR from the Hilbert space
average over all states reads
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�D2(ρ̂, ω̂)� =
∑
AC

∑
ac

(∑
B

WAB WC B

NA(NC NB + δAC )

−δACδac

∑
B

W 2
AB

N 2
A(NA NB + 1)

)
. (10.22)

Carrying out the summation over a and c which just yields the sizes NA and NC of
the respective subspaces, we find

�D2(ρ̂, ω̂)� =
∑
AC

∑
B

( WAB WC B NC

(NC NB + δAC )
− δAC

W 2
AB

NA(NA NB + 1)

)
. (10.23)

Considering the special case for large environments, we may neglect the 1 in the
denominator, and factorizing initial conditions WAB = WAWB we find

�D2(ρ̂, ω̂)� ≈
∑
AC

∑
B

(WAWC W 2
B

NB
− δAC

W 2
AW 2

B

N 2
A NB

)
. (10.24)

Realizing that
∑

A WA = 1, this simplifies further to

�D2(ρ̂, ω̂)� ≈
∑

B

W 2
B

NB

(
1 −

∑
A

W 2
A

N 2
A

)
. (10.25)

Obviously this average distance will be very small compared to 1 (which implies
typicality), if either the distribution of probabilities onto the environmental sub-
spaces is broad and/or, even more important, if the occupied environmental sub-
spaces are large. Consider, to state this more rigorously, an upscaling of the system
by NA → x NA and of the environment by NB → yNB . In such a scaling the upper
bound to the average distance, i.e., �D2�+

> �D2(ρ̂, ω̂)�, based on (10.25) scales as

�D2�+ → 1

y
�D2�+

. (10.26)

Thus whenever the system is coupled microcanonically to a large environment there
is typicality of the system’s local reduced state. In this case the average state (10.19)
is indeed a typical state and thus plays the role of an equilibrium state. This means ω̂

appears as an effective attractor state and entropy evolutions that increase up to the
maximum von Neumann entropy S(ω̂) (cf. (2.26)) can be expected. This, as already
mentioned, corresponds to the famous Boltzmann entropy formula as written on his
tombstone (Zentralfriedhof, Vienna). This finding is the central result of [2]. For a
numerical illustration of this principle with a concrete example, see Sect. 16.1.
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10.3 Energy Exchange Conditions

10.3.1 Energy Exchange Average State

In the following we allow for energy exchange between system S and environ-
ment E. The pertinent AR for this scenario has already been given in (9.19). The
Hilbert space average of the reduced density matrix elements with respect to the
above pertinent AR is computed in a straightforward way, details may be found in
Appendix C.4. One finds

�ρ Aa,Cc� =
∑

E

WE

NE
ME,AB δAC δac NB , (10.27)

with the notation introduced in Sect. 9.3.2. ME,AB is the δ-function (9.9). Thus,
we get again a diagonal state. In order to understand the structure of this mean
reduced state, consider a hypothetical (mixed) state which is in accord with the
Boltzmann a priori principle and in accord with the AR. This means a state for which
the probability of the total system to be found in some invariant subspace, WE , is
uniformly distributed onto all states belonging to this subspace. (This subspace is
of course represented by Π̂E ). Now, for such a state the probability WA of the local
system S to occupy a subspace A is given by

WA = NA

∑
E

WE

NE
NB ME,AB . (10.28)

In Sect. 10.4, it will be shown that for a certain type of environmental spectrum this
probability distribution reduces to a Boltzmann distribution. Using this quantity
(10.28) the average state as given in terms of matrix elements in (10.27) may be
rewritten in the form

ω̂ =
∑

A

WA

NA
Π̂A . (10.29)

Formally this looks exactly like the typical state in the microcanonical case, (10.19).
But, of course, here WA is defined on the basis of (10.28) and is, with respect to
dynamics, not a conserved quantity. However, just like the microcanonical equilib-
rium state the average energy exchange state (10.29) has the probability WA equally
distributed onto the states that span the subspace A. Thus WA is in accord with the
Boltzmann principle on the full system, and the occupation probabilities of local
system states are in accord with the Boltzmann principle under the restriction of
given WA. In this sense it is, just like the microcanonical equilibrium state, a max-
imum entropy state. Eventually, with respect to the interpretation of (10.29), it is
important to mention that, as will be shown in Sect. 10.4, for a common type of
environmental spectra ω̂ takes the form of a standard Gibbs equilibrium state.
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Another point should be mentioned: the energy probability distribution WA

(10.28) is, in general, not independent of the initial state, since different energy prob-
ability distributions of the local initial state may result in different overall energy
probability distributions WE , and those clearly enter (10.28) and thus even (10.29).
Normally the canonical contact of standard thermodynamics leads to an equilibrium
state, which does not depend on the initial state. Here, we have considered a more
general contact scenario from which the canonical contact seems to be a special
subclass, as we will demonstrate in Sect. 10.4.

10.3.2 Typicality of the Energy Exchange Average State

To show that the above-derived equilibrium state is really the typical state within the
accessible region we proceed again as already done in the microcanonical situation:
The distances between the averaged reduced state and the actual reduced states from
the AR are investigated with the aid of (10.13). The rather lengthy calculation can
be found in Appendix C.5. Eventually, the mean squared distance reads

�D2(ρ̂, ω̂)� =
∑
E E ′

∑
ABC

WE WE ′ NB NA NC

NE (NE ′ + δE E ′)
ME,AB ME ′,C B

−
∑

E

∑
AB

W 2
E N 2

B NA

N 2
E (NE + 1)

ME,AB . (10.30)

For large environments one gets NE ′ + δE E ′ ≈ NE ′ . Exploiting this and skipping
the last term because it is presumably much smaller than the first term (and we are
eventually interested in an upper bound anyway) we find

�D2(ρ̂, ω̂)� ≤
∑
ABC

NA NB NC

∑
E

WE

NE
ME,AB

∑
E ′

WE ′

NE ′
ME ′,C B . (10.31)

The ME,AB are the δ-functions according to (9.9). The dimensions in the denom-
inator of (10.31) are products of system and environment dimensions defined in
(8.3) with the projector (9.17). Thus, scaling up the system by NA → x NA and the
environment by NB → yNB an upper bound to the mean distance, �D2�+, scales
according to

�D2�+ → 1

y
�D2�+

, (10.32)

i.e., decreases for larger environments. Based on this result exactly the same rea-
soning as given below (10.26) applies. For large environments the average energy
exchange state (10.29) is typical in the sense described in Sect. 6 and thus can be
expected to effectively play the role of an attractive equilibrium state. In Sect. 10.4
it will be demonstrated that for a certain (generically occurring, cf. Sect. 12.2) type
of spectrum of the environment the average state (10.29) takes on the form of a
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standard canonical Gibbs state. Within such a scenario the above finding (10.32)
essentially reflects the results of a paper by Goldstein et al., entitled “canonical
typicality” [3] and is closely related to [4].

10.4 Canonical Conditions

In the last section we have investigated a situation for which an energy transfer
between the system and its environment was allowed. With these constraints alone
it does not seem possible to end up in an equilibrium state that does not depend on
the initial state. For a canonical situation, however, the system should be found in
the canonical equilibrium state, independent of the initial conditions. This behavior
can be found, if we take a further condition into account: a special form of state
density of the environment.

Let us assume for the moment an exponential increase of the number of eigen-
states within the compartments B of the environment E with increasing energy E E

B ,
i.e.,

NB = N0 eαEE
B , (10.33)

where N0 and α are some constants. The justification for this exponential increase
of the environmental-level density for standard thermodynamic systems will be dis-
cussed later in Sects. 12.2 and 12.4.

Using this exponential increase of state density in the environment we find for
the energy distribution of the system S as defined in (10.28)

WA = NA

∑
E

WE

NE
N0 eαEE

B ME,AB

= NA e−αE A
∑

E

N0 eαE WE

NE
, (10.34)

where we have, exploiting the delta function ME,AB as defined in (9.9), replaced EE
B

by E − E A. Obviously, the sum does not depend on A at all. Since WA has been
constructed as some probability distribution it is still normalized by definition. Thus
the sum has to reduce to a normalizing factor. This could also be shown in a rather
lengthy calculation, which we skip here. Finally we get for the energy probability
distribution of the system

WA = NA e−αE A

∑
A′ NA′ e−αE A′ . (10.35)

This result does no longer depend on the initial state. Furthermore, the energy prob-
ability distributions of almost all states from the respective accessible region is then
the canonical distribution. Plugging (10.35) into (10.29) eventually yields the typical
state



116 10 The Typical Reduced State of the System

ω̂ = 1∑
A NA e−αE A

∑
A

e−αE AΠ̂A . (10.36)

Obviously, this is the well-known canonical equilibrium state with the inverse tem-
perature β = α. And of course its von Neumann entropy is simply the Shannon
entropy (cf. (3.49)) under canonical conditions. The above typical canonical state is
in accord and reflects results by Goldstein et al. [3].

For some more concrete illustrations of the implications, which the rather
abstractly derived principles in this chapter bear on the dynamics of adequate sys-
tems, see Sect. 16.2.

10.5 Beyond Weak Coupling

If the interaction between any two systems, e.g., a considered system and its envi-
ronment, becomes strong compared to the energy scales of the decoupled systems,
a definition of the AR based on energy eigenspaces of the decoupled systems is
no longer reasonable since those energy eigenspaces are no longer (approximately)
invariant. So what can be expected then? Will there be, nevertheless, typicality of
the reduced state of the considered system? Before we investigate this it should be
noted here that this specific question is independent of the question whether or not
the possibly typical state can indeed be concretely calculated for a given model.
Or to rephrase: even if there is typicality, that does not imply that one can indeed
calculate, e.g., equilibrium observables in strongly interacting systems.

Let us, however, focus on the question of typicality itself. For simplicity we
assume the state of the total system to be fully restricted to some projective sub-
space represented by Π̂α . We take this subspace to be invariant, thus 〈ψ |Π̂α|ψ〉 = 1
defines the AR. This invariance may result from the fact that the AR corresponds to
a certain energy regime of the full system, i.e., including the interaction. (Note that
then Π̂α may not be concretely accessible for a given system, which will result in
the impossibility to calculate the average state concretely.) Or it may result from a
fundamental conserved quantity in the system. However, following the definitions
(10.1) and (10.2) the average reduced state may be written as

ω̂ = �TrE{|ψ〉〈ψ |}� = TrE{�|ψ〉〈ψ |�AR} = 1

Nα

TrE{Π̂α} . (10.37)

This, of course, is again the reduced state that one would also get from a hypotheti-
cal, maximum mixed state of the total system which is in accord with the Boltzmann
a priori principle of equal weights. This means the average reduced state is the same
state that one would get from a consideration based on a Boltzmann equilibrium
ensemble for the total system. (By the way, this also applies to the microcanonical
and energy exchange conditions.) But is this ω̂ typical? Again we have to analyze
the mean squared distance as given by (10.13) here appearing as
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�D2(ρ̂, ω̂)� =
NS∑
ac

(
Δ2

H(〈X̂ a,c〉) + Δ2
H(〈Ŷ a,c〉)

)
. (10.38)

(Since there is no energy course graining of the considered system in this case the
sums over A, C vanish.) The indices a, c run over all (relevant) states of the consid-
ered system, the total number of which we denote by NS . From (8.21) we find an
upper bound on the above addends

Δ2
H(〈X̂ a,c〉) ≤ Δ2

S(X̂ a,c) , Δ2
H(〈Ŷ a,c〉) ≤ Δ2

S(Ŷ a,c) , (10.39)

where Δ2
S(X̂ a,c) and Δ2

S(Ŷ a,c) are the spectral variances according to (8.20). Note
that the upper bound is independent of the indices a and c. Thus, with the definitions
(10.4) and (10.5) and again with (8.20) we find yet another upper bound on Δ2

S(X̂ a,c)
and Δ2

S(Ŷ a,c) by

Δ2
S(X̂ a,c) ≤ 1

NS
, Δ2

S(Ŷ a,c) ≤ 1

NS
. (10.40)

Now, plugging (10.40), (10.39), and (10.13) together eventually yields

�D2(ρ̂, ω̂)� ≤ 2
NS

Nα

. (10.41)

Hence, whenever the dimension of the subspace onto which the full system is con-
fined is much larger than the dimension of the Hilbert space of the considered sys-
tem, there is typicality of the reduced state with respect to this AR. This essentially
reflects results by Popescu et al. [5]. Note, however, that here, (10.41), unlike the
weak coupling results for microcanonical and energy exchange conditions (10.26),
(10.32), the average squared distance D2 does not only scale with the size of the
environment. Thus if the considered system itself becomes fairly large obviously no
typicality can be guaranteed.
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Chapter 11
Entanglement, Correlations, and Local Entropy

Any serious consideration of a physical theory must take into
account the distinction between the objective reality, which is
independent of any theory, and the physical concepts with
which the theory operates. These concepts are intended to
correspond with the objective reality, and by means of these
concepts we picture this reality to ourselves.

— A. Einstein, B. Podolsky and N. Rosen [1]

Abstract This chapter is essentially a comment on the role of entanglement and
correlations in the previously described approach to relaxation in quantum systems
(Chaps. 6–10). Within open system theory the concept of system and environment
remaining uncorrelated under standard conditions seems to be a paradigm. Within
the approach at hand increasing correlations may be viewed as the “source” of relax-
ation. We analyze this apparent contradiction in some detail. Furthermore, the issue
of local entropy and purity is investigated.

11.1 Entanglement, Correlations, and Relaxation

During the last decades, entanglement has been in the focus of quantum research.
Since it is one main ingredient of almost all recently investigated new quantum
mechanical phenomena as, e.g., teleportation, cryptography, the quantum computer,
there is a great variety of literature about entanglement (see, e.g., [2–4]). Here,
it may be viewed as an essential ingredient to differentiate between a quantum
approach to thermodynamics and any classical one. If one has a precisely given, pure
microstate (no ensemble) the only way to have non-zero entropy, at least locally for
a subsystem, is by means of entanglement. An analogue construction is impossible
in the classical case. This is due to the fact that in this case all “thermodynamical
fluctuations” (cf. Sect. 16.3) are eventually quantum uncertainties. (For an initial
ensemble, tracing out some environment may lead to increasing local entropy in
the classical case as well, though [5].) Think, for example, of a bipartite system in
an EPR state [1] featuring zero total von Neumann entropy. However, considering
the local state of one of the subsystems, one finds a totally mixed state, i.e., a state
according to the maximum local entropy. In contrast, a product state with vanishing
correlations features zero local entropy as well.

Gemmer, J. et al.: Entanglement, Correlations, and Local Entropy. Lect. Notes Phys. 784,
119–127 (2009)
DOI 10.1007/978-3-540-70510-9 11 c© Springer-Verlag Berlin Heidelberg 2009
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In the previous sections we have shown, that, for pertinent bipartite total system
scenarios, the considered system tends toward maximum entropy. Since in these
examples the state of the total system is always pure, the local increase of entropy
can only be due to increasing entanglement. This picture, however, is in sharp
contrast to the widespread idea in the field of open quantum systems, that weakly
interacting systems should remain uncorrelated from their environments (the latter
concept is sometimes referred to as “Born approximation”).

There are various arguments that seem to support the idea of system and envi-
ronment remaining (almost) uncorrelated during the relaxation process as discussed,
e.g., in the context of open quantum systems, cf. Sect. 4.8.

1. Non-interacting systems cannot become correlated. Thus, at first sight, the
assumption that weak interactions should only lead to negligible correlations
seems reasonable [6, 7].

2. Controlled projective approximations for the local dynamics of the system yield
to leading order in the interaction and for uncorrelated initial states autonomous
equations of motion (cf. Sect. 4.8). These are in excellent accord with many, e.g.,
quantum optical experiments. Less controlled approaches that simply assume
the strict factorizability of system and environment yield the very same local
equations of motion [8, 9]. This seems to imply that, for weak interactions, the
factorizability assumption should apply. Note, however, that such a conclusion
cannot be drawn with any confidence.

3. Even if one leaves the comparison with those less controlled approaches aside,
the projective approximations result in dynamical maps on the system of the form
ρ̂(t + τ ) = V̂(τ )ρ̂(t) [cf. (4.22)] with V̂(τ1 + τ2) = V̂(τ1)V̂(τ2) [10]. This means
that even after t + τ1 the dynamics continues to be of the very same type that one
found, requiring factorizability at t , for the time span from t to t + τ1. Again, it
is tempting to conclude that there would be factorizability at t +τ1 which, taking
a closer look, may not necessarily be true.

In the following we thus shortly comment on the issue of relaxation and correlations
in general. We prefer to investigate a question pointing in the opposite direction: Is
it possible that a full bipartite system undergoes a unitary transformation, such that
the purity of the considered system decreases, i.e., the entropy increases within its
relaxation process, without substantial production of system–environment correla-
tions being generated?

To investigate this question we specify the correlations ρ̂c as an addend of the
full system density matrix ρ̂ as

ρ̂c := ρ̂ − ρ̂(S) ⊗ ρ̂(E), (11.1)

with the local density operators

ρ̂(S/E) = TrE/S {ρ̂} (11.2)
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of system and environment. Obviously ρ̂(S) ⊗ ρ̂(E) specifies the uncorrelated product
part of the density matrix. To measure the size of the correlated and the uncorrelated
parts we use the absolute value of an operator

pi :=
√

Pi =
√

Tr
{
(ρ̂i )2

}
, (11.3)

with i = c, S, E, or none. Evidently, P = Tr
{
ρ̂2

}
is the purity of the full system

and the local values PS/E the purities of the corresponding subsystems (cf. (2.22)).
To decide whether or not correlations are negligible altogether, we consider the
correlations-vs.-product-contributions coefficient

η := pc

pS pE
. (11.4)

If η � 1, correlations may safely be neglected.
Computing the size of the correlations yields

p2
c = p2 − 2 Tr

{
ρ̂ ρ̂S ρ̂E

} + p2
S p2

E . (11.5)

Since the trace of a product of two Hermitian matrices fulfills the conditions on an
inner product, one finds via Schwartz’s inequality

|Tr {ρ̂ ρ̂S ρ̂E} | ≤ p pS pE . (11.6)

Inserting this into (11.5) yields

p2
c ≥ (p − pS pE)2, (11.7)

or for the coefficient (11.4)

η ≥ p

pS pE
− 1 . (11.8)

Note that the total purity P and thus p is invariant under any unitary transformation.
Often the environment is assumed to be exactly stationary, which might not pre-
cisely hold true, nevertheless pE(0) ≈ pE(t) should be a reasonable approximation
for large, thermal reservoirs. Thus, the only quantity that may substantially change
upon relaxation on the right-hand side of (11.8) is the purity of the system PS, i.e.,
also pS. And if pS decreases since entropy typically increases upon relaxation, the
right-hand side of (11.8) obviously increases as well.

Hence, in the case of a stationary bath and an initial product state one finds

η ≥ pS(0)

pS(t)
− 1 . (11.9)
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This lower bound for η may easily take on rather high values, e.g., for an N -level
system coupled to a bath in the high-temperature limit (kBT much larger than the
level spacing) one gets for an initially pure system state, pS(0) = 1,

η ≥
√

N − 1 . (11.10)

In the case of a pure total state, which has been primarily addressed in Chap. 10,
one has p(t) = 1 and pS(t) = pE(t). Thus inserting into (11.4) we find

η ≥ 1

p2
S(t)

− 1 . (11.11)

This implies, again for the case of an N -level system relaxing to a high-temperature
equilibrium state,

η ≥ N − 1 . (11.12)

Thus, even for moderately sized systems, the correlations-vs.-product-contributions
coefficient η cannot be expected to remain small compared to one upon relaxation,
neither in the scenario addressed by (11.10) nor in the case addressed by (11.12).
This result is absolutely independent of the interaction strength. It only connects a
decrease of purity (increase of entropy) to an increase of system–reservoir correla-
tions, regardless of the timescale on which this relaxation process happens. Thus, we
conclude that, quite contrary to the idea of system and bath remaining uncorrelated,
correlations are generically generated upon relaxation.

To conclude this consideration we reconsider the “factorization arguments” given
above point by point:

1. The weaker the interaction, the slower the overall buildup of correlations. But so
is the environment-induced relaxation. So by the time the system is relaxed there
will be substantial correlations, irrespective of the interaction strength.

2. There is nothing wrong with well-controlled approaches that produce correct
results for local dynamics by projecting on factorizing states. Simply the conclu-
sion that this would imply continuous factorizability is wrong. The coincidence
of those local dynamics with dynamics based on a bold factorization assumption
simply implies that in many cases (in which those approaches are successful) the
buildup of correlations has no significant influence on the local dynamics. For an
example where it does have influence and the above approaches thus fail, even
for weak interactions, see Chap. 19.

3. If the initial state does not feature factorizability, but one nevertheless chooses
to project onto factorizing states, the local equations of motion as obtained by
the projective technique acquire a time-dependent inhomogeneity. The picture
remains perfectly consistent if, for very many initial states, this inhomogene-
ity only has negligible influence on the local dynamics. More evidence in that
direction comes from considerations presented in Chaps. 18 and 19.
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Eventually we state that we do not intend to generally criticize the idea of com-
pletely positive maps on the basis of the above consideration that questions the
absence of correlations, like, e.g., done to some extent in [6]. While the investiga-
tions presented there are surely correct for the respective scenario, the local dynam-
ics of very many relevant scenarios in this context will most likely nevertheless
result in completely positive maps.

11.2 Entropy and Purity

The properties entropy and purity have already played an important role in the last
section. There we have learned that a thermodynamical relaxation process with
increasing entropy, decreasing purity respectively, is connected with an increase
of the correlations between system and heat bath as well. Here, we concentrate on
the microcanonical contact scenario once more and analyze purity and entropy of
possible states to show that ω̂ as given in (10.19) is indeed the unique maximum
entropy and minimum purity state. In this context we focus here on off-diagonal
elements (coherences) rather than on diagonal elements (probabilities). In principle
the whole consideration could also be recapitulated for energy exchange conditions,
however, focusing on conceptual issues, we are not going to display that here.

The average local state has been computed in Sect. 10.2.1 finding the state
(10.19). The purity of this state is given by

P = Tr
{
ω̂2

} =
∑

A

W 2
A

NA

. (11.13)

Furthermore, we are aware of the fact that within the accessible region (AR) this
diagonal state (10.19) is the typical state, i.e., mostly all reduced states of the system
are close to this state. Below we show that the purity (11.13) is indeed the minimum
purity or maximum entropy which is consistent with the microcanonical contact
conditions.

To check that this is, indeed, the state with the smallest purity consistent with the
given energy probability distribution {WA}, we introduce a deviation D of the diag-
onal elements and a deviation E of the off-diagonal elements such that the resulting
state is still consistent with {WA} and compute its purity. E is thus introduced as a
matrix that does not have any diagonal elements. For the deviation

D =
∑
A,a

DA,a|A, a〉〈A, a|, (11.14)

the partial trace over one degenerate subspace A has to vanish

Tra {D} =
∑

a

DA,a = 0 , (11.15)
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because under microcanonical conditions the total probability distribution {WA}
introduced by the initial state is fixed. The deviation D only redistributes the proba-
bility within a subspace A. E and D of course have to be Hermitian. Now with

ρ̂ = ω̂ + D + E , (11.16)

we find

P(ρ̂) = Tr
{
(ω̂ + D + E)2

}

= Tr
{
ω̂2 + D2 + E2} + 2Tr {ω̂D + ω̂E + DE} . (11.17)

Due to the properties of E and the diagonality of ω̂ and D the last two terms vanish.
Using the definitions (10.19) and (11.14) we compute the term

Tr {ω̂D} =
∑
A,a

WA

NA

DA,a =
∑

A

WA

NA

∑
a

DA,a = 0 . (11.18)

Thus, we find

P(ρ̂) = Tr
{
ω̂2

} + Tr
{
D2

} + Tr
{
E2

}
. (11.19)

Since

Tr
{
D2

} ≥ 0 , Tr
{
E2

} ≥ 0 , (11.20)

the smallest purity is reached for

E = 0 and D = 0 . (11.21)

Thus, the smallest possible purity state is unique and consists only of ω̂.
The minimum purity corresponding to the maximum entropy as discussed in

Sect. 2.2.4 is found to be

Smax = −kB

∑
A

WA ln
WA

NA

. (11.22)

This reduces for sharp energy probability distribution {WA} = δAA′ to the standard
form of

Smax = kB ln NA′ . (11.23)

For a numerical demonstration of several aspects of these considerations we refer to
Sect. 16.1.

For “historical” reasons let us state here some further comments on the purity
of the states within the AR. The idea behind the approach to thermodynamics from
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quantum mechanics at hand was initially centered around the average of the purity
within the AR and the discussion of the landscape of the purity over this part of
the Hilbert space (see, e.g., the first edition of this book or [11–17]). Within such
an approach the Hilbert space average (HA) of the purity over the accessible region
is computed. The purity itself is a quadratic function of the density operator and,
thus, contains terms up to fourth order in the coordinates of the total system’s wave
vector. In that sense it is equivalent to the variances computed in the last chapter.
Being equipped with the state of the lowest possible purity and finding the average
of the purity already close to this absolute minimum, one concludes that the most
probable state in AR is very close to the state of minimum purity.

This rather complex line of argument has been replaced here by a direct inves-
tigation of the distance between the average state in the AR and all actual reduced
states. Thus, in this present straightforward approach the purity itself does not play
such an outstanding role any longer. However, we would like to show the direct
equivalence of the old and the new approach by a rather short discussion of the
purity and its connection to Hilbert space variances (HVs).

The HA of the purity of the system can be computed according to

�P� = �Tr
{
ρ2

}
�

=
�∑

AC

∑
ac

(ρ̂ Aa,Cc)2

	

=
∑
AC

∑
ac

�(ρ̂ Aa,Cc)2�

=
∑
AC

∑
ac

(
Δ2

H(〈ρ̂ Aa,Cc〉) + �ρ̂ Aa,Cc�2
)

. (11.24)

Both quantities, the Hilbert space average and the Hilbert space variance, have
already been computed in Chap. 10. Using these results, we find for the average
purity

�P� =
∑
AC

∑
B

WAB WC B

NB
+

∑
A

∑
B D

WAB WAD

NA

−
∑
AB

W 2
AB

NA + NB

NA NB(NA NB + 1)
, (11.25)

where we have skipped the rather lengthy calculations here. However, this average
of the purity is equivalent to a former result obtained, e.g., in the first edition of this
book.

For initial product states, i.e., WAB = WAWB , realizing that
∑

A WA = ∑
B WB =

1, since WA and WB are probabilities, we find
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�P� =
∑

B

W 2
B

NB
+

∑
A

W 2
A

NA
−

∑
AB

W 2
AW 2

B

NA + NB

NA NB(NA NB + 1)
. (11.26)

In case of large NB � 1 we may approximate

NA NB + 1 ≈ NA NB, (11.27)

which yields

�P� ≈
∑

B

W 2
B

NB
+

∑
A

W 2
A

NA
−

∑
AB

W 2
AW 2

B

NA + NB

N 2
A N 2

B

. (11.28)

Since the addends of the last term are all positive and we are interested in an upper
bound for the purity we may safely neglect the last term. This implies

�P� ≤
∑

A

W 2
A

NA
+

∑
B

W 2
B

NB
. (11.29)

Since the first part is just the minimal purity of our system and the second part is
extremely small for large environments we find the average purity near the minimal
one. That means that nearly any state of the AR already features a local reduced
state of the system being near to the thermal equilibrium state and has thus a purity
near the minimal one, as demanded.
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Chapter 12
Generic Spectra of Large Systems

Experiments cannot be extrapolated, only theories.
— D. J. Raine and E. G. Thomas [1]

Abstract Taking a closer look it is not obvious why entropy, as given by its standard
microcanonical definition, should be an extensive quantity. It is demonstrated that
this may nevertheless be expected if the full system is made up from a multitude
of mutually non- or only weakly interacting identical subsystems. In the same limit
an exponentially growing density of states within a finite energy range is shown to
result. As an example the entropy of an ideal gas is computed on the basis of the
presented concepts.

12.1 The Extensivity of Entropy

If a set of axioms is formulated as a basis of thermodynamics, one is usually told that
entropy has to be an extensive quantity. This basically means that if two identical
systems with entropy S are brought in contact such as to form a system of twice the
size of the original system, the entropy Stot of the joint system should double,

Stot = 2S . (12.1)

Formulated more rigorously this means that entropy should be a homogeneous func-
tion of the first order, or that it should be possible to write it as a function of the other
extensive variables, say, energy U , volume V , and particle number N as

S = N s(U/N , V/N ) , (12.2)

where s(U/N , V/N ) is the entropy per particle. This is obviously an important
property, since it guarantees, e.g., that temperature defined in the usual way (see
(3.17))

T = ∂U

∂S
(12.3)

remains the same under this procedure, i.e., temperature is an intensive quantity.
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However, this basic requirement faces severe problems for the standard definition
of entropy. The classical definition of entropy for the microcanonical ensemble (see
Sect. 3.3.2) reads

S = kB ln m ≈ kB ln G (U ) , (12.4)

where m denotes the number of microstates consistent with the energy U , i.e., the
volume of the corresponding energy shell in phase space divided by the volume of
some elementary cell, and G (U ) the state density. In our approach the same formula
holds (for a sharp energy probability distribution) for the equilibrium entropy (see
(11.23)), except G (U ) being the quantum mechanical state density at the energy U .

Regardless of whether we are following classical or quantum mechanical ideas,
if one assumes that the thermal contact of two identical systems, while containing
only negligible energy by itself, allows for energy exchange between the systems,
the entropy Stot of the doubled system at the double energy could be calculated from
the state density by the convolution

Stot = kB ln
∫ 2U

0
G (E)G (2U − E) dE . (12.5)

It is obvious that this, in general, cannot be twice the entropy of one of the separate
systems, for

kB ln
∫ 2U

0
G (E)G (2U − E) dE �= 2kB ln G (U ) . (12.6)

This can only be true, if the function G (E)G (2U − E) is extremely peaked at E =
U . In general, however, there is no reason to assume this, even if G (E) was a rapidly
growing function. If G (E) grows exponentially, the integrand of the convolution is
flat, rather than peaked. The identity of (12.6) is often claimed in standard textbooks
by referring to the ideal gas, for which it happens to be approximately true, or by
complicated considerations based on the canonical ensemble [2]. All this, however,
is not a straightforward, general extensivity proof for the microcanonical case. So,
according to those definitions, one cannot claim without further study that entropy
is an extensive quantity. (This problem is not to be confused with Gibbs’ paradox
that can be solved by using Boltzmann statistics of identical particles; here dividing
the left-hand side of (12.6) by some function of N will not fix the problem [3].)

Finally one is often referred to Shannon entropy

S(μ) = −kB

∑
i

W (μ)
i ln W (μ)

i , (12.7)

which appears to be extensive, since (12.1) holds, if W (12)
l = W (1)

i W (2)
j . However,

this means that the probabilities of finding the systems in their individual states
should be uncorrelated. This is clearly not the case in the microcanonical ensemble.
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If one system is found at the energy E , the other one necessarily has to be at the
energy U − E .

It thus remains to be shown, if, and under what condition, S can indeed be a
homogeneous function of U .

12.2 Spectra of Modular Systems

Practically all of the matter we encounter in nature has some sort of modular struc-
ture. Gases are made of weakly interacting identical particles. Crystals are periodic
structures of, possibly strongly interacting, identical units, even disordered matter,
like glass or polymers, and can be split up into fairly small parts without changing
the properties of the parts essentially.

Let us, as an example, consider the sequential buildup of some piece of solid
material. First, we have one atom with some energy spectrum. If we bring two
atoms together, the spectrum of the resulting molecule will be substantially different
from the energy spectrum of the two separate atoms. The energy resulting from the
binding can be as large as typical-level splitting within the spectrum of the separate
atoms. However, the spectrum of the molecule will already be broader than the
spectra of the separate atoms. If we now combine two 2-atom molecules to one
4-atom molecule, the spectrum of the 4-atom molecule will again be considerably
different from the spectrum of the two separate 2-atom molecules. If we continue
this process, at some point, say, if the separate parts contain a hundred atoms or so
each, the separate parts will already have broad energy spectra, typically containing
bands that stretch over a considerable energy region with a smooth state density.
If we now combine these parts again, the energy contained in the binding will be
negligible compared to the structures of the energy spectrum of the two separate
parts. Most of the atoms in one part do not even feel the force of the atoms in the
other part anymore, simply because they are too far away. Thus, the energy distor-
tion of the separate spectra caused by the binding will be negligible. This is the
limit beyond which the weak coupling limit applies. This limit is always assumed to
hold in thermodynamics. For the contact between a system and its environment it is
thus assumed that the spectra of the separate systems are almost undistorted by the
contact. So, this principle should apply to the different identical parts of one system
above some size. Here we assume that there are a lot of parts above this limit to
make up a macroscopic system, as is the case in our example, where there are a lot
of parts containing some hundred atoms, to be combined to form, e.g., a piece of
metal, containing on the order of 1023 atoms.

The bottom line is that the spectrum or state density of any macroscopic sys-
tem can be viewed as the spectrum of a system consisting of very many almost
interaction-free parts, even if the basic particles are strongly interacting. In the case
of a gas no additional consideration is necessary, for its spectrum can naturally be
understood as the combined spectrum of all the individual gas particles.
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We finally analyze the properties of spectra that result from very many identical
non-interacting systems. Just as the state density of two non-interacting systems
should be the convolution of the two individual state densities, the state density of
the modular system, G(U ), should be the convolution of all individual state densi-
ties, g(E). Defining

CN {g(E)}(U ) := (
g(E) ∗ g(E) ∗ · · · ∗ g(E)

)
(U ) (12.8)

as the convolution of N identical functions g(E), where the convolution labeled by
“∗” is mathematically defined by the integration

CN {g(E)}(U ) :=
∫

· · ·
∫

g(E1)g(E2 − E1) · · · g(Ei − Ei−1)

· · · g(U − EN−1)
N−1∏
j=1

dE j , (12.9)

we can thus write

G(U ) = CN {g(E)}(U ) . (12.10)

To evaluate this convolution, we start by considering another convolution. We define

r (E) := e−αE g(E)∫
e−αE g(E)dE

, (12.11)

and the quantities

R :=
∫

e−αE g(E) dE , (12.12)

r :=
∫

E r (E) dE , (12.13)

σ 2 :=
∫

E2 r (E) dE − r2 . (12.14)

If the increase of g(E) with energy is not faster than exponential, which we have to
assume here, then all these quantities are finite and, since r (E) is normalized, r is the
mean value of r (E) and σ 2 is the variance of r (E). Now, consider the convolution
of all r (E) written as

CN {r (E)}(U ) = e−αU G(U )

RN
. (12.15)

To evaluate CN {r (E)}(U ) we exploit the properties of a convolution. Since the inte-
gral over a convolution equals the product of the integrals of the convoluted func-
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tions, we have

∫
CN {r (E)}(U ) dU = 1 . (12.16)

Since the mean value of a convolution of normalized functions is the sum of the
mean values of the convoluted functions, we find

M :=
∫

UCN {r (E)}(U ) dU = N r . (12.17)

As the square of the variance of a convolution of normalized functions is the sum of
the squares of the convoluted functions, we finally get

Σ2 :=
∫

U 2CN {r (E)}(U ) dU − N 2 r2 = N σ 2 . (12.18)

The Fourier transform of two convoluted functions equals the product of the Fourier
transforms of the convoluted functions. If for simplicity we define the Fourier trans-
form of a function r (E) as F{r (E)}, we thus find

F{CN {r (E)}} = (
F{r (E)})N

. (12.19)

If r (E) is integrable, F{r (E)} is integrable as well and it is very likely that the
function F{r (E)} has a single global maximum somewhere. This maximum should
become much more predominant, if the function is multiplied very many times
with itself, regardless of how strongly peaked the maximum originally was. This
means that the function F{CN {r (E)}} should get extremely peaked at some point,
if N becomes large enough. It may be shown (see Appendix D) that this peak,
containing almost all of the area under the curve, is approximately Gaussian. This
statement is essentially also implied by the central limit theorem. One can now split
F{CN {r (E)}} up into two parts, the Gaussian and the rest. Since a Fourier transform
is additive leaving the area under the square of the curve invariant, and transforming
a Gaussian into a Gaussian, CN {r (E)} should again mainly consist of a Gaussian
and a small part that cannot be determined, but gets smaller and smaller as N gets
larger. In the region in which the Gaussian is peaked, F{CN {r (E)}} should be almost
entirely dominated by the Gaussian part. At the edges, where the Gaussian vanishes,
the small remainder may dominate. If we assume that the integral, the mean value,
and the variance of F{CN {r (E)}} are entirely dominated by its Gaussian part, we
can, using (12.16), (12.17), and (12.18), give a good approximation for CN {r (E)}
that should be valid at the peak, i.e., around U = N r

CN {r (E)}(U ) ≈ 1√
2π Nσ 2

exp

(
− (U − N r )2

2Nσ 2

)
. (12.20)



134 12 Generic Spectra of Large Systems

Solving (12.15) for G(U ) and inserting (12.20), evaluated at the peak, we thus find

G(N r ) ≈ RN eαN r

√
2π Nσ 2

, (12.21)

where r , R, and σ are all functions of α. Thus, we have expressed G as a function
of α. Since we want G as a function of the internal energy U , we define

U := N r (α) or
U

N
= r (α) . (12.22)

Solving formally for α we get

α = α(U/N ) = r−1(U/N ) . (12.23)

Now R, σ , and α are all functions of the argument (U/N ) and we can rewrite (12.21)
as

G(U ) ≈
(
R(U/N )

)N
eα(U/N )U

√
2π Nσ (U/N )

, (12.24)

or, by taking the logarithm

ln G(U ) ≈ N

(
ln R(U/N ) + U

N
α(U/N )

)
− 1

2
ln(2π N ) − ln σ (U/N ) . (12.25)

If we keep U/N fixed, but let N � 1, which amounts to a simple upscaling of the
system, we can neglect everything except for the first part on the right-hand side of
(12.25) to get

ln G(U ) ≈ N

(
ln R(U/N ) + U

N
α(U/N )

)
. (12.26)

This is obviously a homogeneous function of the first order and thus an extensive
quantity. Therefore, (12.2) is finally confirmed.

The joint spectrum of a few non- or weakly interacting systems does not give
rise to an extensive entropy, contrary to the standard definition of entropy; but the
spectrum of very many such subsystems always does, regardless of the form of the
spectrum of the individual subsystem of which the joint system is made.

12.3 Entropy of an Ideal Gas

To check (12.26) we consider a classical ideal gas, just taking the spectrum of a free
particle in one dimension as the function to be convoluted. The total energy of a
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classical gas depends on 3N degrees of freedom, corresponding to the components
of the momenta of all N particles. From the dispersion relation of a classical free
particle confined to one dimension

E = 1

2m
p2 , (12.27)

where m is the mass of a single particle, we find

dp

dE
= m

p
=

√
m

2E
. (12.28)

Since there are two momenta corresponding to one energy and taking h as the vol-
ume of an elementary cell, we get for a particle restricted to the length L the state
density

g(E) = L

h

√
2m

E
. (12.29)

With this state density we find, using some standard table of integrals, for the quan-
tities defined in Sect. 12.2

R = L

h

√
2πm

α
, r = 1

2α
. (12.30)

Setting r = U
N ′ and writing α and R as functions of this argument we get

α = 1

2

(
U

N ′

)−1

, R = L

h

(
4mπ

(
U

N ′

)) 1
2

. (12.31)

Inserting these results into (12.26) yields

ln G(U ) = N ′
(

ln
L

h
+ 1

2
ln

(
4mπ

(
U

N ′

))
+ 1

2

)
. (12.32)

Relating the number of degrees of freedom N ′ to the number of particles N by
N ′ = 3N we eventually find

ln G(U ) = N

(
3 ln

L

h
+ 3

2
ln

(
4

3
mπ

(
U

N

))
+ 3

2

)
. (12.33)

This is exactly the standard textbook result (without the corrected Boltzmann statis-
tics, see, e.g., [3]), which is usually calculated by evaluating the surface area of
hyperspheres and using the Stirling formula.
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12.4 Environmental Spectra and Boltzmann Distribution

In Sect. 10.4 it has been claimed that the environmental state density may more or
less routinely be assumed to be of an exponential form. In the following we are going
to justify this statement under the assumption that the spectrum of the environment
has the standard structure of large modular systems as established in Sect. 12.2.
Then it should be possible to write the logarithm of its state density according to
(12.2) as

ln GE(EE) = NsE
(
EE/N

)
, (12.34)

where N is now the number of some basic units of the environment. If one looks
at the graph of such a homogeneous function for different N , it is clearly seen that
increasing N just amounts to an upscaling of the whole picture. This means that the
graph becomes smoother and smoother within finite energy intervals (see Fig. 12.1).

EE /N

ln GE(EE)

N1

N2 N1

ΔE

Fig. 12.1 Upscaling of the graph ln GE(EE) with increasing N ; the original section within ΔE
gets stretched. With respect to the same ΔE the new graph gets closer to a linear approximation
(straight line)

This can be stated in a more mathematical form by checking the expansion of
ln GE(EE) around some point of fixed energy per unit, E0/N = ε

ln GE(EE) ≈ NsE
∣∣
ε
+ dsE

dEE

∣∣∣∣
ε

(EE − E0) + 1

2N

d2sE

d(EE)2

∣∣∣∣
ε

(EE − E0)2 + O(ε3) .

(12.35)
Evidently, already the second-order term scales with N−1, terms of order n scale
with N 1−n . Therefore, for large N , a truncation of the expansion after the linear term
will be a valid approximation over a wide energy range, with the range of validity
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becoming larger with increasing N . Without ln GE(EE) being a homogeneous func-
tion of the first order such a truncation would remain without justification, although
it is often routinely used [2].

Now, regarding (10.28), which has been the basis for the considerations in
Sect. 10.4, the NB appearing there should be identified with the state density GE(EE)
as discussed here. If now the integrated weight of WE/NE is primarily concentrated
within the, as argued above, rather large region around E0 in which a linearization
of GE(EE) applies (of course ε has to be chosen such as to possibly satisfy this),
then GE(EE) may be safely approximated by an expression of the form

GE(EE) ∝ eαEE
, α ≡ dsE

dEE

∣∣∣∣
ε

. (12.36)

Such a form appears in (10.33), this type of environmental spectra gives rise to a
Boltzmann distribution as explained in Sect. 10.4.

12.5 Beyond the Boltzmann Distribution?

In the last years the standard limits of thermodynamics have been challenged by
exploiting the laws of quantum mechanics [4–6]. It should be pointed out here that
within the framework of the ideas presented here, the Boltzmann distribution does
not follow naturally from some basic principles like it does from the maximum
entropy principle in the context of Jaynes’ principle. Rather, it is due to the special
structure of the spectra of the systems that represent the environment. If a system
is in contact with a system, which is not built according to the scheme described in
Sect. 12.2, it can have a stable equilibrium energy probability distribution that sig-
nificantly differs from the Boltzmann distribution. In fact, any distribution described
by (10.28) must be considered stable, as long as the state density of the container
system is large enough. Thus, if one could build a system with a high state density,
but not of modular origin, one could get a non-standard equilibrium distribution.
However, realizing such a system is probably very hard, it would either have to
be impossible to split up into identical parts or, alternatively, the parts would have
to interact strongly over large distances. Furthermore, one would have to decouple
this system entirely from any further system, including the electromagnetic field.
Although all this seems rather unrealistic, such effects might be seen in some future
experiments.
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Chapter 13
Temperature

All concepts . . . have a definite and limited applicability
. . . Such a case is that of temperature, defined as the mean
kinetical energy of the random linear motion of the component
particles of a many-particle system in thermal equilibrium.
This notion is difficult to apply if there are too few particles in
the system, or if the temperature is so low that thermal
equilibrium takes a long time to establish itself, or if the
temperature is so high that the nature of particles changes
with small changes of the temperature.

— Th. Brody [1]

Abstract According to Chap. 5 a certain behavior of a quantity which may mean-
ingfully be termed “temperature” is required, at least in equilibrium. Here a def-
inition of temperature based on the quantum microstate is given. On the basis of
this definition the above-mentioned behavior is demonstrated for various standard
processes and setups.

If it is hard to define entropy as a function of the microstate on the basis of classical
mechanics, it is even harder to do so for the temperature. One could claim that
temperature should only be defined for equilibrium and thus there is no need to
define it as a function of the microstate. Based on this reasoning temperature would
then simply be defined as

1

kBT
= ∂S

∂ E
= ∂

∂ E
ln G (E) = 1

G (E)

∂G (E)

∂ E
, (13.1)

with G (E) being the state density cf. (3.48). In this way one would neglect all
dynamical aspects (see [2]), since this definition is based on the Hamiltonian of the
system rather than on its state. Strictly speaking, this definition would exclude all
situations in which temperature appears as a function of time or space, because those
are non-equilibrium situations. To circumvent this restriction it would, at least, be
convenient to be able to express temperature as a function of the microstate. There
have been several attempts in this direction.

As already explained in Chap. 5, a quantity like temperature is essentially deter-
mined by two properties. It should take on the same value for two systems in energy
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exchanging contact, and if the energy of a system is changed without changing its
volume, it should be a measure for the energy change per entropy change.

Most definitions rely on the second property. Maxwell connected the mean
kinetic energy of a classical particle with temperature. In the canonical ensemble
(Boltzmann distribution) it is guaranteed that the energy change per entropy change
equals temperature (cf. Sect. 13.3.1). And the ensemble mean of the kinetic energy
of a particle equals kBT in this case. Thus, if ergodicity is assumed, i.e., if the
time average equals the ensemble average, temperature may indeed be defined as
the time- averaged kinetic energy. Similar approaches have been proposed on the
basis of the microcanonical ensemble [3, 4]. However, temperature is eventually not
really given by an observable, but by a time average over an observable, leaving
open the question of the averaging time and thus the question on what minimum
timescale temperature may be defined. Furthermore, the definition is entirely based
on ergodicity. Nevertheless, it allows, at least to some extent, for an investigation of
processes, in which temperature varies in time and/or space, since that definition is
not necessarily restricted to full equilibrium.

To avoid those problems of standard temperature definitions, we want to present
yet another, entirely quantum mechanical definition here.

13.1 Definition of Spectral Temperature

We define the inverse of spectral temperature as

1

kBT
:= −

(
1 − W0 + WM

2

)−1

M∑
i=1

(
Wi + Wi−1

2

)
ln Wi − ln Wi−1 − (ln Ni − ln Ni−1)

Ei − Ei−1

, (13.2)

where Wi is the probability of finding the quantum system within an energy com-
partment with mean energy Ei , M is the number of the highest energy compartment,
while the lowest one corresponds to E = 0. The Ni are the corresponding amounts
of eigenstates within the compartments. The formula may also be applied to spectra
with no upper bound since in this case Wi has to vanish with increasing energy. This
formula is motivated by the following consideration: Assume a system features a
standard Boltzmann distribution. Then one gets for the occupation probabilities

Wi ∝ Ni exp
(−βEi

)
. (13.3)

Plugging this into (13.2) yields 1/kBT = β, i.e., the above-defined spectral temper-
ature is in accord with the standard notion of a temperature in the canonical ensem-
ble. However, the spectral temperature is always defined, even for states far from
any kind of equilibrium ensemble. Since it is a function of the energy occupation
probabilities only, it cannot change in time for an isolated system. In the following
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we are going to examine the properties and implication of this spectral temperature
in some detail.

If the spectrum of a system is very dense and if it is possible to describe the
energy probability distribution, {Wi }, as well as the “state densities,” {Ni }, by smooth
continuous functions (W (E), N (E)) with well-defined derivatives, (13.2) may be
approximated by

1

kBT
≈ −

∫ Emax

0
W (E)

(
d

dE
ln W (E) − d

dE
ln N (E)

)
dE . (13.4)

This can further be simplified by integrating the first term to yield

1

kBT
≈ W (0) − W (Emax) +

∫ Emax

0
W (E)

d

dE
ln N (E) dE

≈ W (0) − W (Emax) +
∫ Emax

0

W (E)

N (E)

dN (E)

dE
dE . (13.5)

Since for larger systems typically neither the lowest nor the highest energy level
is occupied with considerable probability (if the spectra are finite at all), it is the
last term on the right-hand side of (13.5) that basically matters. This term can be
interpreted as the average over the standard definition of the inverse temperature in
the context of the microcanonical ensemble (13.1). Thus for all systems that feature
significant W (E) only in an energy interval within which d

dE ln N (E) is more or less
constant, one again finds that the spectral temperature is in accord with the above
notion of a temperature, cf. (13.1). Note that it has been shown in Sect. 12.4 that the
respective energy interval can be expected to be rather large for standard modular
systems.

13.2 The Equality of Spectral Temperatures in Equilibrium

The equality of temperatures in equilibrium is usually shown based on entropy
being extensive, i.e., additive for two systems in contact, on entropy approaching
a maximum in equilibrium, and on the standard definition of temperature as given
by (13.1). If we were exclusively dealing with large modular systems as described in
Chap. 12, we could also introduce the equality this way, exploiting the correspond-
ing properties derived so far. In the following, however, it will be demonstrated that
the concept of equal equilibrium temperatures holds for even more general situations
if based on spectral temperatures. To do so we analyze spectral temperatures of sub-
systems in energy exchanging contact. Due to the reasoning given in Sect. 10.3 we
always base our calculations on the typical energy probability distributions (10.28)
or corresponding formulations for the environment.

If two systems are in heat contact at the total energy E = ES + EE, we expect the
energy probability distribution of some considered system to be given by the typical
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distribution as given by (10.28). Due to probability distributions now being possibly
smooth functions we, as already mentioned, change the notation used in (10.28) in
the following way: WA → W S(ES) where now ES of course has to correspond to
the energy at the former “grain” A. For the environmental quantities and the state
densities, we change the notation in an analogous way. Doing so we may rewrite the
typical distribution for the system from (10.28) as

W S(ES) = N S(ES)
∑

E

N E(E − ES)W (E)

N (E)
. (13.6)

Since the considerations leading to (10.28) are completely symmetric with respect
to an environment–system exchange, the typical energy probability distribution for
the environment may be simply found from exchanging the indices

W E(EE) = N E(EE)
∑

E

N S(E − EE)W (E)

N (E)
. (13.7)

We check now if and under what circumstances those typical energy probability
distributions yield the same temperature according to the definition (13.2) or (13.5).

First we consider the case of a small discrete system S, coupled to a large, contin-
uous environmental system E. The latter is assumed to have a spectrum which may
be routinely expected for large, modular systems as described in Sect. 12.2. We,
furthermore, assume W (E)/N (E) to be rather sharply concentrated around some
value E0 as done in Sect. 12.4. As argued in Sects. 12.4 and 10.4, the discrete system
S then typically features a Boltzmann distribution with the parameter α as given in
(12.36). As argued below (13.3) this parameter then equals the spectral temperature.
If E is much bigger than S it is intuitively conceivable that almost all energy should
be contained in E. This is confirmed by taking a closer look at (13.7): If W (E)/N (E)
is peaked at E0 then W E(EE) is also peaked closely to E0. But in this case from the
reasoning below (13.5) follows that the spectral temperature of E will also equal α

as given in (12.36). Hence in this scenario we find the same local temperatures for
S and E for almost all pure states from the pertinent AR of the full system.

Now we examine the case of two large systems with continuous spectra in con-
tact. In this case, as will be seen, we do not even need the assumption of the spectra
being generic spectra of modular systems. Formulating (13.6) for a continuous spec-
trum yields

W S(ES) = N S(ES)
∫ ∞

0

N E(E − ES)W (E)

N (E)
dE . (13.8)
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Applying (13.5) to this distribution yields

1

kBT S
= W S(0) − W S(Emax)

+
∫ Emax

0

∫ ∞

0

N E(E − ES)W (E)

N (E)

dN S(ES)

dES
dE dES . (13.9)

The smallest energy value for which N E(EE) takes on non-zero values at all is EE =
0. Thus we can, after reversing the order of integrations, replace Emax as a boundary
by E . Furthermore, we assume both the probability densities to find the system in the
ground state W S(0) and at the highest possible energy (if there is one), W S(Emax),
to vanish. We can then rewrite (13.9) as

1

kBT S
=

∫ ∞

0

W (E)

N (E)

∫ E

0

dN S(ES)

dES
N E(E − ES) dES dE , (13.10)

and apply product integration to the inner integral to find

1

kBT S
=

∫ ∞

0

W (E)

N (E)

(
N S(E)N E(0) − N S(0)N E(E)

−
∫ E

0
N S(ES)

dN E(E − ES)

dES
dES

)
dE . (13.11)

Since state densities are supposed to vanish at zero energy, we get N S(0) = N E(0) =
0. Substituting E − ES = EE and reversing the boundaries of the integration yields

1

kBT S
=

∫ ∞

0

W (E)

N (E)

∫ E

0

dN E(EE)

dEE
N S(E − EE) dEE dE . (13.12)

One would have obtained exactly this result, if one had applied (13.5) to the con-
tainer system. This may be seen from a comparison with (13.10), obviously only the
subsystem indices are reversed.

If two large systems with continuous spectra are in heat contact, almost all
microstates from the AR yield the same local spectral temperatures for the subsys-
tems, regardless of whether the spectra feature the generic form for modular systems
or how broad the energy probability distribution of the full system is.

13.3 Spectral Temperature as the Derivative of Energy with
Respect to Entropy

As already explained, we do expect the temperature not only to take on the same val-
ues for systems in contact but also to be a measure for the energy change per entropy
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change, if all other extensive variables are kept fixed, since this is basically what
the Gibbsian fundamental form states. Evidently, there are situations in which the
temperature as defined by (13.2) will not show this behavior. If, e.g., one considered
an isolated system controlled by a time-dependent Hamiltonian, one would find that
energy may very well change while entropy is strictly conserved. Nevertheless, one
could compute a finite temperature for this system, which would obviously not be in
agreement with the temperature appearing in the first law. However, this is probably
not the situation one has in mind, when trying to apply the Gibbsian fundamental
form. Here we want to distinguish two processes, for which the first law should be
applicable. First, we investigate the process of transferring energy into an arbitrarily
small system by bringing it into contact with, according to our definition, a hotter
environment and, second, the case of slowly depositing energy into a large system
by any kind of procedure (running current through it, stirring it, etc.).

13.3.1 Contact with a Hotter System

In this case we consider a discrete system in equilibrium, the entropy of which is
given by

S = −kB

∑
i

Wi ln Wi with Wi = W (Ei )

N (Ei )
, (13.13)

where Wi is now the probability of finding the system in one of the N (Ei ) energy
eigenstates of the energy compartment Ei , not the probability of finding the system
somewhere at the energy Ei . The internal energy of the system is now given by

U =
∑

i

Wi Ei . (13.14)

The energy probability distribution of the system in contact with a larger system
reads, according to (12.36)

Wi =
exp

(
− Ei

kBT

)

∑
j exp

(
− E j

kBT

) , (13.15)

where T is the temperature for the surrounding system as well as for the system
considered. If the surrounding area gets hotter, T increases and S and U change.
Thus we compute

∂U

∂S
=

∂U
∂T
∂S
∂T

. (13.16)
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For the derivative in the numerator we get

∂U

∂T
=

∑
i

∂Wi

∂T
Ei . (13.17)

Computing the derivate in the denominator yields

∂S

∂T
= −kB

∑
i

(
∂Wi

∂T
ln Wi + ∂Wi

∂T

)
. (13.18)

Because the order for the summation and the derivative can be exchanged on the
right-hand side of (13.18) and as

∑
i Wi = 1, the last term vanishes. Together with

(13.15) we thus get

∂S

∂T
= −kB

∑
i

∂Wi

∂T

⎛
⎝− Ei

kBT
− ln

∑
j

exp

(
− E j

kBT

)⎞
⎠ . (13.19)

Since the second term in the large brackets does not carry the index i , the same
argument as before applies and the term vanishes. We thus find

∂S

∂T
= 1

T

∑
i

∂Wi

∂T
Ei . (13.20)

Inserting (13.17) and (13.20) into (13.16) eventually yields

∂U

∂S
= T , (13.21)

which means that for this kind of process our temperature exhibits the desired
behavior.

13.3.2 Energy Deposition

Now we consider a large system in isolating contact with an environment, into which
energy is deposited by any kind of process. The internal energy of such a system
reads

U =
∫

W (E)E dE , (13.22)

where W (E) is again the probability of finding the system at some energy, not in
a single energy eigenstate. The von Neumann entropy of such a system in micro-
canonical equilibrium is, as may be calculated (10.19),
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S = −kB

∫
W (E) ln

W (E)

N (E)
dE . (13.23)

According to Sect. 12.2 we can assume that the width of the energy distribution
of the system is small enough so that the state density N (E) is well described by
some exponential within the region, where W (E) takes on substantial values. As
has already been explained, this region can be fairly broad, if the system is large. In
this case we can replace

N (E) ≈ N (U ) eβ(E−U ) . (13.24)

Doing so we find

S ≈ −kB

∫
W (E)

(
ln W (E) − ln N (U ) + β(E − U )

)
dE, (13.25)

and after integrating the last two terms

S ≈ kB ln N (U ) − kB

∫
W (E) ln W (E) dE . (13.26)

As an instructive example we consider the case of energy probability W (E) being
uniformly distributed over an interval of length ε. In this case we find from (13.26)

S ≈ kB ln N (U ) + kB ln ε . (13.27)

The change of entropy δ S that arises in such a situation from a change of the mean
energy, δU , and a change of the width of the distribution by a factor C is

δ S ≈ kB
∂

∂U
ln N (U ) δU + kBC . (13.28)

To get an idea for the orders of magnitude involved we set

∂

∂U
ln N (U ) δU =:

1

kBTemp
, (13.29)

where Temp is the empirical temperature as defined in (13.1), yielding

δ S ≈ δU

Temp
+ kBC . (13.30)

This may become more elucidating by plugging in numbers and dimensions

δ S ≈ δU [J]

Temp[K]
+ 1.38 × 10−23[J/K]C . (13.31)
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From this equation it is obvious that for state changes involving macroscopic
energy changes δU at reasonable temperatures the second term, corresponding to
the change of the width of the energy probability distribution, becomes negligible,
unless the width is increased by a factor of C > 1015 or so. Such a change of
the width, however, seems implausible from what we know about, say, mechanical
energy depositing processes, even if they do not proceed as described by adiabatic
following (see Chap. 14). A very similar picture will result for non-uniform energy
probability distributions. Thus it is safe to drop the second term on the right-hand
side of (13.26), so that

S ≈ kB ln N (U ) . (13.32)

Thus we are eventually able to calculate the entropy change per energy change for
generic processes:

∂S

∂U
= kB

∂

∂U
ln N (U ) . (13.33)

This result has now to be compared with the spectral temperature for this situation.
With the definition of the inverse spectral temperature (13.5) we obtain

1

T
= kB

∫
W (E)

d

dE
ln N (E) dE, (13.34)

or, consistently assuming the same situation as above (exponential growth of state
density) and approximating the logarithm of the state density around the internal
energy U ,

1

T
= kB

∫
W (E)

d

dE

(
ln N (E)

∣∣
U

+ ∂

∂ E
ln N (E)

∣∣∣∣
U

(E − U ) + O(E2)

)
dE . (13.35)

The first term is constant and therefore the derivative vanishes, leading us to

1

T
= kB

∂

∂ E
ln N (E)

∣∣∣∣
U

∫
W (E)

d

dE
(E − U ) dE . (13.36)

After integration we find

1

T
= kB

∂

∂ E
ln N (E)

∣∣∣∣
U

= kB
∂

∂U
ln N (U ) , (13.37)

which is evidently the same as the entropy change per energy change as given by
(13.33). Thus, we finally conclude that the temperature according to our definition
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features the properties needed to guarantee agreement with the Gibbsian fundamen-
tal form.
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Chapter 14
Pressure and Adiabatic Processes

. . . the laws of macroscopic bodies are quite different from
those of mechanics or electromagnetic theory. They do not
afford a complete microscopic description of a system. They
provide certain macroscopic observable quantities, such as
pressure or temperature. These represent averages over
microscopic properties.

— F. Mandl [1]

Abstract According to Chap. 5 a quantity, which may meaningfully be termed
“pressure,” is required to exist, at least in equilibrium. This variable relies on a
process, in which some extensive quantity changes while entropy remains invariant
(adiabatic processes). Here a definition of pressure based on the quantum microstate
is given. On the basis of this definition the above-mentioned behavior is demon-
strated for various standard processes. It is shown that the adiabatic process may
even be stabilized by the influence of the environment.

It appears as if one could introduce pressure within classical statistical mechanics
as an observable, i.e., as a function of the microstate. The momentary change of
the momenta of all particles that occurs due to the interaction with some wall has
to equal the force exerted onto that wall and could thus be interpreted as pressure.
And indeed, there are simple models of ideal gases which can account for some of
their properties in this way [2, 3]. In general, however, this is not the way pressure is
calculated within statistical mechanics. No ensemble average over such a “pressure
observable” is taken. Instead one calculates the internal energy U as a function
of entropy S and volume V . The derivative of the internal energy with respect to
volume, while keeping entropy constant, is then identified with negative pressure
(cf. (3.18))

(
∂U

∂V

)

S=const.

:= −P . (14.1)

This amounts to identifying the pertinent force with the change of energy per change
of length, which appears quite convincing, but the claim is that the change appears
in such a way that entropy does not change. The internal energy of the system could,
in principle, change in many ways but it is assumed that a process is selected that
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keeps entropy constant. Without this assumption the above definition (14.1) would
be meaningless.

In this way pressure is defined by an infinitesimal step of an adiabatic process.
It has to be examined if, and under what conditions, adiabatic processes occur at
all. In the case of temperature it is rather obvious that processes exist during which
entropy changes while the volume is kept constant; in this case, however, it is far
from obvious that processes exist during which the volume changes while entropy
remains constant.

14.1 On the Concept of Adiabatic Processes

At first sight, isentropic processes may appear almost trivial: If the influence of the
environment on the system under consideration, S, would be described by means
of a time-dependent change of some parameter a(t) entering the Hamiltonian of
the system S, i.e., if the environment could be reduced to a changing “effective
potential,” a classical control by Ĥ S(a(t)) would result. Irrespective of a(t), the von
Neumann entropy of S would necessarily remain constant.

However, in the context of the present theory, such a reduction is considered
“unphysical.” The environment, regardless of whether or not it gives rise to a chang-
ing Hamiltonian for the considered system, will always become correlated with
the considered system, thus causing the local entropy of the latter to increase (see
Sect. 10.2.2). To understand the combined effect of an “adiabatic process inducing”
environment onto the system, we divide the continuous evolution into steps alter-
nating between two different mechanisms: during one step type the effect of the
environment is modeled only by the changing parameter in the local Hamiltonian,
a(t), and during the other only by the inevitable relaxation into the microcanonical
equilibrium as described in Chap. 6 and Sect. 10.2.2. Letting the step duration go to
zero should result in the true combined effect. Since the relaxation to microcanonical
equilibrium makes the off-diagonal elements (in energy representation) of the local
density operator, ρ̂ S, vanish, the remaining entropy is controlled by the energy occu-
pation probabilities. Thus, if those change during the “parameter changing steps,”
entropy changes inevitably as well under the full evolution. Therefore, adiabatic
processes are not trivial at all in a true physical process. The invariance of entropy,
however, can be guaranteed if the occupation numbers do not change during the
parameter changing steps. (They will obviously not be changed during the “relax-
ation steps,” for we assume microcanonical conditions.) In quantum mechanics such
a behavior can be found within the scheme of adiabatic following.

Under the conditions of adiabatic following not only the entropy, but all occu-
pation numbers of states remain constant. Similar to the classical picture, for adia-
batic following to work, the speed of change must be low enough. This is shortly
explained in the following.

The adiabatic approximation (see [4–6] and for the classical version remember
Sect. 4.5) is a method of solving the time-dependent Schrödinger equation with a
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time-dependent Hamiltonian. If a Hamiltonian contains a parameter a(t) like length
or volume that varies in time, it will have the following form:

Ĥ(a(t)) =
∑

i

Ei(a(t)) |i, a(t)〉〈i, a(t)| =
∑

i

Ei(t) |i, t〉〈i, t | . (14.2)

At each time t a momentary Hamiltonian with a momentary set of eigenvectors and
eigenvalues is defined. If the wave function is expanded in terms of this momentary
basis with an adequate phase factor, i.e., with the definition

ψi := 〈i, t |ψ〉 exp

(
1

i�

∫ t

0
Ei dt ′

)
, (14.3)

the time-dependent Schrödinger equation can be transformed to the form

∂ψ j

∂t
= −

∑
i

ψi 〈 j, t |
( ∂

∂t
|i, t〉

)
exp

(
1

i�

∫ t

0
(Ei − E j )dt ′

)
. (14.4)

The bracket term on the right-hand side of (14.4) scales with the velocity of the
parameter change, da(t)/dt ; this term gets multiplied by a rotating phase factor that
rotates faster the larger the energy distance Ei − E j . This means that if the initial
state is a momentary eigenstate of the Hamiltonian |ψ(0)〉 = |i, 0〉, the transition
rate to other eigenstates will be extremely small if the velocity of the parameter
change is low, and it will fall off like (Ei − E j )

−1 for transitions to eigenstates that
are energetically further away. Thus in this case of slow parameter change we have
as an approximate solution

|ψ(t)〉 ≈ |i, t〉 . (14.5)

Obviously, for such an evolution entropy is conserved. This is what is called the
adiabatic approximation or the adiabatic following. However, it is not easy to decide
whether or not the adiabatic approximation applies to a given scenario. For example,
in the context of a compression of a macroscopic amount of gas the relevant level
spacing is almost arbitrarily small. It is thus not obvious if a given, finite compres-
sion rapidity is indeed low enough to justify the adiabatic approximation. Further-
more, we so far entirely neglected the most likely inevitable decohering effect of
an environment. To clarify the influence of such a decohering effect on the range of
validity of the adiabatic approximation we turn to the following consideration.

To account for environmental decohering effects, the process of a changing local
system parameter, like, e.g., volume, should really be described by a Hamiltonian
of the following form:

Ĥ (t) = ĤS(a(t)) + ĤE + Î (t) . (14.6)
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To implement an adiabatic process, one still wants to have a thermally insulating
contact with the environment. The full energy of the system S, however, cannot be
a strictly conserved quantity anymore, since without a changing energy one cannot
get a finite pressure. However, any change of energy is induced by the parameter
a(t), thus, if a(t) stopped changing at some time, energy should no longer change
either. Demanding this behavior we get as a condition for the interaction Î (t)

[ĤS(t), Î (t)] = 0 . (14.7)

As described in Sect. 10.2.2, the effect of a suitable coupled environment system
is to reduce purity within the gas system down to the limit set by the conserved
quantities derived from (14.7). This amounts to making the off-diagonal elements
of ρ̂ S, represented in the basis of the momentary eigenvectors of ĤS(t), vanish. In
order to get a qualitative understanding of the type of evolution that a Hamiltonian
like the one defined in (14.6) will typically give rise to, we refer to the same scheme
as introduced at the beginning of this section, i.e., we decompose the continuous
evolution into two different types of (infinitesimal) time steps. In one type of step
we imagine the interaction to be turned off and the system to develop according to
its local Hamiltonian ĤS(t), this evolution being described by the corresponding von
Neumann equation. During the other type of step, we imagine the interaction to be
turned on, but constant in time as well as the local Hamiltonian. During this period
the evolution is described by the Schrödinger equation for the full system and will
result in quenching the momentary off-diagonal elements. These two types of steps
are now supposed to interchange. In the limit of the steps becoming infinitesimally
short, the true, continuous evolution results.

For the first type the von Neumann equation reads

i�
∂ρ̂ S

∂t
= [ĤS(t), ρ̂ S] . (14.8)

The probability Wi of the system to be found in a momentary eigenstate |i, t〉 of
ĤS(t) is

Wi = 〈i, t |ρ̂ S(t)|i, t〉 . (14.9)

If those probabilities do not change, the adiabatic approximation holds exactly true.
Therefore, we calculate the derivatives with respect to time finding

∂

∂t
Wi =

( ∂

∂t
〈i, t |

)
ρ̂ S(t)|i, t〉 + 〈i, t |∂ρ̂ S(t)

∂t
|i, t〉 + 〈i, t |ρ̂ S(t)

( ∂

∂t
|i, t〉

)
. (14.10)

Splitting up ρ̂ S into a diagonal part and an off-diagonal part E

ρ̂ S =:
∑

i

Wi |i, t〉〈i, t | + E, (14.11)
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and inserting (14.8) and (14.11) into (14.10) yields

∂

∂t
Wi = Wi

(( ∂

∂t
〈i, t |

)
|i, t〉 + 〈i, t |

( ∂

∂t
|i, t〉

))

+
( ∂

∂t
〈i, t |

)
E|i, t〉 + 〈i, t |E

( ∂

∂t
|i, t〉

)

+ 〈i, t |[ĤS,E]|i, t〉 . (14.12)

The first part on the right-hand side of (14.12) vanishes since

(( ∂

∂t
〈i, t |

)
|i, t〉 + 〈i, t |

( ∂

∂t
|i, t〉

))
= ∂

∂t
〈i, t |i, t〉 = 0 . (14.13)

Thus (14.12) reduces to

∂

∂t
Wi =

( ∂

∂t
〈i, t |

)
E|i, t〉 + 〈i, t |E

( ∂

∂t
|i, t〉

)
+ 〈i, t |[ĤS,E]|i, t〉 . (14.14)

Obviously, this derivative vanishes, if E vanishes. This means that if, during the
intermediate step in which the interaction is active, the off-diagonal elements were
completely suppressed, the rate of change of the probability would vanish at the
beginning of each step of the von Neumann equation type. It would take on non-zero
values during this step, especially if the step was long and ρ̂ S(t) changed quickly.
If we made the steps shorter, the interaction with the environment might not erase
the off-diagonal elements completely. Thus, this situation is controlled by a sort of
antagonism. A rapidly changing ρ̂ S(t) tends to make the adiabatic approximation
fail, while the contact with the environment that quickly reduces the off-diagonal
elements stabilizes such a behavior. To some extend this stabilization is comparable
to the so-called “quantum Zeno effect.”

This principle can also be found from a different consideration. Instead of solv-
ing the full Schrödinger equation one can introduce a term into the von Neumann
equation of the local system, which models the effect of the environment the way it
was found in Sect. 10.2.2. Such an equation reads

i�
∂ρ̂ S

∂t
= [ĤS(t), ρ̂ S] − i�

∑
i,i ′

〈i, t |ρ̂ S|i ′, t〉 Cii ′ |i, t〉〈i ′, t | (14.15)

with

Cii ′ = 0 for i = i ′ , Cii ′ ≥ 0 for i �= i ′ . (14.16)

This equation obviously leaves the diagonal elements invariant and reduces the off-
diagonal elements. The bigger the Cii ′ ’s, the quicker the reduction. To analyze this
equation we define
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ρ̂ S(t) =
∑

i

Wi |i, t〉〈i, t | + r (t)E(t) , Tr
{
E2

} = 1 , r ≥ 0 , (14.17)

where the Wi ’s are time independent and E may now, other than before, also contain
diagonal elements. Thus, the second term on the right-hand side of (14.17) now
contains all deviations from the adiabatic behavior. With this definition r is a mea-
sure for those deviations. Taking the derivative of ρ̂ S(t) according to (14.17) and
observing (14.13) one finds

∂

∂t
ρ̂ S(t) =

∑
i

Wi

(( ∂

∂t
|i, t〉

)
〈i, t | + |i, t〉

( ∂

∂t
〈i, t |

))
+ ∂r

∂t
E + r

∂E

∂t

= ∂r

∂t
E + r

∂E

∂t
. (14.18)

Inserted into (14.15) we get

i�

(
∂r

∂t
E + r

∂E

∂t

)
= [ĤS(t), ρ̂ S] − i�

∑
i,i ′

〈i, t |ρ̂ S|i ′, t〉Cii ′ |i, t〉〈i ′, t | . (14.19)

Multiplying (14.19) from the left by E, taking the trace and realizing that

Tr

{
E

∂

∂t
E

}
= 1

2

∂

∂t
Tr

{
E2

} = 0 , Tr
{
E[ĤS, rE]

} = 0, (14.20)

one finds, solving finally for ∂r/∂t

∂r

∂t
= − r

∑
i,i ′

|〈i, t |E|i ′, t〉|2Cii ′

−
∑

i

Wi

(
〈i, t |E

( ∂

∂t
|i, t〉

)
+

( ∂

∂t
〈i, t |

)
E|i, t〉

)
. (14.21)

If the right-hand side of (14.21) consisted exclusively of the first sum, r could only
decrease in time; the decrease would be faster the bigger the Cii ′ . Only the second
sum can cause r to deviate from its stable value r = 0 and this sum would be large if
ĤS(t) changed quickly. Thus, a fast local decoherence should stabilize the adiabatic
approximation even for rapidly changing Hamiltonians.

To conclude we can say that within the context of our approach adiabatic, i.e.,
entropy conserving, processes are very likely to happen, if the decoherence induced
by the environment proceeds fast compared with the change of the local Hamilto-
nian. The evolution of the state will then have the following form:

ρ̂ S(t) ≈
∑

i

Wi |i(a(t))〉〈i(a(t))| . (14.22)
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If we identify the parameter a by the volume V , we eventually find for the pressure

∂U

∂V
= ∂

∂V
Tr

{
ρ̂ S ĤS

} =
∑

i

Wi

∂ Ei

∂V
= −P . (14.23)

In this way, pressure, or any other conjugate variable (except for temperature), may
be defined, whenever a local Hamiltonian ĤS can be specified such that the weak
coupling limit applies (see Sect. 9.3) and the change of the system proceeds in such
a way that, with a changing local Hamiltonian, the whole system remains within
the weak coupling limit. If this is guaranteed, pressure can be defined by (14.23),
regardless of whether the system is changing or not and regardless of whether the
system is thermally insulated or not. The infinitesimal process step is just a virtual
one, it is a mathematical construction to define pressure in such a way that it fits
the whole scheme of thermodynamics, rather than something that is necessarily
physically happening.
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Chapter 15
Quantum Mechanical
and Classical State Densities

Any real measurement involves some kind of coarse-grained
average which will eventually obscure the quantum effects,
and it is this average that obeys classical mechanics.

— L. E. Ballentine [1]

Abstract According to standard statistical approach to thermodynamics (cf.
Sect. 3.3) all equilibrium properties of a system may be inferred from, e.g., the
entropy given as a function of all extensive variables. The “entropy function,” how-
ever, depends on the density of states. Thermodynamic properties of systems which
are fundamentally quantum are often well described by computations based on clas-
sical models. Thus the question arises whether quantum mechanical and classical
state densities are generally similar for given systems (that have a classical counter-
part). In this section we analyze this question in some detail.

Regardless of its foundation or justification Boltzmann’s “recipe” to calculate
thermodynamic behavior from a classical Hamilton function of a system works
extremely well. This recipe essentially consists of his entropy definition and the first
and second laws (cf. Sect. 3). Using this recipe, not only the thermodynamic behav-
ior of gases but also thermodynamic properties of much more complicated systems,
like liquid crystals, polymers, which are definitely quantum, may (surprisingly) be
computed to good precision.

If now, like in a particular approach at hand, a fully quantum mechanical entropy
definition (von Neumann entropy of the reduced, considered system) is suggested,
the question arises whether this other definition produces equally good (if not bet-
ter) results. Thus one should check whether or not the classical and the quantum
mechanical definitions of entropy yield approximately the same numbers for given
systems, i.e., if

Sclass ≈ Sqm , (15.1)

as already claimed in Sect. 5.2. With the microcanonical equilibrium entropy defi-
nitions

Gemmer, J. et al.: Quantum Mechanical and Classical State Densities. Lect. Notes Phys. 784,
157–171 (2009)
DOI 10.1007/978-3-540-70510-9 15 c© Springer-Verlag Berlin Heidelberg 2009
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Sclass = kB ln Gclass(U, V ) , Sqm = kB ln Gqm(U, V ) , (15.2)

it remains to investigate if

Gclass(U, V ) ≈ Gqm(U, V ) . (15.3)

Here Gclass(U, V ) is according to Boltzmann the number of classical microstates
that is consistent with the macrostate specified by U, V ; stated more mathematically,
the volume of the region in phase space that contains all microstates of the system
that feature the energy U and is restricted to the (configuration space) volume V .
This region is also referred to as the energy shell.

Gqm(U, V ) is the quantum mechanical density of energy eigenstates at the energy
U , given that the whole system is contained within the volume V . With this defini-
tion Sqm is the equilibrium entropy we found for the case of microcanonical condi-
tions and sharp energies, as may be inferred from (10.19). If the validity of (15.3)
cannot be established, a theory relying on Sqm would remain highly problematic
from a practical point of view, regardless of its theoretical plausibility.

From an operational point of view, the validity of (15.3) is far from obvious,
because both quantities are evidently computed in entirely different ways. And of
course, in general, Gqm(U, V ) is discrete, while Gclass(U, V ) is a smooth continuous
function. There are indeed cases where the recipe based on Gqm(U, V ) works better
than the one based on Gclass(U, V ). If one, e.g., changes from an ideal to a molecular
gas, the deficiencies of the classical entropy definition, Sclass, become visible at low
temperatures; the heat capacity deviates significantly from the predicted behavior.
This effect is referred to as the “freezing out of internal degrees of freedom.” It is
due to the fact that the quantum mechanical level spacing of the spectrum arising
from the internal (vibrational, rotational) degrees of freedom is much larger than
that arising from the translational degrees of freedom. This behavior is described
correctly by calculations based on Sqm. Nevertheless, if one claims Sqm to be the
“correct” definition, the striking success of the classical entropy definition needs
explanation. This can only be done by showing the validity of (15.3) for a reasonably
large class of cases.

For some simple systems, for which both types of spectra can be calculated
exactly, there is a striking similarity between Gclass(U, V ) and Gqm(U, V ); for a
free particle they are the same. If the free particle is restricted to some volume,
Gqm(U, V ) becomes discrete, but as long as V is large, the level spacing is small and
if the energy interval is chosen to contain many levels – it may still be extremely
small compared to macroscopic energies – Gclass(U, V ) and Gqm(U, V ) are still
almost identical. This, eventually, is the reason why both methods lead to almost
identical thermodynamic state functions for an ideal gas. A very similar situation
is found for the harmonic oscillator. The quantum energy spectrum Gqm(U ) of the
harmonic oscillator consists of an infinite number of equidistant energy levels. The
volume of the classical energy shell, Gclass(U ), of a harmonic oscillator is constant
with respect to energy. Thus, if the level spacing is small, as is the case for small
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frequencies, the number of levels that is contained within a given interval is almost
independent of the energy U around which the interval is centered.

In the following we want to analyze whether Gclass(U, V ) and Gqm(U, V ) can be
viewed as approximations for each other, at least for a large set of cases.

15.1 Bohr–Sommerfeld Quantization

One hint toward a possible solution in that direction comes from the Bohr–
Sommerfeld quantization [2, 3]. This theory from the early days of quantum
mechanics states that energy eigenstates correspond to closed trajectories in clas-
sical phase space that enclose areas of the size jh

∮
p dq = jh , (15.4)

j being an integer. This integration over a region in phase space could be trans-
formed into an integral over the classical state density with respect to energy

∫ E j

0
Gclass(E) dE = jh , (15.5)

with E j denoting the respective energy level. If this theory is right, the desired
connection is established and the quantum mechanical spectrum can be calculated
from Gclass(E) by (15.5), integrating only up to an energy level E j .

A simple example for which the Bohr–Sommerfeld quantization produces good
results is the harmonic oscillator in one dimension. Possible trajectories are ellipses
in phase space (see Fig. 15.1). The classical phase space volume, the area of the
ellipse enclosed by the trajectory, is according to (15.4)

∮
p dq = π

√
2mU

√
2U

mω2
= U

ν
, (15.6)

where ν = ω/2π is the frequency of the oscillation. From standard quantum
mechanics we know that E j = ( j + 1

2 )hν. Applying (15.5) yields U j = jhν and is
thus almost precisely correct.

Unfortunately, the Sommerfeld theory is not always applicable and the above
formula holds true for some special cases only.

15.2 Partition Function Approach

Some more evidence for the similarity of Gclass and Gqm can be obtained from a con-
sideration which is usually done in the context of the partition function [4]. The par-
tition function which, within standard classical mechanics, completely determines
the thermodynamic properties of a system reads for the quantum mechanical case
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√

√

2mU

2U
mω2

(j + 1
2 )h

U = H(p, q) = p2

2m
+ mω2

2 q2

p

p

j

j+1

h

q

q

Fig. 15.1 Bohr–Sommerfeld quantization: phase space of a one-dimensional harmonic oscillator.
The elliptic trajectory j includes a volume of ( j + 1

2 )h. Between two trajectories a volume of h is
enclosed

Zqm = Tr

{
exp

(
− Ĥ

kBT

)}
=

∫
Gqm(E) exp

(
− E

kBT

)
dE, (15.7)

and for the classical case

Z class =
∫∫

exp

(
− H (q, p)

kBT

)∏
μ

dq dp

=
∫

Gclass(E) exp

(
− E

kBT

)
dE . (15.8)

(If one sets 1/kBT = α, the partition function becomes equal to the function
R(α), which is crucial for the spectrum of large modular systems as described in
Sect. 12.2.) In the literature [4] one finds

Zqm

(
β := 1

kBT

)
≈

Z class(β) − �β3

24m

∫∫
exp(βH (q, p))

∑
i

(
∂ H

∂qi

)2 ∏
μ

dq dp , (15.9)
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where the correction term is basically the leading order term of an expansion in
terms of powers of �, but higher order terms will also involve higher orders of β,
the gradient of the Hamiltonian, and inverse mass 1/m.

If Zqm(β) and Z class(β) were exactly the same, Gclass and Gqm would have to be
equal as well, since by taking derivatives with respect to β of the partition function,
all moments of e−βE G (E) can be produced and if all moments of the two functions
are the same, the two functions have to be the same. This, however, cannot be the
case since one knows that Gqm is discrete while Gclass is not. Thus, strictly speaking,
the correction terms can never really vanish. Nevertheless (15.9) already provides
a strong indication that for a large class of systems (the class of systems for which
the correction term is small) at least the “rough structure” of Zqm(β) and Z class(β)
could be the same.

Unfortunately, the smallness of the correction term does not provide a necessary
criterion for the equality of Gclass and Gqm. If one thinks, e.g., of a wide potential
well with a sawtooth-shaped bottom, it is obvious that if one makes each tooth
smaller and smaller (but keeps the width the same by introducing more and more
teeth), the spectrum should approach the spectrum of a flat bottom potential well
for which the similarity of Gclass and Gqm can be shown explicitly. The correction
term for the sawtooth bottom potential well, however, does not decrease with the
teeth getting smaller, it might indeed be arbitrarily big if the edges of the teeth are
arbitrarily steep. Thus, there are systems for which the expansion in (15.9) does not
even converge, even though Gclass and Gqm of those systems may be very similar.

15.3 Minimum Uncertainty Wave Package Approach

In order to avoid the insufficiencies of the above analysis, we present here yet
another treatment, which might help to clarify the relation between Gclass and Gqm.

The basic idea is the following. Rather than analyzing the spectrum of the Hamil-
tonian directly, one can analyze the spectrum of a totally mixed state (1̂-state) sub-
ject to this Hamiltonian. Since a system in the totally mixed state occupies every
state with the same probability, it can be found in a certain energy interval with a
probability proportional to the number of energy eigenstates within this interval. If
the 1̂-state is given as an incoherent mixture of many contributions, its spectrum will
result as the sum of the individual spectra of the contributions. Here, the 1̂-state will
be given as a mixture of minimum momentum–position uncertainty wave packages,
thus each of them corresponds to a point in classical phase space. If it is then possible
to show that only those wave packages contribute to Gqm(U ), which correspond to
points in phase space that feature the classical energy U , i.e., if the energy spread of
those packages is small, a connection between Gclass and Gqm can be established.

Before we set up this complicated approximation scheme in full detail for arbi-
trary systems, we consider, again, as an instructive example, the one-dimensional
harmonic oscillator. In classical phase space the energy shells are ellipses as shown
in Fig. 15.1. To each point (volume element) within this energy shell, a quantum
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mechanical state of minimum position–momentum uncertainty may be assigned.
For the harmonic oscillator these states are known as “coherent” or “Glauber states”
(see Fig. 15.2). These states are known to have an energy probability distribution
centered around the energies of their classical counterparts. Furthermore, the widths
of these distributions decrease, relative to their mean energies, with increasing mean
energies. Thus, each quantum state corresponding to a point within the energy shell
may add the same “weight” within the same energy interval to the quantum mechan-
ical energy spectrum, see Fig. 15.3. In this case one will, eventually, find as many
states in a certain energy interval in the quantum spectrum as there are points in
the corresponding classical energy shell. This obviously establishes the similarity
between Gclass and Gqm that we are looking for. If and to what extent such a scheme
yields reasonable results in general, will be investigated in the following.

q

p

γi, (pi, qi)

Fig. 15.2 Minimum uncertainty wave packages: phase space of the harmonic oscillator. Within the
loop of volume h a minimum momentum–position uncertainty wave package γi is defined at every
point (pi , qi )

Now we try to apply these ideas to a more general Hamilton model. We start off
by rewriting the quantum mechanical state density Gqm. Therefore, we consider the
respective Hamiltonian in energy basis which reads

Ĥ =
∑

E

E P̂(E) , (15.10)

where P̂(E) is the projector, projecting out the energy eigenspace with energy E .
The quantum mechanical state density at energy E can then be written as the trace
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Fig. 15.3 Minimum uncertainty wave packages in energy space. Only wave packages within the
phase space volume of h contribute to the state density Gqm(E) at energy E j . All these packages
add energy space to the respective level. Note that in the case of the harmonic oscillator all packages
have additionally the same shape

over the projector P̂(E)

Tr
{

P̂(E)
} = Gqm(E) . (15.11)

Using a complete but not necessarily orthogonal basis |γ 〉, with

∑
γ

|γ 〉〈γ | = 1̂ , 〈γ |γ ′〉 �= 0 , (15.12)

we find for the quantum mechanical state density, carrying out the trace operation

Gqm(E) = Tr
{

P̂(E)
} =

∑
γ

〈γ |P̂(E)|γ 〉 . (15.13)

Furthermore, defining

g(γ , E) := 〈γ |P̂(E)|γ 〉, (15.14)

we get

Gqm(E) =
∑

γ

g(γ , E) . (15.15)
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According to its definition in (15.14) g(γ , E) is the energy spectrum of a single |γ 〉
that contributes to the spectrum of the Hamiltonian or, as mentioned before, to the
energy spectrum of the 1̂-operator subject to this Hamiltonian (for a visualization see
Fig. 15.4). The full spectrum Gqm(E) of the Hamiltonian is the sum of all individual
spectra of those contributions g(γ , E), as stated in (15.15).

Eg(γ)

g(γ, E)

Gqm(E)

Δg(γ)

2kΔg(γ)

Fig. 15.4 Minimum uncertainty wave packages: contribution of a single g(γ , E) to the spectrum
of the Hamiltonian, for an arbitrary quantum mechanical state density

Now we choose the special complete basis as introduced in (15.12), which spans
the whole Hilbert space. First we restrict ourselves to a two-dimensional phase space
(q, p), an extension to 6N phase space coordinates can easily be done later. In posi-
tion representation this basis is defined as

〈x |γ 〉 := 〈x |q, p〉 := 1
4
√

2π

√
ΔqΔp

�Δx
exp

(
− (x − q)2

4(Δx)2
− i

p

�
x

)
. (15.16)

Obviously, this basis consists of Gaussian (minimum position–momentum uncer-
tainty) wave packages with variance Δx , each of which corresponds to a point
γ = (q, p) in phase space. The wave packages are defined on a lattice in phase
space with distance Δq and Δp, respectively (see Fig. 15.5), thus the coordinates
q and p are integer multiples of Δq, Δp only. In “standard” quantum mechanics
one often tries to create a complete basis consisting of true quantum mechanical
states by choosing the lattice grid such that ΔqΔp = h. Thus one gets exactly one
normalized state per “Planck cell” (see [5]). Note that the Gaussian wave packages
defined in (15.16) are not normalized, if one does not choose this special subset. We
are interested in the case Δq → 0 and Δp → 0, an “infinitesimal” Gaussian wave
package basis. In this limit the norm of the basis states 〈γ |γ 〉 will also vanish, but
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p

q

Δp

Δq

Δx

Ω(q, p) = h

Fig. 15.5 Minimum uncertainty wave packages defined on a lattice in phase space with distance
Δq and Δp, respectively

the basis remains complete. To prove this, we have to show that the following holds
true:

〈x |
∑

γ

|γ 〉〈γ | |x ′〉 != 〈x |1̂|x ′〉 =
∑

γ

〈x |γ 〉〈γ |x ′〉 != δ(x − x ′) . (15.17)

Using the position representation of the basis states (15.16) the left-hand side turns
into

∑
γ

〈x |γ 〉〈γ |x ′〉

= 1√
2π �Δx

∑
q,p

exp

(
− (x − q)2 + (x ′ − q)2

4(Δx)2
− i

�
p (x − x ′)

)
ΔqΔp . (15.18)

Within this equation, we perform the limit Δq → 0, Δp → 0 and switch from the
sum to an integration

= 1√
2π �Δx

∫∫
dqdp exp

(
− (x − q)2 + (x ′ − q)2

4(Δx)2
− i

�
p (x − x ′)

)
, (15.19)

allowing for infinitesimal contributions. The integration over p yields a δ-function
in (x − x ′) that can be pulled out of the q integration. Since the δ-function is zero
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everywhere except for x = x ′, we can set x = x ′ in the integrand and carry out the
integration over the remaining Gaussian, finding

= 1√
2πΔx

δ(x − x ′)
∫

dq exp

(
− (x − q)2

2(Δx)2

)
= δ(x − x ′) , (15.20)

which obviously shows that the chosen infinitesimal basis is complete. (This scheme
is also known from the context of quantum optics, where it is usually called a
“P-representation,” see [6].)

The normalization of the basis states can be investigated by using again definition
(15.16)

〈γ |γ 〉 = 〈γ |
∫

|x〉〈x |dx |γ 〉

= 1√
2π

ΔqΔp

�Δx

∫
dx exp

(
− (x − q)2

2(Δx)2

)
= ΔqΔp

2π�
= ΔqΔp

h
. (15.21)

From this equation it can be seen that the γ -wave packages become normalized if
one chooses ΔqΔp = h. In the case of Δq → 0 and Δp → 0 the normalization
vanishes. If one sums the “weights” of the infinitesimal contributions in one “Planck
cell,” i.e., if one sums over a volume Ω(q, p) = h in phase space and does the limit
later, one gets

lim
Δq→0

lim
Δp→0

∑
γ

Ω(q,p)=h

〈γ |γ 〉 = lim
Δq→0

lim
Δp→0

∑
q

∑
p

Ω(q,p)=h

ΔqΔp

h

= 1

h

∫∫

Ω(q,p)=h

dq dp = 1 . (15.22)

This means that all contributions coming from γ -wave packages corresponding to a
phase space volume h (“Planck cell”) will add up to yield the weight one together.
(For a more detailed discussion of the basis characteristics of Gaussian wave pack-
ages see [7, 8].)

Now we jump back to the considerations about the spectrum of the Hamiltonian
and the 1̂-operator, respectively, to analyze the “weight” of a single |γ 〉 wave pack-
age to the full spectrum. As mentioned before the contribution of a single wave
package corresponds to g(γ , E). Since such a wave package might contribute to
many energy levels we have to sum over all energies

∑
E

g(γ , E) =
∑

E

〈γ |P̂(E)|γ 〉 = 〈γ |γ 〉 since
∑

E

P̂(E) = 1̂ , (15.23)
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and therefore, together with (15.21)

∑
E

g(γ , E) = ΔqΔp

h
. (15.24)

This means that while the spectrum is built up from contributions coming from
γ -wave packages, the contributions from wave packages corresponding to a phase
space volume h will add exactly the weight 1 to the spectrum (see (15.22)). If this
weight was now concentrated in one single energy level, one could say that the
Sommerfeld quantization was exactly right and that a volume h would correspond to
exactly one energy eigenstate. This, however, is typically not the case. Nevertheless,
(15.24) means that if the contributions of wave packages corresponding to classical
states up to a certain energy fall entirely into some energy range of the quantum
mechanical spectrum, and no other wave packages lead to contributions within this
range, the total number of states within this range has to equal the classical phase
space volume up to the corresponding energy divided by h. This situation might
very well be satisfied to good accuracy, as we will see. This is the reason why in
some simple cases like the particle in a box or the harmonic oscillator this simple
relation holds exactly true.

It is straightforward to generalize the above-introduced scheme to N particles,
or rather 3N degrees of freedom. |γ 〉 then has to be chosen as a product of the
above-described wave packages so that the contributions corresponding to a phase
space region of volume h3N will add the weight one to the spectrum.

To decide now whether or not the approximation of the number of quantum
mechanical states within the respective energy interval by the volume of the classical
phase space divided by h is a reasonable approximation, we analyze (15.15) more
thoroughly. Since the exact form of g(γ , E) can only be calculated with huge effort,
we cannot evaluate this equation exactly. However, some properties of g(γ , E) can
be estimated with pretty good precision. The mean value, e.g., reads

g(γ ) :=
∑

E E g(γ , E)∑
E g(γ , E)

= 〈γ |Ĥ |γ 〉
〈γ |γ 〉 ≈ p2

2m
+ 1

2m

(
�

Δx

)2

+ V (q) , (15.25)

where V is the potential energy part of the Hamiltonian and the right-hand side holds
if Δx is small compared to the curvature of the potential. Also the energy spread,
the variance of g(γ , E), can roughly be estimated as

Δg(γ ) :=
√

〈γ |Ĥ 2|γ 〉 − 〈γ |Ĥ |γ 〉2

〈γ |γ 〉 ≈ p�

mΔx
+ ∂ H

∂x

∣∣∣∣
q,p

Δx . (15.26)

(The second equality, of course, only holds for the structures of V (q) being small
compared to Δx .) We thus find that the mean of g(γ , E) will be quite close to
the energy of the corresponding classical state U = H (q, p) and that its width
will be reasonably small, at least for systems with large mass and small potential
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gradients. Or, stated in other words, a minimum momentum–position uncertainty
wave package has a spectrum concentrated around the energy of its corresponding
classical state.

Let us assume that the spectra of those packages have a form, in which almost
all of their weight is concentrated within a range of some variances Δg(γ ) from the
mean, like for Gaussians or Poissonians (see Fig. 15.4). Summing over the relevant
energy interval only, we can approximate (15.24) by

E=U+kΔg(γ )∑
E=U−kΔg(γ )

g(γ , E) ≈ ΔqΔp

h
, (15.27)

where k is some small integer and U the classical energy H (q, p). Around the
classical energy U we introduce a typical spread Δg(U ) of our wave packages in
the energy region (e.g., an average over all spreads in the energy region). We can
then approximately calculate the number of energy eigenstates within a small energy
region around U . We sum over an energy interval E = U −lΔg(U ) . . . U +lΔg(U ),
where l is an integer, so that we sum over a region of some typical spreads Δg(U ).
According to the connection of g(γ , E) and Gqm(U ) in (15.15) it is possible to write

E=U+lΔg(U )∑
E=U−lΔg(U )

Gqm(E) =
E=U+lΔg(U )∑
E=U−lΔg(U )

∑
γ

g(γ , E) . (15.28)

Now we want to rearrange this double sum, to use the approximation (15.27).
Because of the dependencies on the different parameters, this is not so easy. In
Fig. 15.6 we try to illustrate the situation. The idea is that, if l is large enough,
almost all g(γ , E) from this energy region fall entirely into that part of the spec-
trum that is summed over and to which (15.27) applies (area I in Fig. 15.6). No

U = Ĥ(q, p)

2lΔg(U)

EU − lΔg(U) U + lΔg(U)

I IIII IIIIII

Δg(U) Δg(U)
g(U)

Fig. 15.6 Summation of wave packages. Large region I: all wave packages fall entirely into that
part of the spectrum that is summed over. Region II: all packages are totally outside of the consid-
ered energy region. They do not contribute to the sum. Region III: problematic packages are at the
edges



15.3 Minimum Uncertainty Wave Package Approach 169

packages that are totally outside of the considered energy region contribute to the
sum, therefore we can forget about them (area II in Fig. 15.6). Indeed there could
be some packages at the edges of the considered region, for which we do not know
their contribution to the sum, because they are inside as well as outside of the region
(area III in Fig. 15.6). Within this interval of 2kΔg(γ ) at the edges of the considered
energy region, (15.27) can obviously not be applied, therefore we also neglect it. As
a reasonable approximation for (15.28) one may accept to use

E=U+lΔg(U )∑
E=U−lΔg(U )

∑
γ

g(γ , E) ≈
∑

γ

U−lΔg(U )≤H (γ )≤U+lΔg(U )

ΔqΔp

h
. (15.29)

This is a sum, for which only those γ ’s contribute with ΔqΔp/h that are totally
inside the considered energy interval around U . We need to estimate the error
induced by the edges of the region. If the gradient of the classical Hamilton function
in (15.26) does not vary much within the energy region (no extremely different
spreads of the packages within and at the edges of the considered region), the rel-
ative error, ε̃ can be estimated as the ratio of the energy interval at the edges, for
which the g(γ , E) do not fall entirely into the summed over part of the spectrum to
the total summed energy interval

ε̃ ≈ 2Δg(U )

2lΔg(U )
= 1

l
. (15.30)

Keeping this in mind and with Δq → 0 and Δp → 0 in (15.29) we get

lim
Δq→0

lim
Δp→0

∑
q,p

U−lΔg(U )≤H (q,p)≤U+lΔg(U )

ΔqΔp

h

=
∫∫

U−lΔg(U )≤H (q,p)≤U+lΔg(U )

dqdp

h
, (15.31)

where the integral in phase space is restricted to an energy shell with the spread
2lΔg(U ). In classical mechanics such an integral over an energy shell in phase space
can be transformed into an integral of the classical state density Gclass(E) over the
energy itself. We conclude that

E=U+lΔg(U )∑
E=U−lΔg(U )

Gqm(E) ≈ 1

h

∫ U+lΔg(U )

U−lΔg(U )
dE Gclass(E) , (15.32)

with a relative error given by (15.30).
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We have thus found that the number of states within a certain energy region is
equal to the phase space volume corresponding to that energy region, divided by
h. The energy region that has to be summed over is proportional to lΔg(U ). The
relative error occurring is inversely proportional to l. Thus, this method is definitely
not adequate to identify individual energy eigenstates with satisfactory precision.
However, the number of states within an interval of, say 100 times the energy spread
of a minimum uncertainty wave package, can be predicted with pretty good accu-
racy.

15.4 Implications of the Minimum Uncertainty
Wave Package Approach

The method introduced in the last section essentially yields an equivalence of classi-
cal and quantum mechanical state densities on a certain gross scale: The amounts of
states within an energy interval lΔg are the same for classical and quantum mechan-
ical descriptions, up to a relative error of size 1/ l (under the presupposition that a
volume element in phase space of scale h contains “one” state). Thus the degree of
their similarity is set by the size (or rather smallness) of the energy interval lΔg. This
in turn is small for systems with small potential gradients and big particle masses.
However, if the entropy (or rather the partition function) is calculated on the basis
of the canonical ensemble, the details of the state density become more and more
irrelevant in the limit of high temperatures. It is straightforward to show that, based
on such a reasoning, a criterion may be expressed in the following way:

lΔg � kBT . (15.33)

If this condition is fulfilled very similar outcomes of thermodynamic potentials will
result from classical and quantum mechanical descriptions. For larger temperatures
this condition may apply even for somewhat smaller masses and larger potential
gradients. Note that this condition, unlike the one that may be deduced from (15.9),
does not necessarily scale directly with the magnitude of the potential gradient.

15.5 Correspondence Principle

It is quite comforting to see that the quantum approach to thermodynamics is com-
patible with classical procedures – in those cases where classical models are avail-
able at all. This fact can hardly be overestimated, as there are many branches of
physics, in which thermodynamics is routinely applied while a quantum foundation
would neither be feasible nor of practical interest. Pertinent examples would include,
e.g., macroscopic physical and biophysical systems. The situation is different, e.g.,
for the concept of chaos: Here the exponential increase of distance between initially
nearby states has no direct counterpart in quantum mechanics (where the distance
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is invariant under unitary transformation). This “failure of the correspondence prin-
ciple,” has led to considerable discussions in the last decades (Joos, e.g., writes
“the Schrödinger equation is not the appropriate tool for analyzing the route from
quantum to classical chaos” [9]). It is, however, of no relevance for the similarity
of thermodynamical potentials as computed from classical or quantum descriptions:
If (15.33) holds a classical description applies to the quantum system, irrespective
of the absence of exponential instability, chaos, ergodicity, mixing, etc., in quantum
dynamics.
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Chapter 16
Equilibration in Model Systems

Statistical mechanics is not the mechanics of large,
complicated systems; rather it is the mechanics of limited not
completely isolated systems.

— J. M. Blatt [1]

Abstract To illustrate the relaxation principles that have been analyzed in an
abstract way in Chaps. 6–10, we now turn to some numerical data, based on a cer-
tain type of models. These models are still rather abstract and may thus be viewed as
extremely reduced and simplified models for a whole class of concrete physical situ-
ations. The models are always taken to consist of (cf. Fig. 9.1) the considered system
S, the environment E, and the interaction. Straightforward numerical solutions of
the corresponding time-dependent Schrödinger equations already demonstrate local
equilibration.

The models addressed in the following are discrete, closed, quantum mechanical
Hamilton models, for which a discrete, finite-dimensional Schrödinger equation has
to be solved. Local spectra are translated into discrete diagonal matrix Hamiltonians
that describe the decoupled bipartite system. As described in Sects. 9.3 and 8.1 the
interaction strength sets the width of the local energy subspaces. The occupation
probabilities of those subspaces or pertinent sums of them have to be conserved
(cf. (9.15), (9.4)) in order to have a well-defined accessible region (AR). Now, the
most simple way to get such conserved occupation probabilities is to concentrate all
states within such an energy subspace in one degenerate level and have the adjacent
subspaces (also formed by degenerate levels) well separated by finite energies. This
way the (local or global) subspace occupation probabilities are to a good approxima-
tion conserved as long as the elements of the interaction matrix are small compared
to the finite energy distances between adjacent levels. Thus, just for simplicity, we
construct our models according to this scheme. This way systems which exhibit
fully developed typicality are easily numerically accessible on a standard computer.

The form of the interaction depends in principle on the concrete physical sub-
systems and their interactions. However, since our theory indicates that for the
(equilibrium) quantities considered here (entropy, occupation probabilities, etc.) the
concrete form of the interaction should not matter, the interaction is taken as some
random matrix. Many of the situations analyzed in this chapter are very similar to

Gemmer, J. et al.: Equilibration in Model Systems. Lect. Notes Phys. 784, 173–188 (2009)
DOI 10.1007/978-3-540-70510-9 16 c© Springer-Verlag Berlin Heidelberg 2009
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those known from the context of quantum master equations. However, note that in
order to apply the theories at hand to those systems, neither a Markovian nor a Born
assumption has to hold. And indeed the environmental autocorrelation functions of
the above-described models do not decay at all (due to the degeneracy). Furthermore
we do not necessarily impose factorizing initial conditions.

16.1 Microcanonical Entropy

All data in our first example refer to the situation depicted in Fig. 16.1 (cf. [2]).
The system under consideration consists of a two-level system (N S

0 = N S
1 = 1),

while the environment consists of just one energy level with degeneracy N E =
50. This is necessarily a microcanonical situation regardless of the interaction Î .
The environment cannot absorb any energy; therefore, energy cannot be exchanged
between the subsystems.

ΔE
⊗

Î

NE = 50

system environment

Fig. 16.1 Microcanonical scenario: a two-level system is weakly coupled to a system with one
energy level of degeneracy N E = 50. This is a model for a system in contact with a much larger
environment such that no energy can be exchanged

In this situation the probabilities of finding the system in the ground (excited)
state are conserved quantities and in this example chosen as W S

0 = 0.85 (W S
1 =

0.15). The probability to find the environment in its only level is of course W E = 1.
Since the assumptions made in Sect. 10.2.2 apply, we may, considering (10.25),
expect typicality of the average, i.e., the maximum entropy state if

∑
B

(W E
B )2

N E
B

= 1

N E
= 0.02 (16.1)

is small compared to 1, which is obviously the case. Thus, drawing states in accord
with the given probabilities at random, we expect most of them to exhibit the maxi-
mum local entropy which is in accord with those probabilities.

To examine this expectation, a set of random states, uniformly distributed over
the AR, has been generated. Their local entropies have been calculated and sorted
into a histogram. Since those states are distributed uniformly over the AR, the num-
ber of states in any “entropy bin” reflects the relative size of the respective Hilbert
space compartment.
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The histogram is shown in Fig. 16.2. The maximum local entropy in this case is
SS

max = 0.423 kB. Obviously, almost all states have local entropies close to SS
max.

Thus compartments corresponding to entropies of, say, SS > 0.4 kB indeed fill
almost the entire AR, just as theory predicts. Local pure states (SS = 0) are practi-
cally of measure zero.
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Fig. 16.2 Relative size of Hilbert space compartments: this histogram shows the relative frequency
of states with a given local entropy S, among all states from the accessible region. In this case the
maximum possible entropy is SS

max = 0.423 kB. Obviously, almost all states feature entropies close
to the maximum

In order to examine the dynamics, a coupling Î is introduced. To keep the con-
crete example as general as possible, Î has been chosen as a random matrix in the
basis of the energy eigenstates of the uncoupled system, with Gaussian-distributed
real and imaginary parts of the matrix elements of zero mean and a standard devia-
tion of

ΔI = 0.01ΔE . (16.2)

This coupling is weak, compared to the Hamiltonian of the uncoupled system.
Therefore, the respective interaction cannot contain much energy. The spectrum of
the system (see Fig. 16.1) does not change significantly due to the coupling, and
after all the environment is not able to absorb energy.

Now the Schrödinger equation for this system, including a realization of the
interaction, has been solved for initial states consistent with the specifications given
above (16.1). Then the local entropy at each time has been calculated, thus resulting
in a picture of the entropy evolution. The result is shown in Fig. 16.3. Obviously the
entropy approaches SS

max within a reasonable time, regardless of the concrete initial
state. Thus, the tendency toward equilibrium is obvious. The concrete form of the
interaction Î only influences the details of this evolution, the equilibrium value is
always the same. If the interaction is chosen to be weaker, the timescale on which
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Fig. 16.3 Evolution of the local entropy for different initial states. A universal state of maximum
entropy (equilibrium) is reached, independent of the initial state

equilibrium is reached gets longer, but, eventually, the same maximum entropy will
be reached in any case.

16.2 Canonical Occupation Probabilities and Entropy

Just like in the last section we present some numerical data (cf. [2]) to support the
principles derived in Sects. 10.3 and 10.4. The first model, which has been analyzed
numerically to illustrate the above-mentioned principles, is depicted in Fig. 16.4.
The considered system S, again, consists only of a two-level system with E0 = 0,
E1 = 1. The environment E in this case is a three-level system with an exponential
state density: N E

B = 50 · 2B (i.e., α = ln 2) with B = 0, 1, 2. This degeneracy

ΔE

ΔE

ΔE

⊗

Î

system environment
NE

0 = 50

NE
1 = 100

NE
2 = 200

Fig. 16.4 Canonical scenario: a two-level system is weakly coupled to a three-level environment,
such that energy can be exchanged. The exponential degeneracy scheme of the environment guar-
antees a full independence of the equilibrium state from the initial state
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scheme (environmental spectrum) has been chosen for two reasons: (i) If we restrict
ourselves to initial states featuring arbitrary states for the system, but environment
states that only occupy the intermediate level, theory predicts an equilibrium state
of the system, which should be independent of its initial state [see (10.35)]. (ii) A
straightforward calculation (which we omit here) shows that the average distance to
the average state as calculated from (10.31) is always small compared to 1. Thus
typicality and equilibration may be expected. (This also holds for the following
examples.)

In this case we find from (10.35) for the typical occupation probabilities:

W S
0 = e−αE0

e−αE0 + e−αE1
= 1

1 + e−α
= 2

3
,

W S
1 = 1 − W S

0 = 1

3
. (16.3)

To keep the situation as general as possible, Î was, like in Sect. 16.1, chosen to be a
matrix with random Gaussian-distributed entries in the basis of the eigenstates of the
uncoupled system, but now with energy transfer allowed between the subsystems.

For this system the Schrödinger equation has been solved and the evolution of the
probability of finding the system in its ground state, W S

0 , is displayed in Fig. 16.5.
The different curves correspond to different interaction strengths, given by the stan-
dard deviation ΔI of the distribution of the matrix elements of Î by

ΔIsolid, dashed = 0.0075ΔE , ΔIdotted = 0.002ΔE . (16.4)
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Fig. 16.5 Evolution of the ground-level occupation probability for three different random interac-
tions. The dotted line corresponds to a weaker interaction. Even in this case the same equilibrium
value, W S

0 = 2
3 , is approached, only on a longer timescale
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Obviously, the equilibrium value of W S
0 = 2/3 is reached independently of the

concrete interaction Î . Within the weak coupling limit the interaction strength only
influences the timescale on which equilibrium is reached.

Figure 16.6 displays the evolution of the same probability, W S
0 , but now for dif-

ferent initial states, featuring different probabilities for the ground state, as can be
seen in the figure at t = 0. The equilibrium value is reached for any such evolution,
regardless of the special initial state, thus we confirm the effective attractor behavior
which generically occurs in thermodynamics.
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Fig. 16.6 Evolution of the ground-level occupation probability for different initial states. The the-
oretically predicted equilibrium value is reached, independent of the initial states, as expected for
canonical conditions

Figure 16.7 displays the evolution of the local entropy of the system for the
same three initial states as used for Fig. 16.6. The maximum entropy, consistent
with the equilibrium value of the energy probabilities, is SS

max = 0.637 kB. This is
also the value one finds, if one maximizes entropy for fixed mean energy (Jaynes’
principle). Obviously, this value is reached for any initial state during the concrete
dynamics of this model. This supports the validity of (10.29), which states that the
density matrix of the equilibrium state is diagonal in the basis of the local energy
eigenstates.

To analyze the formation of a full Boltzmann distribution, we finally investigate
the system depicted in Fig. 16.8. Here the system is an equidistant five-level system
and the environment a five-level system with degeneracies N E

B = 6 · 2B (B =
0, . . . , 4), which should lead to a Boltzmann distribution with β = α = ln 2 [cf.
(10.35)]. For numerical analysis we restrict ourselves to initial states, where for both
subsystems only the intermediate energy level is occupied (symbolized by the black
dots in Fig. 16.8). Due to energy conservation other states of the environment would
not play any role in this case even if they were present, just like in the previous
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Fig. 16.7 Evolution of the local entropy for different initial states. S = 0.637 kB is the maximum
entropy that is consistent with the equilibrium energy probabilities. This maximum entropy state
is reached in all cases

ΔEΔE
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system environment
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NE
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NE
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NE
3 = 48

NE
4 = 96

⊗

Fig. 16.8 Canonical multilevel scenario: a five-level system is weakly coupled to a five-level envi-
ronment with an exponential degeneracy scheme, such that energy may be exchanged. Black dots
symbolize the initial state. This setup should lead to a Boltzmann distribution

model. Figure 16.9 shows the probabilities W S
A of the different energy levels to be

occupied. While the system starts in the intermediate (third) energy level, soon the
predicted Boltzmann distribution develops: Each probability becomes twice as high
as the one for the level above.
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Fig. 16.9 Evolution of the energy occupation probabilities. After some relaxation time a Boltz-
mann distribution is reached. Each probability is twice as high as the one for the next higher
energy level, as theory predicts

16.3 Probability Fluctuations

Unfortunately the term “fluctuations” has various meanings in the field of physics
[3–5]. In the context of thermostatistics one speaks of thermal fluctuations, meaning
that the probability distribution with respect to some extensive variable, e.g., energy,
might not be exactly sharp for fixed intensive variable, e.g., temperature. Instead
one gets an energy probability distribution peaked at some value, having a certain
width. This width is taken to characterize “fluctuations,” but the distribution itself is
constant in time, i.e., does not fluctuate.

In the context of quantum mechanics fluctuations also refer to the width of (quan-
tum mechanical) probability distributions (“uncertainties”). The so-called “vacuum
fluctuations” refer to the fact that the probability to measure some finite electro-
magnetic field intensity, say, does not vanish even in vacuum (i.e., a pure state).
Nevertheless again the probability distribution itself is constant in time.

The fluctuations we want to discuss in this section are of a different kind. In our
approach all occupation probabilities are explicit functions of time, which reflects
the eternal motion of the pure state of the total system within its accessible region.
Since the HV of the probabilities is not zero, probabilities will vary in time as the
state vector wanders around in Hilbert space. These fluctuations in time will be
studied numerically and compared to the pertinent HV as given in (8.19) concretely.

To those ends a system almost like the one depicted in Fig. 16.4 is analyzed, but
now with a degeneracy scheme given by

N E
B = N E

0

2
2B . (16.5)
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The ratios between the degrees of degeneracy of the different reservoir levels are
thus the same as for the system sketched in Fig. 16.4, but the overall size of the
environment is tunable by N E

0 . For various N E
0 , the Schrödinger equation has been

solved numerically, and the following measure of the fluctuations of the occupation
probability of the ground level of the system has been computed as

Δ2
t W S

0 := 1

tf − ti

(∫ tf

ti

(
W S

0 (t)
)2

dt −
(∫ tf

ti

W S
0 (t) dt

)2
)

, (16.6)

for initial states with

W S
0 (ti) = 0.2 , W S

1 (ti) = 0.8 . (16.7)

Figure 16.10 shows the dependence of the size of these fluctuations on the size of
the environment N E

0 . The small crosses are the computed data points, the dashed line
is a least square fit with a function proportional to 1/N E

0 . Obviously, this function
fits very well, confirming that fluctuations vanish like the square root of the effective
system size N E

eff. This fitting procedure yields

Δt W
S
0 =

√√√√0.053

N E
0

= 1√
N E

eff

. (16.8)

Plugging the above numbers into (8.19) yields for the Hilbert space variance (HV)
of the ground state occupation probability, or rather its square root
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Fig. 16.10 Fluctuations of the probability for the considered system to be in the ground
state Δt W S

0 , in dependence on the number of eigenstates of the environment system
N E

0 (for otherwise fixed degeneracy structure). Fluctuations decrease with increasing environment
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ΔH(W S
0 ) =

√
0.053

N E
0

. (16.9)

The excellent agreement between the concrete temporal fluctuations (16.8) and the
HV (8.14) is remarkable. One would have expected such an agreement if the tra-
jectories were ergodic with respect to the full AR which they are not. Nevertheless
fluctuations scale here as if they were.

16.4 Spin Systems

So far we have illustrated that thermodynamic aspects can be observed in a great
variety of bipartite few-level systems, just as theory predicts. The bipartite system
consists of a small system, the observed system, and a larger system with some
hundreds of energy levels, the environment. We have chosen the coupling between
system and environment to be a random interaction, to avoid any bias.

Now we will show that based on theoretical concepts developed in this book,
thermodynamic behavior can be found also in another class of systems – a class of
modular systems (see Sect. 12.2) with only pair interaction. These special interac-
tions of subsystems considered here are far from being unbiased like a total random
interaction would be. We will deal mainly with linear chains, with an identical
interaction between each subsystem, e.g., a Heisenberg interaction. Nevertheless,
we will find that even in these special models, a thermodynamic behavior can be
observed, without any further coupling to an environment. The investigations here
are structured in an analysis of global and local properties of such systems. Further-
more, we will observe the local behavior of these chains additionally coupled to an
environment.

16.4.1 Global Observables

Probably the first example in which dynamical equilibration of some observable in
a small quantum system has been demonstrated by simple numerical integration is
due to Jensen and Shankar [6]. In 1985 they considered a chain of N = 7 subsystems
(n = 2 levels each), i.e., spins, coupled by a next neighbor interaction. Investigating
the Hamiltonian given by

Ĥ =
N∑

μ=1

(
θ1 σ̂

(μ)
1 + θ2 σ̂

(μ)
3

)
+ λ

N∑
μ=1

σ̂
(μ)
3 σ̂

(μ+1)
3 , (16.10)

with the Pauli operators σ̂
(μ)
i of the spin μ (see Sect. 2.2.2) and subject to cyclic

boundary conditions (θ1, θ2, and λ are constants), they found hints of thermody-
namic behavior in such a modular system. After a numerical integration of the
Schrödinger equation for the full system, they found an equilibrium value for some
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expectation values of global observables of the system. One interesting observable
in this context is, e.g., the magnetization in x-direction of the whole system

M̂1 =
N∑

μ=1

σ̂
(μ)
1 . (16.11)

They chose to consider pure initial states that occupy a certain energy region
(e.g., E = 4) The time dependence of the corresponding magnetization is shown
in Fig. 16.11. Here one finds for a more or less time-independent magnetization
(mean magnetization M1 = 2.46; solid line in Fig. 16.11). This mean value is inde-
pendent of the details of the initial state of the system, but note that, of course, the
equilibrium value depends on the total initial energy of this state. Concretely, this
magnetization turns out to be in accord with the magnetization of a corresponding
microcanonical equilibrium state.

Fig. 16.11 Equilibrium
behavior of the global
magnetization of a spin
system. Total energy of the
initial state E = 4. The
horizontal line marks the
average magnetization
M1 = 2.46 (θ1 = 1, θ2 = 0.5,
and λ = 0.5, cf. [6])
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0804
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]

According to Sect. 8.3 at least hints of equilibration may be expected (as
observed) in this consideration. The magnetization is an observable with a bound
spectrum. The dimension of the subspace that defines the AR in this case is given
by the number of energy eigenstates within the region from which the initial state
is chosen. Since the dimension of the full Hilbert space is in the current example
“only” nN = 128, the number of eigenstates corresponding to a fraction of the full
spectrum is not extremely large. This is why the example still exhibits rather large
equilibrium fluctuations (in the sense of Sect. 16.3). Nevertheless equilibration as
discussed in Sect. 8 is illustrated.

16.4.2 Local Properties

Furthermore, one can observe the local properties within such a modular system,
i.e., the behavior of a single spin in the chain (see Fig. 16.12). Hence, the rest of
the system constructs the environment proper. The N −1 uncoupled remaining sub-
systems together feature N different energy levels, each of which with a binomial
distributed degeneracy, as shown in the right-hand side of Fig. 16.12. For a weak
coupling everywhere in the chain, the interaction provides for a small lifting of the
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Fig. 16.12 Spectrum of an N = 10 spin system. On the left side, the chain of coupled spins is
shown (the dots mark the initial product state). The right-hand side shows the complete spectrum
of N = 9 spins as an environment for the first spin of the chain. (Again, the dots mark the initial
state)

degeneracy in the system, but leaves the spectrum qualitatively unchanged. Alto-
gether the system is now in the form required for the theory. However, compared
with the randomly chosen interactions, the coupling between the spin of interest
and the rest of the system (environment) is a very special coupling, resulting from
the structure of the whole system.

Concretely, the spins are coupled by a Heisenberg type of interaction with the
total Hamiltonian

Ĥ = 1

2

N∑
μ=1

σ̂
(μ)
3 + λ

N−1∑
μ=1

3∑
i=1

σ̂
(μ)
i σ̂

(μ+1)
i , (16.12)

where we choose λ to be very small in comparison to the local energy gap ΔE = 1
of each spin (λ = 0.002).

In the middle of the spectrum we find the largest number of states and, since
we need a sufficiently large Hilbert space compartment to gain thermodynamical
behavior, we initially start in this subspace (see Fig. 16.12). As an initial state we
use a product state of the uncoupled system with total energy E = 5. Again, the
Schrödinger equation is solved here for a system of N = 10 spins. We observe the
occupation probability of the excited energy level of the first (see Fig. 16.13a) and
the fifth (see Fig. 16.13b) spin of the chain. Both spins develop into the totally mixed
state, which refers to an infinite temperature, since the environment consists of two
bands with the same amount of levels. This result is in perfect agreement with the
theoretical predictions.

It is also possible to find such a local equilibrium behavior for a lower total
energy, but due to more fluctuations, because of the smaller Hilbert space compart-
ments used. However, if we could include some hundreds of spins into our consid-
eration, we expect to find a local thermodynamical behavior of a single subsystem
with a finite temperature and due to very small fluctuations.
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Fig. 16.13a Probability of
finding the first spin in a
chain of 10 spins excited.
Horizontal line marks the
mean value of the probability
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Fig. 16.13b Probability of
finding the fifth spin in a
chain of 10 spins excited.
Horizontal line marks the
mean value of the probability
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16.4.3 Chain Coupled Locally to a Bath

After we have studied several properties of isolated chains let us now investigate
the local coupling of an environment to the edge of a modular system. Interesting
questions in this context are whether the whole system is still to be found in the
theoretically predicted equilibrium state and whether also the single subsystems are
in the respective equilibrium state.

In Sect. 4.8 we have introduced a formalism how to model the influence of an
environment, assuming an infinite environment, within the theory of open quantum
systems. All the problems which appear by comparing a finite bath situation as
presented here with an infinite one will be discussed later in Sect. 20. Let us here
investigate the full solution of the Schrödinger equation in comparison to this open
system approach and show the equivalence of these two approaches.

First, we consider the solution of the full Schrödinger equation of the system,
here two spins, coupled to an environment. The two subsystems in the considered
system together form a four-level system. For the environment we use a nine-level
system with a degeneracy increasing exponentially with energy (Fig. 16.14). This
environment is weakly coupled to one spin only. Both interactions, the internal sys-
tem interaction and the external environment coupling, are chosen randomly. For
such an environment theory would predict a canonical equilibrium state on the four-
level system, with a temperature T (E) (see Sect. 10.4) for arbitrarily initial states. The
temperature of this four-level system should be the spectral temperature imposed by
the level structure of the environment.
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Fig. 16.14 Modular system built up of two spins weakly coupled to an environment, such that
energy can be exchanged. Starting with the environment being in the fifth level an arbitrary initial
state of the system is possible

In Fig. 16.15 we show the probability of finding the full four-level system in
one of its eigenstates according to the solution of the full Schrödinger equation in
the finite bath case. The dynamics in Fig. 16.16 refers to the solution of a quantum
master equation for an infinite bath. Obviously, both approaches reach the same
equilibrium state, which is in perfect agreement with the predictions of the theory
developed above.
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Fig. 16.15 Probabilities of finding the two-spin system in one of its four eigenstates according
to the solution of the full Schrödinger equation. Solid lines refer to the theoretically predicted
values [7]

Furthermore, we are interested in the local temperatures of the single subsystems
in comparison with the global temperature of the four-level system. Only if these
two temperatures are equal, temperature would be an intensive and local quantity.
As the pertinent temperature we use the spectral temperature of Chap. 13. Since the
interaction between the two subsystems does not enter our temperature measure,
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Fig. 16.16 Probabilities of finding the two-spin system in one of its four eigenstates according to
a quantum master equation. Solid lines refer to the theoretically predicted values [7]

we expect that we get a good agreement between global and local temperatures for
internally weak couplings. Therefore, we investigate the local temperature and its
dependence on the internal coupling strength. In Fig. 16.17a we show the result for
a full integration of the Schrödinger equation for given internal coupling strength λ

and in Fig. 16.17b the same investigation due to a quantum master equation, together
with the global fixed temperature (solid line). As can be seen in both cases, local
and global temperatures are approximately the same for a small internal coupling
strength λ, whereas for a larger coupling, global and local temperatures differ.

Fig. 16.17a The global
(bottom solid line) and the
local temperatures of the two
single subsystems as a
function of the internal
coupling strength λ according
to the solution of the full
Schrödinger equation [7]
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Fig. 16.17b The global
(bottom solid line) and the
local temperatures of the two
single subsystems as a
function of the internal
coupling strength λ according
to the Lindblad formalism [7]
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Chapter 17
Brief Review of Relaxation
and Transport Theories

Professor Prigogine’s search for “irreversibility at the
microscopic level” can be seen as an attempt to extend
thermodynamics all the way down to the level of quantum
mechanics . . . He was hoping for a fundamental, almost
deterministic partial differential equation which could
describe thermodynamics at the quantum level.

— K. Gustafson [1]

Abstract In this chapter we will rather briefly mention well-established approaches
to relaxation and transport behavior in quantum systems. This is not meant to be a
comprehensive review of all approaches concerning those complex fields of theo-
retical physics, but an overview of concepts and central ideas. To learn more about
the discussed topics, the interested reader is referred to the substantial secondary
literature which is cited in this chapter.

During the last years thermal relaxation and transport theory have regained a lot
of attention. The reasons for this renaissance are of practical as well as of funda-
mental nature. Novel practical aspects of the theory are often linked to the ongo-
ing miniaturization of all sorts of devices. If one scales down an electronic cir-
cuit, for instance, at some point the question arises whether a “nanowire” may still
be described by the corresponding macroscopic transport equation (Ohm’s law).
Molecular electronics, spintronics, and a lot of other concepts that may be subsumed
under the term “nanotechnology” rely on the controlled transport of quantities like
energy, charge, mass, magnetization, and the understanding of relaxation and loss
processes.

The question for relaxation and transport behavior in nanodevices can only be
answered by going back to the foundation and to the derivation of general equations
of motion. Only from the foundations of a theory its limits of applicability may be
inferred. Thus, the ongoing technological progress brings one back to rather funda-
mental questions. And those are far from being well understood: “Fourier’s law, a
challenge to theorists” reads the title of a recent paper by Bonetto et al. [2], and in
a recent issue of Nature Physics the statement “No one has yet managed to derive
Fourier’s Law truly from fundamental principles” [3] can be found. Therefore, from
both practical and theoretical points of view there is room and need to revisit the

Gemmer, J. et al.: Brief Review of Relaxation and Transport Theories. Lect. Notes Phys. 784,
191–199 (2009)
DOI 10.1007/978-3-540-70510-9 17 c© Springer-Verlag Berlin Heidelberg 2009
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foundations of relaxation and transport theory, i.e., its derivation from microscopic
principles.

17.1 Relaxation

Almost everything stated so far referred to situations of fully developed equilibrium.
We have described means to predict or guess the value that some variable, e.g.,
the probability of a system to be found at some energy level, will take on after
some, possibly long, relaxation time. However, nothing has been said about how
long such a relaxation time will be or what dynamics can be expected at all during
relaxation. This is an important aspect of non-equilibrium thermodynamics. The
most common scenario for the route to equilibrium is an exponential decay scheme.
One typically thinks of merely statistical processes, simply controlled by transition
rates rather than of some coherent evolutions. Nevertheless such a behavior should,
starting from first principles, eventually follow from the Schrödinger equation. Of
course there are many approaches to such a “derivation.”

17.1.1 Fermi’s Golden Rule

In the literature “Fermi’s golden rule” is mentioned frequently to account for expo-
nential decay scenarios, often in the context of spontaneous emission [4]. In order
for excited states to decay the considered system must be coupled to a large envi-
ronment. Together with this environment, the full system is assumed to feature a
smooth and rather high state density. Fermi’s golden rule (cf. Sect. 2.5.2) yields a
transition rate γ , i.e., the system is found to disappear from its excited state |i〉 with
a probability Pi proportional to the time passed and the probability to have been in
the excited state (2.93). If such a behavior can be established at any infinitesimal
time step during the evolution, an exponential decay results

Pi (t + dt) = −γ Pi (t) dt ⇒ Pi (t) = Pi (0) e−γ t . (17.1)

However, if Fermi’s golden rule is established on the basis of a time-dependent
perturbation theory, there are specific conditions, limiting the time of its applicabil-
ity. On the one hand the time passed (dt) has to be long enough to give rise to a linear
growth of Pi (t + dt) with dt , on the other hand it has to be short enough to justify a
truncation of the Dyson series at first order (2.86). Thus, the true coherent evolution
during the full relaxation process can definitely not be reduced to an exponential
decay behavior, controlled only by transition rates, without further considerations.

Implicitly it is often assumed that the application of Fermi’s golden rule could
somehow be iterated. The idea is to describe the respective evolution during the
limited time of its applicability and then take the resulting final state for the new
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initial state. This, however, is not a feasible concept either, as will be explained in
the following.

By means of a Dyson series, a short time evolution of the system can be described
[see (2.82)]

|ψ(t + dt)〉 = ÛI(t, dt)|ψ(t)〉 . (17.2)

Thus, the probability for the system to be found in the energy eigenstate |i〉 at t + dt
is given by

Pi = |〈i |ψ(t + dt)〉|2
= 〈ψ(t)|Û †

I (t, dt)|i〉〈i |ÛI(t, dt)|ψ(t)〉
=

∑
j,k

〈ψ(t)| j〉〈 j |Û †
I (t, dt)|i〉〈i |ÛI(t, dt)|k〉〈k|ψ(t)〉 . (17.3)

However, only in the case of j = k this reduces to

|〈i |ψ(t + dt)〉|2 =
∑

j

|〈i |ÛI(t, dt)| j〉|2|〈 j |ψ(t)〉|2, (17.4)

which essentially is Fermi’s golden rule describing the transition probability from
state | j〉 to state |i〉, just as (2.87) does with

Wi j (dt) = |〈i |ÛI(t, dt)| j〉|2 . (17.5)

Note that only for the special case of j = k is it true that the new probability distri-
bution |〈i |ψ(t + dt)〉|2 depends only on the old probability distribution |〈 j |ψ(t)〉|2
and that the transition rate |〈i |ÛI(t, dt)| j〉|2 does not depend on t . In general neither
is true, but these properties are needed for an autonomous iteration. Thus, if in the
beginning the initial state of the system is a simple energy eigenstate, j = k holds,
(17.3) may be replaced by (17.4), and Fermi’s golden rule applies. However, if the
state of the system is a superposition of energy eigenstates, as will be the case after
the first time step, the evolution has to be described by (17.3). In this case, the final
probability distribution depends on all details of the initial state as well as on time,
and Fermi’s golden rule does not apply. Therefore, in general, an iteration of this
rule cannot be justified in any simple, straightforward manner.

17.1.2 Weisskopf–Wigner Theory

An approach that is based on a (approximate) continuous solution of the Schrödinger
equation for all times, rather than on an iteration scheme, is the Weisskopf–Wigner
theory. A detailed discussion of this theory is definitely beyond the scope of this
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text, thus we want to refer the unfamiliar reader to [5], or other standard textbooks.
At this point we just want to add a few remarks.

The situation analyzed in this theory is, to some extent, the same as the one in
the section above. Whether or not an approximate solution can be found depends
strongly on a non-degenerate ground state of the environment and on, in the con-
sidered limit, infinitely high state density, combined with an infinitesimally weak
coupling. These conditions are met, for example, by an atom coupled to the electro-
magnetic field in open space, but makes the method difficult to apply to many other
situations.

17.1.3 Open Quantum Systems

The pertinent ideas, although basically invented to describe the relaxation process
rather than the fully developed equilibrium, have already been explained in Sect. 4.8.
Here, we do not want to repeat these explanations, but mention again that those
theories basically explain how a system will be driven toward equilibrium due to an
environment already being in equilibrium. Furthermore, the environment (as already
being in equilibrium) is assumed to be non-changing. Neither is necessarily the case
for the situations analyzed in the following chapters.

17.2 Transport

In this section we concentrate on two central theories of transport behavior within
non-equilibrium statistical mechanics. First, on particle and quasi-particle diffusion
following from a Boltzmann equation approach (cf. Sect. 4.1) and subsequently on
linear response theory and the Kubo formula.

In the following our focus will be primarily on “gradient-driven” transport,
i.e., transport that results from a gradient of the spatial density of the transported
quantity. This should be contrasted with “force-driven” transport where an exter-
nal force induces the current. While gradient-driven transport may occur for any
transported quantity, it is the only transport mechanism in the context of heat con-
duction. For this reason heat conduction will be our prime example. Note, however,
that a direct proportionality of the conductances occurring in gradient-driven and
force-driven transport is the main claim of the famous “Einstein relation” [6].

As will be explained in some detail below, both of the above approaches fea-
ture specific peculiarities. While the Kubo formula is derived on the basis of a
force-driven transport scenario, which raises the question of its applicability to heat
conduction, the dynamics of a quantum system has to be mapped onto a pertinent
Boltzmann equation, prior to using the latter as an investigation tool. To those ends
one usually has to rely on some sort of quasi-particle concept, such as e.g., phonons.

Let us start with a consideration of a Boltzmann equation as a tool to investigate
diffusion and consider the implementation of quasi-particles thereafter.
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17.2.1 Boltzmann Equation

In 1872 Boltzmann investigated the macroscopic dynamics of dilute gases. For
the description of a gas he introduced the μ-space, which is essentially a one-
particle phase space. An N particle gas would thus technically be represented by
N points in μ-space rather than one point in standard Hamiltonian phase space.
However, instead of using N points in μ-space for the description of the gas, Boltz-
mann introduced a distribution function Φ(r, v, t) in a somewhat “coarse-grained”
μ-space which is supposed to give the number of particles being in a cell around
drdv := d3rd3v. Instead of trying to describe the motion of every single parti-
cle which is impossible due to the huge numbers of particles in a gas, Boltzmann
suggested his famous equation which describes the time evolution of Φ(r, v, t) in
μ-space and is, in the absence of any external force, given by

∂

∂t
Φ(r, v, t) + v · ∇r Φ(r, v, t) = ∂Φ(r, v, t)

∂t

∣∣∣∣
coll

. (17.6)

The left-hand side is supposed to account for the dynamics due to particles that
do not collide, whereas the right-hand side describes the dynamics arising from
collisions. Those dynamics are only taken into account in terms of transition rates
R and the (coarse-grained) particle densities Φ, neglecting all correlations and
structures on a finer scale. Thus, this type of dynamics implements the famous
“assumption of molecular chaos” or the so-called “Stoßzahlansatz.” According to
the Stoßzahlansatz particles are not correlated before collisions, even though they
get correlated by collisions, due to very many intermediate collisions before the
same particles collide again. This treatment of collisions introduces irreversibil-
ity into the Boltzmann equation that is not present in the underlying Hamiltonian
equations (for more details, cf. Sect. 4.1). If either Φ is close to equilibrium or
for systems in which particles only collide with external scattering centers without
particle–particle collisions, the Boltzmann equation may be linearized yielding

∂

∂t
Φ(r, v, t) + v · ∇r Φ(r, v, t) =

∫
dv′ R(v, v′) Φ(r, v′, t) . (17.7)

A “velocity discretized” version of this linear Boltzmann equation reads

∂

∂t
Φi (r, t) + vi · ∇r Φi (r, t) =

∑
j

Ri j Φ j (r, t) , (17.8)

with the rates Ri j .
In the limit of small density gradients (17.8) may feature diffusive solutions, i.e.,

solutions that fulfill the diffusion equation

∂

∂t
ρ(r) = D Δρ(r) , (17.9)
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where the particle density ρ(r) is given by

ρ(r) =
∑

i

Φi (r, t) . (17.10)

Then the diffusion coefficient in (17.9) is found to be

D = −
∑
i, j

vi R−1
i j v j Φ0

j , (17.11)

with Φ0
j being the equilibrium distribution to which Ri jΦ

0
j = 0 applies. The coef-

ficients R−1
i j denote the inverse of the rate matrix (within the relevant space) from

which the equilibrium eigenspace has been removed [7–10]. In the absence of any
external scatterers D may diverge, indicating that no diffusive behavior can be
expected.

17.2.2 Peierls Approach and Green’s Functions

Boltzmann derived his equation for dilute gases consisting of classical particles, i.e.,
point particles. To use this celebrated approach for the investigation of heat transport
in solids, one somehow has to map the corresponding quantum dynamics onto a
Boltzmann equation. To this end Peierls suggested to consider the phonons within a
crystal as a gas, too [11]. Thus, in a classical picture transport is interpreted to result
from quasi-particles like phonons diffusing through the solid. In this picture a finite
heat conductivity results from scattering processes of the quasi-particles, in analogy
to the particles’ proper experiencing collisions. Eventually the above mapping has to
provide pertinent quasi-particle velocities and their mutual scattering rates. Peierls
simply suggested ad hoc, without any deeper justification, to compute the velocities
from the dispersion relations of the phonons (group velocities) and the scattering
rates from Fermi’s golden rule. To do so he treated the lattice anharmonicities as
perturbations. Since the lowest beyond harmonic order is the third order, the dom-
inant scattering processes are such that two particles “collide” to form a third one,
or vice versa. Besides energy conservation in such a process also quasi-momentum
conservations has to hold:

ω1 + ω2 = ω3 , (17.12)

k1 + k2 = k3 + ng , n ∈ Z , (17.13)

where (ω1, k1) and (ω2, k2) correspond to the two incoming phonons, (ω3, k3) to
the outgoing one, and g is the appropriate reciprocal lattice vector (cf. [12]).

It is not simple to generate a quantitative result in the sense of, say, (17.11) from
this approach, nevertheless this theory succeeds in explaining qualitatively the basic
heat transport properties of electrically isolating solids (cf. [12]). Crucial is the fact
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that all processes with g = 0 do not give rise to a finite conductivity, since they
conserve the total heat current. Of vital importance for the existence of a thermal
resistance are thus the scattering processes with g �= 0 called Umklapp processes.
According to the Boltzmann distribution of phonons, the number of high-energy
phonons decreases by exp{−Θ/T } for low temperatures. Thus for very low temper-
atures (T < Θ , Θ Debye temperature) most of the two “incoming” phonons do not
have enough joint momentum (and energy) to fulfill the above scattering conditions
for Umklapp process, thus, the latter die out rapidly. Thus, only considering the
frequency of Umklapp processes one would expect conductivity to decrease with
increasing temperature. However, (squared) phonon velocities (which enter (17.11))
increase with increasing temperature, so does the heat capacity that occurs in con-
verting energy density gradients (which appear in the Peierls–Boltzmann equation)
into temperature gradients (which appear in the definition of heat conductivity, cf.
(3.35), (17.14)). All these effects have, roughly speaking, to be multiplied. This
qualitatively explains standard heat conductivities that feature a maximum at some
temperature. However, in order to get a comprehensive picture of the conduction
properties of solids at low temperatures, scattering processes at impurities and at
the boundaries of the crystal have to be taken into account (see e.g., [12–16]), too.
Indeed, there are even doubts about the importance of Umklapp processes at all for
a finite conductivity in solids (see [17, 18]).

Regardless of the technical difficulties that occur when concretely applying
the Peierls–Boltzmann theory, the ad hoc mapping of the extremely complicated
quantum dynamics onto a comparatively simple Boltzmann equation has to be
questioned. In this mapping essentially all quantum features are boldly discarded.
However modern, more carefully developed theories based on so-called Green’s
functions essentially yield the same result, i.e., justify “Peierls’ mapping” [19].
Those theories are, roughly speaking, rather subtle, time-dependent perturbation
theories in which the particle–particle interactions (phonon–phonon scattering) are
treated perturbatively up to second order. Thus, in the above example, the Peierls–
Boltzmann approach may in principle yield reasonable results as long as the anhar-
monicities are small.

17.2.3 Linear Response Theory

In Sect. 3.2 it has been suggested that the energy current should be proportional to
the temperature gradient

j = −κ(T ) ∇T , (17.14)

where κ is the heat conductivity. This equation, called Fourier’s law, defines the
temperature-dependent heat conductivity κ (see [6, 20]).

To obtain an explicit expression for the heat conductivity a similar approach as
applied in standard direct current (dc) electric conductivity is often used. In the
latter case this approach is based on the idea that the electric potential is an external
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perturbation to the system under consideration, i.e., this perturbative theory aims
at a force-driven current. For a periodic time-dependent perturbation, this theory
makes use of time-dependent perturbation theory of first order, in which one has
to introduce a Dyson series expansion of the time evolution, truncated after the
leading order term. Like in the case of Fermi’s golden rule this perturbation leads
to transitions in the system. For a perturbation constant in time and space one has
to consider the zero frequency limit of this theory. This way, one is able to deduce
the dc electric conductivity, given by the famous Kubo formula which is basically a
current–current autocorrelation function (for a complete derivation see [6, 21–23]).

A similar approach for the thermal case has first been undertaken by Luttinger
[6, 24]; he essentially boldly replaced the electrical current by heat current, finding

κ = −T lim
s→0

∫ ∞

0
dt e−st

∫ β

0
dβ ′ 〈j(−t − iβ ′)j〉 . (17.15)

(The (complex) time dependence of the current operator j(−t − iβ ′) refers to the
Heisenberg picture of the unperturbed system, β denotes the inverse temperature,
and the brackets indicate a canonical average.) However, a temperature gradient
cannot be described as a part of the Hamiltonian of the system as it is the case for any
electrical perturbation potential. Or, like already mentioned heat current is always
gradient driven. Therefore, the above replacement requires concrete justification.
Nevertheless, the thermal Kubo formula is widely accepted. Kubo writes in his

book “Statistical Physics II” (p. 183 in [6]):

It is generally accepted, however, that such formulas exist and are of the same form as those
for responses to mechanical disturbances.

Thus, the thermal Kubo formula has become a widely employed technique and it
allows for a straightforward application to any quantum system, once its Hamilto-
nian is (approximately) diagonalized. For a comprehensive overview over the appli-
cation to spin systems, e.g., see [25] and the references given therein. Furthermore,
we would like to refer to some central works in connection to the thermal Kubo
formula, see [26–31].
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Chapter 18
Projection Operator Techniques and Hilbert
Space Average Method1

From the physical point of view the simplifying assumptions
are unfortunately rather restrictive and it is not clear how one
should remove them. There remains the basic problem in
which sense the master equation approximates the Liouville
equation.

— G. E. Uhlenbeck [2]

Abstract A common feature of quantum systems for which “non-equilibrium sta-
tistical mechanics” is applied is that they are too complex to be boldly solved by
the corresponding time-dependent Schrödinger equation. What else can be done
instead? Among a range of approaches there are projection techniques and the
Hilbert space average method (HAM). Both implicitly assume that the (possibly
few) observables of interest obey an autonomous equation of motion of their own.
Thus they essentially aim at finding this autonomous equation of motion for given
initial states, etc. In this section we describe both methods and discuss in which
sense they may be considered equivalent.

In the following we are going to apply a projection method to two scenarios:

1. Relaxation: all relevant observables correspond to a comparatively simple system
which is connected to a more complex system that then acts as an equilibrating
reservoir [3].

2. Transport: the relevant observable is the spatial density of some quantity that is
conserved on the full (complex, interacting) system such that, e.g., a diffusive
motion may possibly be expected [4, 5].

These applications to pertinent, simple models may be found in Chap. 19 concerning
the system–reservoir situation and in Chap. 20, which deals with transport investi-
gations. Here we develop the formal mathematical basis, focusing on topics like the
convergence (see also [6, 7]) and the connection of different approaches.

1This chapter is based on [1]. Here, the authors would like to acknowledge the outstanding and
extensive work done by H.-P. Breuer on quantum relaxation processes. Its impact on the work at
hand can hardly be overestimated.

Gemmer, J. et al.: Projection Operator Techniques and Hilbert Space Average Method. Lect.
Notes Phys. 784, 201–213 (2009)
DOI 10.1007/978-3-540-70510-9 18 c© Springer-Verlag Berlin Heidelberg 2009
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18.1 Interaction Picture of the von Neumann Equation

The dynamics of a closed quantum system is in general described by the Schrödinger
equation

d

dt
ρ̂ = −i[Ĥ , ρ̂] , (18.1)

written for the density operator here. This equation of motion is sometimes also
called the Liouville–von Neumann equation, cf. (2.49) The central operator deter-
mining the dynamics of the system is the Hamiltonian Ĥ . It is often convenient
to separate the Hamiltonian in to two parts, an unperturbed part eventually called
Ĥ0, which is under total control in the sense that we know its eigensystem, and a
perturbation V̂ . One could think, e.g., of a small system coupled to a large environ-
ment, where the perturbation V̂ could be the interaction between those two parts.
However, note that the discussion in the following is of more general nature and not
restricted to such system–reservoir situations.

To describe the dynamical properties of complex quantum systems it is often
beneficial to transform into the interaction picture (see Sect. 2.5.1), by using the
transformation

V̂ (t) = eiĤ0t V̂ e−iĤ0t . (18.2)

This transforms the Liouville–von Neumann equation into

d

dt
ρ̂ = −i[V̂ (t), ρ̂] ≡ L̂(t)ρ̂ , (18.3)

where we have introduced the Liouvillian L̂(t), a superoperator acting on the density
operator.

In general the dynamical equation (18.3) is a complex high-dimensional system
of differential equations and therefore not easily solvable. Thus, let us discuss a few
approaches to extract the dynamics of some relevant quantities.

18.2 Projection on Arbitrary Observables

A number of analytical and computational strategies are known which allow the
description of Markovian and non-Markovian relaxation and transport phenomena
in complex quantum systems. An important method is the projection operator tech-
nique, in which the transition from the complete microscopic description to an effec-
tive set of relevant variables is formalized through an appropriate projection super-
operator P̂ . Given the projection P̂ one derives closed systems of effective dynamic
equations for the relevant variables through a systematic perturbation expansion. In
the literature (see, e.g., [3]) there are two important variants of this scheme which
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lead to equations of motion with entirely different mathematical structure, namely
the Nakajima–Zwanzig (NZ) [8, 9] already introduced in Sect. 4.8 and the time-
convolutionless (TCL) projection operator techniques [10–13]. In the following let
us concentrate on the latter.

In a formal mathematical sense a projection superoperator is a linear map P̂ that
operates on the states of the system under consideration. The latter are represented
by density matrices, i.e., by positive operators ρ̂ on the underlying Hilbert space H
with unit trace,

ρ̂ ≥ 0 , Tr {ρ̂} = 1 . (18.4)

We write the map P̂ in terms of a linear independent set of relevant observables
B̂n = B̂†

n as follows:

P̂ ρ̂ =
∑

n

Tr
{

B̂n ρ̂
}

B̂n =
∑

n

bn B̂n . (18.5)

Hence, any state ρ̂ is mapped onto a linear combination of a certain set of relevant
observables which span the range of P̂ . Those observables are in principle some
quantities of interest, but note that we are not always free to choose whatever we
want here. Sometimes it may even be unclear what kind of operators we should take
at all. However, let us assume we have decided to take a special set of observables,
discussing the complications that could occur later.

Without restriction we may assume that the B̂n are orthonormal in the sense that

Tr
{

B̂n B̂m
} = δnm . (18.6)

This condition guarantees that the projection superoperator (18.5) defines a linear
map with the property of a projection

P̂2 = P̂ . (18.7)

The complementary projection to the irrelevant quantities is then defined according
to

Q̂ = Î − P̂, (18.8)

with Î being the identity map. Hence, we have Q̂2 = Q̂ and Q̂P̂ = P̂Q̂ = 0.
Standard operators in Hilbert space can be written as “vectors” within the Liou-

ville space. This superspace contains the above-defined superoperators acting on
operators of the Hilbert space. Defining the notation | Â) for an operator vector in
the superspace we introduce the Hilbert–Schmidt scalar product defined by

( Â|B̂) = Tr
{

Â† B̂
}

. (18.9)
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Thus, we can write the representation (18.5) in the suggestive form:

P̂ =
∑

n

|B̂n)(B̂n| . (18.10)

Of course, one may also consider other scalar products which lead to different
projection superoperators. For instance, one can introduce a scalar product that
depends explicitly on certain system parameters like the temperature or directly
on the system’s thermal equilibrium state (see, e.g., [14–18]). A number of further
modifications and extensions of the formalism have been proposed in the literature
(see, e.g., [6, 19–22]).

18.3 Time-Convolutionless Master Equation

The emergence of the time integration over a memory kernel in the Nakajima–
Zwanzig equation (cf. Sect. 4.8) is often regarded as the characteristic feature which
expresses the non-Markovian nature of the dynamics. It is said that this describes
a pronounced memory effect, i.e., the present dynamics depends on the complete
history of the system. However, there exists an alternative method for the develop-
ment of effective equations of motion for the relevant variables which is known as
time-convolutionless (TCL) projection operator method [3, 10–13]. By contrast to
the NZ approach, the TCL method leads to a time-local differential equation of the
general form

d

dt
P̂ρ(t) = K̂(t)P̂ρ(t) . (18.11)

Here, K̂(t) is a time-dependent superoperator, called the TCL generator. To explic-
itly derive such a time-local equation starting from the Liouville–von Neumann
equation of the full system is beyond the scope of this text. The interested reader
is referred to the excellent summary of all projection operator techniques in the
book by Breuer and Petruccione [3].

It must be emphasized that the TCL equation (18.11) describes non-Markovian
dynamics, although it is local in time and does not involve an integration over the
system’s past. In fact, it takes into account all memory effects through the explicit
time dependence of the generator K̂(t). To obtain the time-local form of (18.11)
one eliminates the dependence of the future time evolution on the system’s history
through the introduction of the backward propagator into the Nakajima–Zwanzig
equation (4.14). This enables one to express the density matrix at previous times
t1 < t in terms of the density matrix at time t and to derive an exact time-local
equation of motion. We remark that the backward propagator and, hence, also the
TCL generator may not exist, typically at isolated points of the time axis. This
may happen for very strong system–environment couplings and/or long integration
times; an example is discussed in [3].
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One can develop a systematic perturbation expansion for the TCL generator,
which takes the form

K̂(t) =
∑

i

K̂(i)(t) , (18.12)

where all odd terms of the expansion vanish, see [1, 3]. The various orders of this
expansion can be expressed through the ordered cumulants [23–26] of the Liouville
superoperator L̂(t) with the Liouvillian given in (18.3). For instance, the contribu-
tions of second order to the TCL generator are given by

K̂(2)(t) =
∫ t

0
dt1P̂L̂(t)L̂(t1)P̂ . (18.13)

One can formulate a simple set of rules that enables one to write down immedi-
ately these and corresponding expressions for any higher order (see [3]). The TCL
technique has been applied to many physical systems. Examples, which include
the determination of higher orders of the expansion, are the spin star model [27],
relaxation processes in structured reservoirs [19], decoherence phenomena in open
systems [28], the damped Jaynes–Cummings model [3, 29], and the dynamics of
the atom laser [30].

The equations of motion for the expectation values bn(t) introduced in (18.5) are
now obtained by using

bn(t) = Tr
{

B̂n ρ̂(t)
}
, (18.14)

yielding a time-local system of first-order differential equations,

d

dt
bn(t) =

∑
m

Knm(t) bm(t), (18.15)

with time-dependent coefficients,

Knm(t) = Tr
{

B̂n K̂(t) B̂m
} = K (2)

nm(t) + K (4)
nm(t) + · · · , (18.16)

according to the set of relevant observables B̂n . Explicitly, the second-order term is
given by

K (2)
nm(t) =

∫ t

0
dt1Tr

{
B̂nL̂(t)L̂(t1)B̂m

}
, (18.17)

which is a two-time correlation function. Using (18.3) we obtain

K (2)
nm(t) = −

∫ t

0
dt1Tr

{
B̂n[V̂ (t), [V̂ (t1), B̂m]]

}
. (18.18)
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In the TCL equation (18.11) we have made use of the initial condition P̂ ρ̂(0) =
ρ̂(0). For more general initial states one has to add a certain inhomogeneity to the
right-hand side of the TCL equation, which involves the initial conditions through
the complementary projection Q̂ρ̂(0) = (Î − P̂)ρ̂(0). A general method for the
treatment of such initial states within the TCL technique is described in [3]; for a
recent study on their influence in weakly coupled systems, see also [31, 32].

It is important to realize that the NZ and the TCL techniques lead to equations of
motion with entirely different structures, namely to a system of integro-differential
equations in the NZ approach and to a system of ordinary differential equations with
time-dependent coefficients in the TCL method. Therefore, in any given order the
mathematical structure of the solutions and the analytical or numerical strategies to
find these are very different [33]. It is difficult to formulate general conditions that
allow to decide for a given model whether the NZ or the TCL approach is more
efficient. The assessment of the quality of the approximation obtained generally
requires the investigation of higher orders of the expansion (cf. [7]), or else the
comparison with numerical simulations or with certain limiting cases that can be
treated analytically. It turns out that in many cases the degree of accuracy obtained
by both methods is of the same order of magnitude. In these cases the TCL approach
is of course to be preferred because it is technically much simpler to deal with.

In the following we switch to an approach with completely different background
founded on the investigations introduced in the second part of this book, i.e., on
Hilbert space averaging. Finally, we will show that at least in leading order this
approach is equivalent to the TCL master equation discussed so far.

18.4 Generalization of the Hilbert Space Average

A further foundational method is the Hilbert space average method (HAM) which
estimates conditional quantum expectation values through an appropriate average
over a constraint region in Hilbert space. It turns out that this method is closely
related to the projection operator techniques and that its dynamic extension leads to
equations of motion for the relevant observables which coincide with those obtained
from the projection operator methods introduced above.

So far the concept introduced in the second part of this book only states the
existence of an approach to equilibrium and identifies the “position” of this equi-
librium. It only relies on the relative frequency of some expectation values in cer-
tain accessible regions (ARs) in Hilbert space and does not depend on the conver-
gence of any projection operator expansion, etc. But nothing has been said about
the dynamics of the approach to equilibrium. However, the concept introduced in
Chap. 8 may be enlarged to include also some relaxation dynamics if one is able to
compute the Hilbert space average (HA) with respect to a set of states that is not
defined by the expectation values of some projectors (as done for the equilibrium
situation), but by the expectation values of some arbitrary Hermitian operators B̂n ,
i.e., 〈ψ |B̂n|ψ〉 = bn . Again without any loss of generality we require the B̂n to be
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orthonormal in the sense of (18.6). This set of expectation values defines the AR for
which the average is carried out in the following. Thus, let us define here

AR := {〈ψ |B̂n|ψ〉 = bn} . (18.19)

How this special HA can be used to obtain information about the dynamics of
some relevant observables will be explained below in more detail. Let us first con-
centrate on the computation of such an average. We write this HA of the expectation
value 〈ψ | Â|ψ〉 of an arbitrary Hermitian operator Â over the AR (18.19) in the
following as

a = �〈ψ | Â|ψ〉� . (18.20)

To repeat, this expression stands for the average of 〈ψ |A|ψ〉 over all |ψ〉 that fea-
ture 〈ψ |B̂n|ψ〉 = bn , but are uniformly distributed otherwise. Uniformly distributed
means invariant with respect to all unitary transformations exp{iĜ} that leave the
respective set of expectation values unchanged, i.e.,

〈ψ |eiĜ B̂ne−iĜ |ψ〉 = 〈ψ |B̂n|ψ〉 . (18.21)

Thus the respective transformations may be characterized by

[Ĝ, B̂n] = 0 . (18.22)

Instead of computing the so-defined HA (18.20) directly by integration, as has
been done, e.g., in Chap. 8 and in [34–36], we will proceed in a slightly different
way here. To those ends we change from the notion of an expectation value of a
state to one of a density operator

a = �〈ψ | Â|ψ〉� = �Tr
{

Â|ψ〉〈ψ |}� . (18.23)

Exchanging the average and the trace, one may rewrite

a = Tr
{

Â�|ψ〉〈ψ |�} = Tr
{

ÂΩ̂
}
, (18.24)

with

Ω̂ = �|ψ〉〈ψ |� . (18.25)

To compute Ω̂ we now exploit its invariance properties. Since the set of all |ψ〉 that
“make up” Ω̂ [that belong to the averaging region or AR of (18.25)] is characterized
by being invariant under the above transformations exp{−iĜ}, Ω̂ itself has to be
invariant under those transformations, i.e.,
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eiĜΩ̂e−iĜ = Ω̂ . (18.26)

This, however, can only be fulfilled if [Ĝ, Ω̂] = 0 for all possible Ĝ. Due to (18.22)
the most general form of Ω̂ which is consistent with the respective invariance prop-
erties is

Ω̂ =
∑

n

βn B̂n , (18.27)

where the coefficients βn are still to be determined. In principle the above sum could
contain addends of higher order, i.e., products of the operators B̂n . But here we
restrict ourselves to sets of B̂ns which form a group in the sense that each possible
product of any two B̂ns only yields some other, primary B̂n . Within this restriction
(18.27) is indeed already the most general form.

It remains to determine the coefficients βn . From the definition of Ω̂ (18.25)
follows that

Tr
{
Ω̂ B̂n

} = bn . (18.28)

By inserting (18.27) into (18.28) and exploiting (18.6) the coefficients are found to
be

βn = bn . (18.29)

Thus, we finally get for the Hilbert space average (18.25)

Ω̂ =
∑

n

bn B̂n. (18.30)

Being now equipped with the above method to evaluate such HAs, we are going
to exploit these techniques to gain information about the dynamics of the bn in the
following.

18.5 Dynamical Hilbert Space Average Method

The considerations in the following are carried out for a Hamiltonian separated into
an unperturbed part Ĥ0 and a perturbation V̂ as introduced in Sect. 18.1. Further-
more, we assume here that the considered variables B̂n are constants of motion
with respect to the unperturbed Hamiltonian Ĥ0, i.e., [B̂n, Ĥ0] = 0. That means
that the dynamics of these observables is invariant under the transformation to the
interaction picture. Certainly, a more general case can be investigated by the same
procedure, too. However, one has to transform back to the Schrödinger picture at
the end of the calculation to get the correct dynamical equations. For an example of
such a situation see [37, 38].
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To find the effective dynamics for the bn from HAM we employ the following
scheme: Based on HAM we compute a guess for the most likely value of the set bn

at time t + τ [i.e., bn(t + τ )], assuming that we knew the values for the bn at time
t [i.e., bn(t)]. Once such a map bn(t) → bn(t + τ ) is established it can of course
be iterated to produce the full time dynamics. This implies repeated guessing, since
in each iteration step the guess from the step before has to be taken for granted.
However, if each single guess is sufficiently reliable, i.e., the spectrum of possible
outcomes is rather sharply concentrated around the most frequent one (which one
guesses), even repeated guessing may yield a good “total” guess for the full time
evolution. The scheme is sketched in Fig. 18.1. For more detailed information on
the reliability of this scheme we refer to [39].

Fig. 18.1 Repeated guessing
scheme. To each iteration
time step τ corresponds an
increasing uncertainty
(variance) of the guess

P

t

1

τ

Variance

To implement the above scheme we consider the HA of an operator B̂n over
states which are slightly propagated forward in time, |ψ(t + τ )〉, assuming that we
knew the expectation values of B̂n at time t . Here the superoperator that propagates
density matrices from t to t + τ according to (18.3) is defined by

ρ̂(t + τ ) = Û(t, τ )ρ̂(t) . (18.31)

The HA of the propagated expectation value can thus be written as

�〈ψ(t + τ )|B̂n|ψ(t + τ )〉� = Tr
{

B̂n�|ψ(t + τ )〉〈ψ(t + τ )|�} , (18.32)

and with the propagator Û(t, τ ), this yields

�〈ψ(t + τ )|B̂n|ψ(t + τ )〉� = Tr
{

B̂n Û(t, τ ) �|ψ(t)〉〈ψ(t)|�}

= Tr
{

B̂n Û(t, τ ) Ω̂
}

=
∑

m

bm(t) Tr
{

B̂n Û(t, τ ) B̂m
}

, (18.33)

where we have used (18.30) to express the Hilbert space average Ω̂ .
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The (iterative) guess now simply consists of replacing the HA on the left-hand
side of (18.33) by the actual value of the expectation value at t + τ , i.e.,

bn(t + τ ) ≈
∑

m

bm(t) Tr
{

B̂n Û(t, τ ) B̂m
}

. (18.34)

However, we need an appropriate approximation for Û(t, τ ) since the general solu-
tion of (18.3), which is necessary due to the action of the propagator Û(t, τ ),
amounts to the solution of the full quantum problem. Since (18.3) is a linear dif-
ferential equation with time-dependent coefficients, Û(t, τ ) is formally given by a
Dyson series

Û(t, τ ) ≈ Î +
∫ t+τ

t
dτ1L̂(τ1) +

∫ t+τ

t
dτ1

∫ τ1

t
dτ2L̂(τ1)L̂(τ2) + · · · , (18.35)

which is here explicitly given to second order. From this equation an approxima-
tion to Û(t, τ ) for small τ may be computed and inserted into (18.34). In order
to do so the following should be noted: If the considered observables commute
with the unperturbed Hamiltonian as required above, then the dependence on the
time variable t of the expression Tr

{
B̂n Û(t, τ ) B̂m

}
vanishes and hence for the

evaluation of such objects t may be set to zero everywhere in (18.35). The whole
iterative guessing scheme can also be applied to slightly more complicated observ-
ables [39], but here we focus on observables featuring the above properties. If fur-
thermore Tr

{
B̂n L̂(τ1) B̂m

} = 0, which depends on the model, but always holds
if [B̂n, B̂m] = 0, the first term of (18.35) vanishes. The condition used here is
equivalent to the disappearance of the first-order term in the expansion of the TCL
generator [cf. (18.12) and the following discussion].

Using (18.35) approximated to second order within (18.34) yields

bn(t + τ ) − bn(t) ≈
∑

m

bm(t)
∫ τ

0
dτ1

∫ τ1

0
dτ2Tr

{
B̂n L̂(τ1)L̂(τ2) B̂m

}
. (18.36)

Realizing that the integration over τ2 is the same correlation function (18.17) as
obtained in the TCL approach we get

bn(t + τ ) − bn(t) ≈
∑

m

bm(t)
∫ τ

0
dτ1 K (2)

nm(τ1) . (18.37)

If the correlation function K (2)
nm(τ1) decays on a timescale τc we may write for all

times larger than the correlation time, i.e., for τ1 > τc,

K (2)
nm(τ1) ≈ Rnm = const. (18.38)
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Therefore, the integration becomes trivial and leads to a result linear in τ . Thus, for
τ � τc we find

bn(t + τ ) − bn(t)

τ
≈

∑
m

Rnm bm(t) , (18.39)

which, in the case of 1/τ � Rnm , may simply be approximated by

d

dt
bn(t) =

∑
m

Rnm bm(t) . (18.40)

This equation describes the reduced time evolution of the interesting quantities
obtained by HAM.

18.6 Comparison of TCL and HAM

Equation (18.40) is essentially the same as the one that one gets by an application of
the projection operator techniques in second order, using the projection operator
defined in (18.10) and assuming that the relaxation dynamics is slow compared
to the decay of the correlation functions. Thus, we have established the relation
between apparently rather different methods of treating the relaxation dynamics
in complex quantum systems, namely the projection operator techniques and the
method of the Hilbert space average (HAM). Several implications emerge from
these findings: First, HAM is only a guess, but as a guess it is valid for all initial
states with no class of initial states being excluded a priori. Applying the projection
operator techniques without considering the inhomogeneity that arises, if Q̂ρ(0)
does not vanish, one is restricted to a very specific class of initial states. The fact
that to second order in both cases the same equations of motion result implies that
the validity of the projection operator approach may include much more initial states
than explicitly covered in the framework of these techniques. Some concrete studies
that support this view are described in Chaps. 19 and 20. Ideas along these lines
appear also in the context of the Mori formalism (see [17]) where the inhomogeneity
is essentially classified as “noise” and not taken into account any further.

Another implication concerns the choice of a “good” projection operator P̂ , i.e.,
of an appropriate set of relevant observables B̂n . Good here means that the cor-
responding expansion converges rapidly and that the projection contains the rele-
vant information of interest. There is no general constructive method to find such a
projection operator for a given microscopic model. In fact, the projection operator
techniques only provide a formal mathematical framework and the choice of the
projection operator naturally depends on what one wants to know about the system.
However, the choice of an appropriate P̂ is not arbitrary if one intends to develop an
efficient description of the dynamics, i.e., a description that yields accurate results
even in low orders of the perturbation expansion (several examples are discussed in
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[38]). The great advantage of the projection operator techniques consists in the fact
that they provide a systematic expansion procedure. Hence, once a certain projec-
tion P̂ has been chosen, one can use the perturbation expansion in order to check
explicitly whether or not higher orders remain small and, thus, whether or not P̂
enables a computationally efficient treatment of the reduced dynamics. An example
is discussed in [6], where the TCL expansions corresponding to different projection
operators have been compared. Finally, the existence of exact or approximate con-
served quantities plays an important role in the construction of suitable projection
operators as is discussed in more detail in [19].
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Chapter 19
Finite Systems as Thermostats

...environmental induced decoherence is omnipresent
in the microscopic world. It is found, e.g., for an atom confined
in a quantum optical trap, or for electron propagation
in a mesoscopic device.

— U. Weiss [1]

Abstract Having derived the formal mathematical background of projection oper-
ator techniques (TCL) and the Hilbert space average method (HAM) in the last
chapter, we will now use these techniques to analyze a system–reservoir scenario.
The above introduced partitioning scheme into a relevant part and the rest will be
used to consider the relaxation of a small quantum system, e.g., a two-level atom to
equilibrium. Contrary to the standard bath scenario the atom is coupled to a finite
environment here, i.e., another not too big quantum system. We show, by comparing
with the (numerically) exact dynamics given by the Schrödinger equation, that the
projective approach may work or fail, depending on the projector chosen.

The convergence of the projection operator technique could depend on the chosen
projection superoperator (see [2]). Thus, we show that the standard projection super-
operator, frequently used for the derivation of the quantum master equation, fails to
describe the dynamical behavior of the finite bath model correctly (see Sect. 19.2
and [3, 4]). However, a better adapted projector taking correlations between system
and environment into account finally results in a convergent expansion of the TCL
generator (see Sect. 19.3) and yields a reduced dynamical description which mirrors
the full dynamics in a reasonably good way.

Let us emphasize that statistical relaxation behavior can be induced by finite
reservoirs already. Here, the correlations between system and environment, pro-
duced even if the full system is in a product state at the beginning, play an important
role. This also supports the concept of systems being driven toward equilibrium
through increasing correlations with their baths [5–9], cf. Chap. 11, rather than the
idea of system and bath remaining truly factorizable, which is often confused with
the Born approximation [1, 10].

Gemmer, J. et al.: Finite Systems as Thermostats. Lect. Notes Phys. 784, 215–225 (2009)
DOI 10.1007/978-3-540-70510-9 19 c© Springer-Verlag Berlin Heidelberg 2009
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19.1 Finite Quantum Environments

The model we analyze is characterized by a two-level system S coupled to a many-
level system E consisting of two relevant bands featuring the same width and
equidistant level spacing (see Fig. 19.1). So this may be viewed as an atom or spin
coupled to a single molecule, a one-particle quantum dot, another atom, or simply
a single harmonic oscillator. Note that the atom, unlike in typical oscillator baths or
the Jaynes–Cummings model, is here not in resonance with the environment-level
spacing but with the energy distance between the bands. There are two principal
differences of such a finite environment-level scheme from the level scheme of, say,
a standard oscillator bath:

1. The total amount of levels within a band may be finite.
2. The relevant bands of a standard bath at zero temperature would consist of only

one state in the lower and infinitely many states in the upper band.

N1

N2

1

|

|

2

system S environment E

ΔE

V̂

ba
nd

1
ba

nd
2

⊗

Fig. 19.1 Two-level system coupled to a finite environment. Special case for only two bands in
the environment. As a simple example we will use the same amount of levels in the lower and the
upper band of the environment

As discussed in Chap. 18, the complete Schrödinger picture Hamiltonian of the
model can be partitioned into an unperturbed, here local, and an interaction part

Ĥ = Ĥloc + λV̂ , (19.1)

with λ being the coupling strength between system and reservoir. The first part, i.e.,
the unperturbed part, contains the local Hamiltonian ĤS of the two-level system and
the local Hamiltonian ĤE of the environment. Thus, the complete local Hamiltonian
decomposes into a sum of two terms:

ĤS = ΔE

2
σ̂z , (19.2)

ĤE =
2∑

a=1

Na∑
na=1

(
(a − 1)ΔE + δε na

Na

)
|na〉〈na| , (19.3)
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where |na〉 are energy eigenstates of the environment, a = 1, 2 labels the band, and
σ̂i refers to standard Pauli operators. The number of levels in the band a is given
by Na and the band width by δε. Thus the environment essentially consists of two
bands with equidistant level spacing, cf. Fig. 19.1. We assume the interaction to be
of the following form:

V̂ = σ̂+ ⊗ Ŝ + σ̂− ⊗ Ŝ† , (19.4)

where σ̂± refer to the ladder Pauli operators. The operator Ŝ acts on the state space
of the environment and we choose it to comprise only transitions from the excited
band to the lower one, i.e.,

Ŝ =
∑
n1,n2

cn1n2 |n1〉〈n2| . (19.5)

The operator Ŝ† carries out the reverse transitions. The constants cn1n2 we choose as
Gaussian-distributed random numbers with zero mean and a variance according to
the normalization

1

N1 N2

∑
n1,n2

|cn1n2 |2 = 1 , (19.6)

such that λ characterizes an overall coupling strength.
Furthermore, we define band projection operators. Those operators implement

projections onto the lower, respectively upper, band of the environment by

Π̂a =
∑

na

|na〉〈na| . (19.7)

19.2 Standard Projection Superoperator

For the further analysis let us choose an initial state, where the system is excited
and the environment is found to be somewhere in its lower band. Hence, the state
of the environment refers to a thermal state of very low temperature. To analyze the
model described above within the theory of open quantum systems (see, e.g., [10])
the following projection superoperator is frequently used:

P̂ ρ̂(t) = TrE {ρ̂(t)} ⊗ ρ̂E = ρ̂S(t)⊗ ρ̂E . (19.8)

This superoperator projects onto a product state of the reduced density operator of
the system ρ̂S, given as a partial trace over the environment of the full density ρ̂(t)
and an arbitrary constant state ρ̂E of the environment, mostly chosen to be a thermal
one. Since this state should be in accord with the low temperature thermal initial
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state in the environment, the reference state is chosen to be

ρ̂E = Π̂1/N1 , (19.9)

in terms of the band projection operators (19.7). Thus, the projection superoperator
is defined as

P̂ ρ̂(t) = ρ̂S(t)⊗ 1

N1
Π̂1 . (19.10)

To derive the dynamical equations for the reduced system density operator ρ̂S in
second order one plugs the projection superoperator (19.10) into the second order
of the TCL generator (18.13). The time-local differential equation then reads

d

dt
ρ̂S(t) =

∫ t

0
dt1 f2(t, t1)

(
2σ̂− ρ̂S(t) σ̂+ − [σ̂+σ̂−, ρ̂S]+

)
⊗ ρ̂E , (19.11)

where [. . . , . . . ]+ denotes the anti-commutator. The time-dependent function is a
two-time environmental correlation function

f2(t, t1) = f (τ ) = TrE
{

Ŝ(τ )Ŝ†ρ̂E
}

, (19.12)

with τ = t − t1. The time argument of the operator Ŝ(τ ) refers to the transformation
into the interaction picture according to (18.2).

Assuming both a random interaction V̂ between system and environment as
suggested above and a constant finite state density, the correlation function can be
evaluated exploiting the same considerations which are also used in the derivation
of Fermi’s golden rule (see [2, 11]). This yields

f (τ ) = γ h(τ ), (19.13)

with the function

h(τ ) = δε

2π

sin2(δε τ/2)

(δε τ/2)2
, (19.14)

and the constant

γ = 2πλ2 N2

δε
. (19.15)

The function given in (19.13) exhibits a sharp peak of width δε−1 at τ = 0 and may
be approximated by a delta function for times t , which are large compared to the
inverse band width, i.e., for δε t � 1, and thus the correlation function yields

f (τ ) ≈ γ δ(τ ) . (19.16)
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For further details on the approximate evaluation of such reservoir correlation func-
tions see [2, 10–12].

Using (19.16) in (19.11) one gets the second-order master equation in Lindblad
form:

d

dt
ρ̂S = γ

(
σ̂−ρ̂Sσ̂+ − 1

2
[σ̂+σ̂−, ρ̂S]+

)
. (19.17)

Unfortunately, this second-order approximation leads to the wrong dynamical behav-
ior, even and especially in a parameter range in which, as mentioned above, relax-
ation times are much larger than correlation times. In Fig. 19.2 we compare the
dynamics of (19.17) represented by the solid line and the exact result from the
Schrödinger equation (crosses) for the diagonal element ρ22 of the reduced density
matrix ρ̂S. This density matrix element represents the occupation probability of the
excited state of the system. Note that due to our choice � = 1 all times are given in
units of (ΔE)−1. To check the convergence of the series expansion one can account
for the next higher order of the TCL expansion which is the fourth order here (see
Chap. 18 and for details concerning the fourth order [2, 13]). The dashed line in
Fig. 19.2 shows a computation of the fourth order contribution as derived by H.-P.
Breuer [2] As the fourth order even diverges the series expansion does not converge
here. Note that for the parameters chosen the correlation time is on the order of
τc ≈ 2. Hence the routinely mentioned “timescale separation” is not a sufficient
criterion for a fast convergence of the projective expansion.

t[(ΔE)−1]
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regnidörhcS

TCL2

TCL4

Fig. 19.2 Comparison of the numerical solution of the Schrödinger equation for the model and
the solution of the second-order TCL master equation (19.17) labeled as TCL2. Furthermore, the
next higher order of the expansion which is the fourth order is shown as TCL4 (cf. [2]). Model
parameters: ΔE = 1, N1 = N2 = 500, δε = 0.5, and λ = 5 · 10−4

When S has reached equilibrium the full system is in a superposition of S in the
excited state, E in the lower band, and S in the ground state, E in the upper band. This
is a maximum entangled state with two orthogonal addends, one of which features a
bath population corresponding to TE ≈ 0, the other a bath population inversion, i.e.,
even a negative bath temperature. These findings contradict the concept of factoriz-
ability, which is often confused with the applicability of the Born approximation, but
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are in accord with a result from [14] claiming that an evolution toward local equi-
librium is always accompanied by an increase of system–bath correlations. Thus, in
spite of the system’s finiteness and the reversibility of the underlying Schrödinger
equation S evolves toward maximum local von Neumann entropy, which supports
the concepts of Lubkin introduced in [6] and the whole approach to equilibration
described in Part II.

Let us stress the fact that the choice of a suitable projection superoperator is
vital for the convergence of the series expansion and to obtain a proper reduced
dynamical equation for the system. In the next section we will show that there is
indeed a proper projector which produces the correct dynamical behavior.

19.3 Correlated Projection Superoperator

In the following, let us consider the correlated projection superoperator:

P̂ ρ̂(t) =TrE
{
Π̂1ρ̂(t)

} ⊗ 1

N1
Π̂1 + TrE

{
Π̂2ρ̂(t)

} ⊗ 1

N2
Π̂2

=ρ̂1(t)⊗ 1

N1
Π̂1 + ρ̂2(t)⊗ 1

N2
Π̂2 . (19.18)

This projection belongs to the class of superoperators suggested in (18.5) (see also
[2, 13, 15]). The band projection operators Π̂a play the role of the set of arbi-
trary observables B̂n defined in Sect. 18.2. The dynamical variables are the non-
normalized matrices ρ̂i (t) which are correlated with the projections onto the lower
and the upper band, respectively. Thus, the reduced density matrix of the two-state
system is found to be

ρ̂S(t) = TrE
{
P̂ ρ̂(t)

} = ρ̂1(t) + ρ̂2(t) . (19.19)

Using the correlated projection superoperator (19.18) in the TCL expansion one
gets the second-order contribution defined in (18.18). Replacing the observables B̂n

by the band projectors yields

d

dt
ρ̂ j (t) =

∑
i

∫ t

0
dt1TrE

{
Π̂ j [V̂ (t), [V̂ (t1), Π̂i ]]

} 1

Ni
ρ̂i (t) . (19.20)

Based on the interaction operator (19.4) we finally find the dynamical equations:

d

dt
ρ̂1 = γ1 σ̂+ρ̂2σ̂− − γ2

2
[σ̂+σ̂−, ρ̂1]+ , (19.21)

d

dt
ρ̂2 = γ2 σ̂−ρ̂1σ̂+ − γ1

2
[σ̂−σ̂+, ρ̂2]+, (19.22)

with the rates
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γi = 2πλ2 Ni

δε
. (19.23)

Again, these rates are obtained from an approximate integration over a two-time
environmental correlation function as already done in Sect. 19.2 (more details con-
cerning the derivation can be found in [2]).

For the simple case of two bands of the same amount of levels in the environment
the two decay constants are equal: γ1 = γ2 = γ . In this special case it is possible
to derive a closed dynamical equation for the reduced density matrix of the system,
ρ̂S, as well. Finally, this leads to the elements of the reduced density matrix:

ρi j (t) = 〈i |ρ̂1(t)| j〉 + 〈i |ρ̂2(t)| j〉 . (19.24)

The population of the upper level of the system is then given by

d

dt
ρ22(t) = −2γ ρ22(t) + γ ρ22(0) , (19.25)

and the coherences by

d

dt
ρ12(t) = −γ

2
ρ12(t) . (19.26)

This is basically an exponential decay to the expected equilibrium value. However,
note that in general it is not always possible to find such a closed equation for
the density operator (cf. [11]). In more general cases one has to solve equations
(19.21) and (19.22). Then, the reduced density operator can be reconstructed by
using (19.19).

We observe that the dynamics of the populations ρ22(t) is on the one hand
strongly “non-Markovian” because of the presence of the initial condition ρ22(0)
on the right-hand side of (19.25). This term expresses a pronounced memory effect,
namely it implies that the dynamics of the populations never forgets its initial data.
Note also that the dynamics of the reduced density matrix is not in standard Lindblad
form. It does, however, lead to a positive dynamical map, as can easily be verified.

However, on the other hand, the full model is also “Markovian” in the sense that
bath correlations decay much faster than the system relaxes. For example, with the
same amount of levels in both bands and the concrete system parameters N1 =
N2 = 500, δε = 0.5, and λ = 5 · 10−4, the bath correlations decay on a timescale of
τc ≈ (δε)−1 = 2. On the other hand the system relaxes on a timescale τr = γ −1 ≈
640 with γ from (19.23).

In Fig. 19.3 we compare the solution of the rate equation (19.25) with the
full numerical integration of the Schrödinger equation for the model depicted in
Fig. 19.1. Here, we have used the same number of levels in both bands as well
as the mentioned random interaction between system and environment. The figure
clearly shows that already the lowest order of the TCL expansion with the correlated
projection superoperator results in a good approximation of the actual dynamics. It
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not only yields the correct stationary state but also reasonable predictions about the
relaxation time.

t[(ΔE)−1]
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Fig. 19.3 Comparison of the second-order TCL master equation (19.25) with a numerical solution
of the Schrödinger equation. Parameters: N1 = N2 = 500, δε = 0.5, and λ = 0.001

Since the whole system is finite there is a finite recurrence time of course. But due
to the incommensurability of the full system’s frequencies it appears to be very large
(>108), i.e., orders of magnitudes larger than the relaxation time of S. Furthermore,
the special example at hand features, due to the artificial equidistant level spacing in
the environment, a recurrence time for the bath correlations of approximately 104,
but that does not induce a recurrence in S.

Of course one could have used the Hilbert space average method to investigate
the above given model as well. For a full analysis based on HAM see, e.g., [3, 4, 11].
As shown in Chap. 18 the result would have been the same. The projection operator
technique according to the correlated projection operator produces in second order
the same dynamical equations as HAM.

19.4 Accuracy of the Reduced Description

In this section we investigate the quality of the reduced description developed above.
On one hand the dependence of the quality on the initial state is interesting because
of the different treatment of initial conditions within HAM and TCL. Furthermore,
the behavior of the error or the fluctuations of the exact solution around the reduced
description in dependence of the system size is important for statements concerning
the thermodynamic limit. To analyze the accuracy of the predictions for ρ22(t), we
introduce the measure D2, being the time-averaged quadratic deviation of HAM
from the exact Schrödinger result

D2 = 1

τ

∫ τ

0
dt
[
ρTCL

22 (t) − ρexact
22 (t)

]2
, (19.27)
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for an integration time τ . Since we are not going to investigate equilibrium fluctu-
ations here, we choose τ to be a couple of relaxation times of the system. D is a
measure of the deviations from the predicted behavior.

In Fig. 19.4 a histogram of the deviation D2 for different initial states is shown
(τ = 2000). The set of respective pure initial states is characterized by a proba-
bility of 3/4 for S to be in its excited state, E in its lower band, and 1/4 for S to
be in its ground state, E in its upper band, thus all of them are entangled. Within
these restrictions the pure initial states are uniformly distributed in the correspond-
ing Hilbert subspace. Due to them being correlated and pure none of these states
is identically reproduced, neither by the standard projector nor by the correlated
projector. Thus considering those initial states, even for the correlated projector,
one would have to take the already mentioned inhomogeneity (cf. Sect. 4.8) into
account. However, as Fig. 19.4 shows, the vast majority of evolutions follow the
prediction from Sect. 19.3, i.e., not taking any inhomogeneity into account, quite
closely. However, there is a typical fluctuation of D = √

2 · 10−2 but this is small
compared to the features of the predicted behavior which is on the order of 1. These
fluctuations are due to the finite size of the environment (cf. also the fluctuations
in Fig. 19.3). This supports considerations in Sect. 18.6, which indicate that for the
majority of initial states the inhomogeneity should only have negligible influence.
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Fig. 19.4 Deviation of the exact evolution of the excitation probability from the prediction for a
set of entangled initial states

In Fig. 19.5 the dependence of D2 on the number of states of E is displayed
for N = 10, . . . , 800. Here, we have used the same type of initial state and just
one evolution for each environment size. At N = 500 as used in the above accuracy
investigation we find the same typical fluctuation, whereas for smaller environments
the typical deviation is much bigger. We find that the squared deviation scales as
1/N with the environment size, thus making TCL or HAM a reasonably reliable
guess for many-state environments.

The claim that reduced dynamics need not be completely positive, once S and
E are correlated [1, 16], in principle holds here too. But regardless of there being
correlations, just a small fraction of all states from Fig. 19.4 shows significant devi-
ations from the prediction. Thus a smooth evolution toward equilibrium, though
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Fig. 19.5 Deviation of the exact evolution of the excitation probability from the HAM prediction
for increasing number N of states in the environment

not necessarily of Lindblad type [17], can typically be expected for the reduced
dynamics, regardless of the initial state being correlated or not.

Let us close with a comment on reversibility and interaction strengths. The
Schrödinger equation is time reversible and indeed there is no apparent time asym-
metry in Fig. 19.6. For t > 0 the behavior of the above system (solid line) is well
described by the above rate equation scheme featuring an attractive fix point. But
for t < 0 it would have to be described by a scheme with an repulsive fix point!
Thus, any of the full model states at t < 0 is a paradigm for an initial state that
does not yield statistical decay behavior even though the model typically generates
decay. The dashed line shows the behavior of a model like the above one, only with
δε ≈ 0, and in order to keep the timescales comparable λ = 10−4ΔE . Thus, the
model is no longer Markovian in the above-mentioned sense, and indeed even for
t > 0 there is no exponential decay although the model features as many states
as the above one. Nevertheless, the same equilibrium state as in the above case is
reached (cf. also [18]) regardless of whether the system is propagated forward or
backward in time.
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Fig. 19.6 Evolution of the excitation probability before and after full excitation for two different
sets of model parameters
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Chapter 20
Projective Approach to Dynamical Transport

During the International Congress on Mathematical Physics
held in London in the year 2000, J. L. Lebowitz expressed his
opinion that one of the great challenges to mathematical
physics in the twenty-first century is the theory of heat
conductivity and other transport phenomena in macroscopic
bodies.

— R. Alicki and M. Fanes [1]

Abstract In this chapter we analyze transport properties of spatially structured,
simplified quantum systems using the time-convolutionless (TCL) method intro-
duced in Chap. 18. Therefore the system is initially prepared in a non-equilibrium
state, i.e., a non-equilibrium distribution of energy or heat, for example. After the
relaxation process, the system will be at a global equilibrium in the sense of a uni-
form energy distribution but not in the sense of a maximum global von Neumann
entropy. From the concrete dynamics of this decay we extract information about the
transport properties of the model.

20.1 Classification of Transport Behavior

Here we want to classify the relaxation behavior according to diffusive or ballistic
transport. Diffusive behavior is to be identified simply by comparison with the heat
conduction or heat diffusion equation. Fourier’s law of heat conduction reads

J = −γ∇u = −κ ∇T, κ ≡ γ c, (20.1)

where J is the energy or heat current, κ the heat conductivity, γ the “energy dif-
fusion constant,” u the spatial energy density, and c the heat capacity. Combining
the first part of (20.1) with the energy continuity equation (3.30) yields the heat
diffusion equation

u̇ = −γΔu. (20.2)

We are simply going to compare the dynamics of the energy density in our model
to the dynamics as defined by a discrete version of this heat conduction equation,
cf. (20.12). If the quantum dynamics are in good accordance with the discrete heat

Gemmer, J. et al.: Projective Approach to Dynamical Transport. Lect. Notes Phys. 784, 227–240
(2009)
DOI 10.1007/978-3-540-70510-9 20 c© Springer-Verlag Berlin Heidelberg 2009
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conduction equation, we will classify the transport behavior as normal or diffusive.
In this case we may simply read of γ from the quantum dynamics. It is straightfor-
ward to show from (20.2) or the discrete form (20.12) that the spatial variance of
the (normalized) energy density

σ 2 ≡ M2

M0
−

(
M1

M0

)2

with Mn ≡
∫

xnu(x)dx (20.3)

(or the discrete analogon) scales linear in time, i.e., σ 2 ∝ t . Therefore, linear scaling
of the variance is a signature of normal transport. However, from comparison with
a Boltzmann equation for non-interaction particles or the Schrödinger equation for
a free particle, a quadratic scaling of the variance, i.e., σ 2 ∝ t2 is routinely inter-
preted as a signature of ballistic transport. It is straightforward to show that boldly
replacing a constant γ in (20.2) with a function that grows linear in time, i.e., γ ∝ t
yields such a variance that scales quadratically in time. Thus whenever we find our
quantum dynamics in good accord with dynamics as generated by (20.2) but with a
linear increasing coefficient γ , we classify the transport behavior as ballistic.

Here, the TCL projection operator technique is used to investigate the relaxation
in a spatially structured model system which exhibits, dependent on the model
parameters, both types of transport behavior. Furthermore, the transport behavior
in the model essentially depends on the considered length scale, which is analyzed
in the Fourier space of modes.

20.2 Single-Particle Modular Quantum System

Let us now define the modular quantum system in some detail. According to
Fig. 20.1, the model consists of altogether N identical subunits which are labeled
by μ = 0, . . . , N − 1. These subunits are assumed to have non-degenerate ground
states |0, μ〉, with energy ε0 = 0, and n excited states |i, μ〉 each, with equidistant
energies εi (i = 1, . . . , n). The latter form a local band of width δε which is small
compared to the local gap ΔE . The local Hamiltonian of the μth subunit reads

δε

ΔE
λλλ
⊗⊗⊗

μ = 0 μ = 1 μ = N − 1

n

1

.. .

..
.

Fig. 20.1 A chain of N identical subunits: each subunit features a non-degenerate ground state, a
wide energy gap ΔE , and a comparatively narrow energy band δε which contains n equidistant
states. The dots indicate that one subunit is excited while all other subunits are in their ground
state, i.e., the dots visualize a state from the investigated one-excitation space
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ĥ0(μ) =
n∑

i=0

εi |i, μ〉〈i, μ| (20.4)

and, thus, the total Hamiltonian yields

Ĥ = Ĥ0 + V̂ =
N−1∑
μ=0

[
ĥ0(μ) + λ v̂(μ,μ + 1)

]
, (20.5)

where we use periodic boundary conditions, i.e., we identify μ = N with μ =
0. Hence, the model is a ring of subunits which are coupled by a next-neighbor
interaction,

v̂(μ,μ + 1) =
n∑

i, j=1

[
ci j ŝi (μ) ŝ†j (μ + 1) + c∗

i j ŝ†i (μ) ŝ j (μ + 1)
]
. (20.6)

The operator ŝi (μ) = |0, μ〉〈i, μ| acts on the state space of the μth subunit
and describes a transition from the excited state |i, μ〉 to the ground state |0, μ〉.
Inversely, ŝ†i (μ) describes a transition from the ground state to the excited state. The
ci j are Gaussian-distributed numbers as before in Chap. 19 with zero mean and form
a random matrix normalized according to

1

n2

n∑
i, j=1

|ci j |2 = 1, (20.7)

such that λ in (20.5) represents the overall coupling strength between adjacent sites.
Note that this form of the interaction restricts the dynamics to the “one excitation
subspace” if one starts in it. Note, furthermore, that the constants do not depend on
the site μ here, i.e., the interaction is the same between different pairs of sites. From
this it follows that the model is translationally invariant.

This model may be viewed as a simplified model for, e.g., a chain of coupled
molecules or quantum dots. In this case the hopping of an excitation from one sub-
unit to another corresponds to energy transport. However, it may as well be viewed
as a tight-binding model for particles on a lattice but, according to (20.6), without
particle–particle interaction in the sense of a Hubbard model. Consequently, this
system may also be characterized as a “single-particle multi-band quantum wire”
with random inter-band hoppings. Nevertheless, since the ci j in (20.6) are indepen-
dent from μ, these are systems without disorder in the sense of, say, an Anderson
model [2].

In the following we investigate this model with the TCL method. For an analysis
according to HAM, see [3–6]. A comparison to an analysis of the model by means of
the Kubo formula can be found in [7], an approach based on the Boltzmann equation
in [8] and some aspects of quantum chaos in [9].
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20.3 General TCL Approach

An operator projecting onto the excited band of subsystem μ is defined by

Π̂μ =
n∑

i=1

|i, μ〉〈i, μ| . (20.8)

We denote the operator which projects the μth subunit onto its band of excited states
and all other subunits onto their ground state by

P̂μ = |0, 0〉〈0, 0| ⊗ · · · ⊗ Π̂μ ⊗ · · · ⊗ |0, N − 1〉〈0, N − 1| . (20.9)

The total state of the system is represented by a time-dependent density matrix ρ(t).
Then the quantity Pμ(t) = Tr

{
P̂μ ρ̂(t)

}
represents the probability of finding an exci-

tation of the μth subunit, while all other subunits are in their ground state. Since the
band is small compared to the gap, the local energy at site μ is approximately given
by ΔE Pμ. Hence Pμ is our discrete analogon to the energy density as described in
Sect. 20.1. Therefore we aim at describing the dynamical behavior of the Pμ(t) to
explicitly perform the classification explained in Sect. 20.1. Since (20.6) does not
incorporate particle–particle interaction in the sense of, say, a Hubbard model, and
the particle number

∑
μ Pμ is conserved as well, we choose to restrict the analysis

to the one-particle space (cf. black dots in Fig. 20.1 referring to a state of this sub-
space). From a numerical point of view, this restriction is advantageous, since the
dimension of the problem is now given by N × n and grows only linearly with N
and n.

The TCL approach introduced in Sect. 18.3 requires a set of observables, here
chosen for reasons given above, to be the set of band projections P̂μ defined in
(20.9). Hence, the correlated projection superoperator defined in (18.5) reads

P ρ̂(t) =
∑

μ

Tr
{

P̂μ ρ̂(t)
} 1

n
P̂μ = 1

n

∑
μ

Pμ(t) P̂μ (20.10)

(see also [10–12]). Proceeding as in Chap. 19 to derive a second-order reduced
dynamical equation for the observables Pμ, i.e., replacing the operators B̂n in
(18.18) by the operators P̂μ, and using both definition (20.9) and Hamiltonian (20.5)
in the interaction picture, we get to second order

d

dt
Pμ = −

∑
ν

∫ t

0
dt1

1

n
Tr

{
Π̂μ[V̂ (t), [V̂ (t1), Π̂ν]]

}
Pν , (20.11)

where we have used the orthogonality property (18.6) of the relevant operators
which is obviously valid for the basis {P̂μ} as well (see also [3, 6]). As will be
demonstrated in some detail below (Sect. 20.4) this formulation may be cast into
the following form:
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d

dt
Pμ = γ (t), (Pμ+1 + Pμ−1 − 2 Pμ) . (20.12)

This dynamical equation obviously describes the dynamics of the set of relevant
quantities, i.e., the probabilities Pμ. However, it is only a suitable approximation to
the full dynamical behavior, if all higher order terms of the expansion (18.16) of the
TCL generator are sufficiently small compared to this leading second-order term.
As already mentioned (cf. Sect. 19.2), this is not only a question of the separation of
timescales. Whether this is indeed the case, can only be checked by computing some
of the higher order terms or use sophisticated criteria to estimate their magnitude.
For more details about these convergence tests, see [10, 12–14]. On the other hand
comparing the solution of the second-order equation (20.11) directly with the exact
dynamics which is given by the numerical solution of the full Schrödinger equation
and finding a good accordance between both descriptions is a sufficient criterion
for the convergence of the expansion as well. For the model at hand we are going
to proceed this way. However, for more realistic models this “check” can hardly be
performed because of the high dimensionality of the problems. Thus the modular
quantum system is an instructive example for a system for which a second-order
TCL description captures all relevant transport dynamics. And such a second-order
TCL description may also be performed for much more complicated systems.

However, the dynamical equation (20.12) may describe both diffusive and bal-
listic transport behaviors. If the coefficient γ is time independent, it is basically a
discrete diffusion equation; thus, as outlined in Sect. 20.1, in this case we classify the
dynamics as diffusive. A time-dependent coefficient, however, would indicate non-
normal or possibly ballistic behavior. In the following section we show how (20.12)
follows from the TCL master equation in second-order (20.11). We investigate the
time dependence of γ essentially by analyzing a two-time correlation function.

20.4 Concrete TCL Description and Timescales

Plugging the concrete interaction operator (20.6) into (20.11) and using the orthog-
onality of the relevant observables yield

d

dt
Pμ = −

∑
ν

∫ t

0
dt1 f2(t, t1) [δμ,ν+1 + δμ,ν−1 − 2δμ,ν] Pν . (20.13)

Here, the possibly time-dependent coefficient is found to be an integral over a two-
time correlation function (cf. [15])

f2(t, t1) = f (τ ) = 1

n
Tr

{
V̂ (τ )V̂ Π̂μ

}
, (20.14)

with τ = t − t1, similar to the relaxation coefficient in Chap. 19. (Here again the
time argument refers to the interaction picture.) Therefore, it is convenient to define
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γ (t) =
∫ t

0
dt1 f2(t, t1) . (20.15)

Since the model features translational invariance, the function f (τ ) is independent
of μ. Of course, the correlation function depends on the concrete realization of
the interaction matrix. Nevertheless, due to the law of large numbers, the crucial
features are the same for the overwhelming majority of all possible realizations, as
long as

√
n � 1. Integral (20.15) already appeared and has been analyzed in detail

in Sect. 19.2. The typical form of f (τ ) is depicted in Fig. 20.2. It decays like a
standard correlation function on a timescale on the order of τc = 1/δε. The area
under the first peak is approximately given by γ0 = 2πnλ2/δε. However, unlike
standard correlation functions, due to the equidistant energies in the local bands,
f (τ ) is strictly periodic with the period ϑ = 2πn/δε. Consequently, its time integral
γ (t) defined in (20.15) is a step-like function, as shown in Fig. 20.2.
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Fig. 20.2 Typical form of the correlation function f2(t, t1) (dashed line) as well as its time integral
γ (t) (solid line). The correlation function decays on a timescale τc, but features complete revivals
with period ϑ . Consequently, γ (t) is a step-like function. For details, see [16]

Thus, on a timescale t with τc < t < ϑ one finds a time-independent rate
γ (t) = γ0. Together with (20.13) this constant rate directly yields the discrete diffu-
sion equation already given in (20.12). Hence, on this timescale there is indeed full
agreement with a discrete diffusion equation featuring a diffusion coefficient γ0. In
Fig. 20.3 the local probability dynamics for a system which relaxes entirely on the
above timescale is displayed. Compared are data from the solution of (20.12) with
data from the numerical solution of the full time-dependent Schrödinger equation.
Obviously there is very good agreement which again justifies the use of a second-
order projective description.

However, on a timescale t with t � ϑ , one may roughly approximate γ by a
linearly increasing function γ (t) ≈ 2γ0t . Due to reasons explained in Sect. 20.1 this
indicates ballistic behavior. The timescale by which the relaxation will eventually be
controlled is set by the typical length scale of the decaying probability distribution.
This will be analyzed and explained in the next section.
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Fig. 20.3 Probability to find the μth subunit excited. Comparison of the solution of the TCL master
equation (20.12) (solid lines) and the solution of the exact Schrödinger equation (crosses). For
details, see [3–6]. Model parameters: N = 3, n = 500, δε = 0.005, λ = 5 × 10−5

20.5 TCL Approach in Fourier Space

In order to get a more detailed picture of the dynamical behavior of the system with
respect to length scales, we now switch to the Fourier representation of the spatial
density (cf. [16]). It is well known from Fourier’s work that a diffusion equation
decouples with respect to, e.g., cosine-shaped spatial density profiles (see Sect. 17.2
and [17]). Thus, starting from the diffusion equation (20.12) using the transforma-
tion

Fq = Cq

N−1∑
μ=0

cos(q μ) Pμ , (20.16)

where Cq is an appropriate normalization constant yields

d

dt
Fq = −2 (1 − cos q) γ Fq , (20.17)

with q = 2πk/N and k = 0, 1, . . . , N/2. Consequently, if the model indeed shows
diffusive transport, the modes Fq have to relax exponentially according to

Fq (t) = e−2 (1−cos q) γ t Fq (0) , (20.18)

where, for diffusive transport, γ has of course to be time independent. However, if
the Fq are found to relax exponentially for some regime of q only, the model is said
to behave diffusively on the corresponding length scale

l = 2π

q
. (20.19)
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Within a microscopic quantum mechanical picture the exact dynamics of the
modes Fq is most conveniently expressed in terms of expectation values of mode
operators

F̂q = Cq

N−1∑
μ=0

cos(q μ) P̂μ (20.20)

as

Fq (t) = Tr
{

F̂q ρ̂(t)
}

, (20.21)

where we choose Cq = √
2/nN for q �= 0, π and C0 = Cπ = √

1/nN . Due to this
choice the mode operators are orthonormal with respect to (18.6). Consequently,
a suitable correlated projection superoperator according to the observables F̂q is
defined by

F ρ̂(t) =
∑

q

Tr
{

F̂q ρ̂(t)
}

F̂q =
∑

q

Fq (t) F̂q . (20.22)

The orthonormality of the mode operators again ensures F2 = F . Thus, the TCL
projection operator technique directly yields an equation of motion for modes Fq (t)
here (cf. [10, 16, 18]). Note that modes with different q do not couple, due to the
translational invariance of the model. This application of the TCL technique, i.e.,
replacing the operators B̂n in (18.18) by the set of relevant observables F̂q , leads to
a time-local differential equation of the form

d

dt
Fq (t) = −2 (1 − cos q)γ (t) Fq (t) , (20.23)

in second order, with γ (t) as defined already in (20.15) and displayed in Fig. 20.2.
The Fourier mode dynamics for a mode which relaxes essentially on timescale t with
τc < t < ϑ is shown in Fig. 20.4. Compared are data from the solution of (20.23)
with data from the numerical solution of the full time-dependent Schrödinger equa-
tion. Obviously there is also very good agreement which again justifies the use of a
second-order projective description.

20.6 Length Scale-Dependent Transport Behavior

So far, our analysis is still incomplete in two limits: When Fq (t), depending on the
wavelength, decays on a timescale, which is long compared to ϑ and when the decay
is fast compared to τc. That means that the above approximate integration of the
correlation function breaks down. Let us discuss these two cases in the following.

We start with the long-time limit first. As will be shown below, this limit is
connected to the breakdown of the reduced description for long wavelengths and
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Fig. 20.4 Mode Fπ (t) which decays on an intermediate timescale τc < t < ϑ . Comparison of the
solution of the TCL master equation (20.23) (solid line) and the solution of the exact Schrödinger
equation (crosses). For details see also [16]. Model parameters: N = 120, n = 500, δε = 0.5, and
λ = 0.0005

is therefore associated with a length scale within the system below which it behaves
diffusively. According to (20.23), Fq (t) decays on a timescale which is long com-
pared to ϑ , if 2(1 − cos q)γϑ � 1 is violated. For rather small q or, equiva-
lently, for rather large wavelengths l as defined in (20.19), we may approximate
2(1 − cos q) ≈ q2 = 4π2/ l2 which eventually leads to the condition

(
4π2nλ

lδε

)2

� 1 , (20.24)

where we again used the estimation γ0 for γ , which has been explained below
(20.15). Consequently, if this condition is satisfied for the largest possible l, i.e.,
for l = N , the system behaves diffusively for all wavelengths. But if the system is
large enough to allow for some l such that (20.24) is violated, then diffusive behavior
breaks down for long wavelengths.

Let us again use the measure D2 already introduced in (19.27) to estimate the
distance between the exact solution and the fully diffusive dynamics as given by
(20.18) with γ = γ0 for the longest possible mode l = N (see also [9]). Thus,
concretely, we consider

D2
q = Γ

5

∫ 5/Γ

0

[
Fdiffusive

q − Fexact
q

]2
, (20.25)

with Γ = 2(1 − cos q)γ0. In Fig. 20.5 we show this measure (gray coded) in
dependence of the number of subunits N and the amount of levels n. Dark regions
belong to large deviations and thus large D2, where light ones refer to small values
of D2 and thus a very good accordance between diffusive dynamics and the exact
Schrödinger dynamics. As can be seen from the figure, there is diffusive behavior
for smaller number of subunits, N , only if the number of levels within the subunits,
n, is reasonably high. For more subunits, i.e., longer length scales, even more levels
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within each subunit are required for the system to show diffusive behavior. The
“boundary” between diffusive and non-diffusive behaviors as appearing in Fig. 20.5
is in accord with (20.24). Thus we may conclude that in the thermodynamic limit,
i.e., for an infinite number of subunits, but a finite number of levels within each
subsystem, there must be non-diffusive behavior.

n

N

3

3

30

30

100100

10001000

diff.

ball.

Fig. 20.5 Deviations D2, cf. (20.25), of the time evolution of the longest modes Fq (t) with q =
2π/N from the exact solution for different model parameters N and n. The result is in accord with
the claim that diffusive transport behavior is restricted to the regime defined by condition (20.24).
For details see also [16]. Model parameters: δε = 0.5, λ = 0.0005

However, it still remains to clarify what type of transport behavior is on hand, if
(20.24) is violated. According to Fig. 20.2, and as already mentioned at the end of
Sect. 20.4 one may approximate γ (t) ≈ 2γ0t , if the timescales are much larger than
ϑ . To repeat, this linear scaling implies ballistic transport. The solution of (20.23)
with this linear increasing γ is then a Gaussian. And, as may be seen from Fig. 20.6a,
this prediction is still in very good agreement with the numerical solution of the
Schrödinger equation. Thus we may conclude that there is ballistic transport in the
limit of long wavelengths. Note that in this example a second-order TCL description
yields a good result even for times much larger than the recurrence time of the
correlation function.

Second, Fq (t) may decay on a timescale which is short compared to τc. This will
happen, if the inequality 2(1 − cos q)γ τc � 1 is violated. For the largest possible q
we may approximate 2(1 − cos q) ≈ 4. Thus, the inequality reads

8πnλ2

δε2
� 1 . (20.26)

If this condition is violated, the system exhibits non-diffusive transport behavior in
the limit of short wavelengths. (Note that due to the parameters chosen this transi-
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Fig. 20.6a Mode Fπ/60(t) decaying on a timescale t � T . Model parameters N = 120, n =
500, δε = 0.5, λ = 0.0005. Comparison between exact evolution (crosses) and the theoretical
prediction (solid line)

tion does not appear in Fig. 20.5.) Moreover, if we assume that the leading order
contribution of the TCL generator still yields reasonable results for not too large λ,
we expect a linearly growing rate γ (t) and therefore a Gaussian decay, i.e., ballistic
transport behavior again. This conclusion is in accord with Fig. 20.6b. Note that
in this example a second-order TCL description yields a good result although the
correlation time and the relaxation time are of comparable magnitude.
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Fig. 20.6b Mode Fπ (t) decaying on a timescale t � τc. Model parameters N = 120, n = 500,
δε = 0.5, λ = 0.004. Comparison between exact evolution (crosses) and the theoretical prediction
(solid line)

The second transition to non-diffusive behavior in the limit of short wavelengths
may be routinely interpreted as the breakdown of diffusive behavior below some
length scale which is supposed to appear when the motion of, say, individual par-
ticles is resolved and length scales become short compared to mean free paths.
However, the first transition to ballistic transport behavior in the limit of long wave-
lengths does not fit into this scheme of interpretation. Nevertheless, it may be under-
stood in the framework of standard solid state theory, where translational invariant
systems without particle–particle interactions exhibit ballistic transport behavior
with quasi-particle velocities, which are determined by the dispersion relation of
the bands. The analysis of the band structure of our model shows that the above
transition to ballistic behavior coincides with the transition of the E(k) versus k
diagram from being just a set of disconnected points to the standard smooth band
diagram, which allows for a definition of the quasi-particle velocities. It is also pos-
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sible to show that the region where condition (20.24) is violated is the only region
where current eigenstates coincide with Bloch energy eigenstates. Thus, the size
below which condition (20.24) holds may be interpreted as the size below which the
concepts of standard solid state theory become inapplicable.

Let us finally remark that the excellent agreement of the numerical with the TCL
results is really surprising in the following sense: The fact that the correlation func-
tion f (τ ) features complete revivals is a hint for strong memory effects. It appears
to be a widespread belief that long memory times have to be treated by means of the
Nakajima–Zwanzig projection operator technique (NZ) [19, 20]. The corresponding
leading order equation is obtained by replacing Fq (t) with Fq (t − τ ) on the right-
hand side of (20.23). This leads to an integro-differential equation with the memory
kernel f (τ ). In the diffusive regime, t < ϑ , the solutions of the TCL and the NZ
technique are almost identical. But in the ballistic regime, t � ϑ , the NZ technique
predicts a pure oscillatory behavior

Fq (t) = cos
(

2
√

1 − cos q λt
)

Fq (0), (20.27)

which obviously contradicts the numerical solutions of the Schrödinger equation
and clearly demonstrates the failure of the NZ approach in the description of the
long-time dynamics.

20.7 Energy and Heat Transport Coefficient

We consider the model system introduced in Fig. 20.1 in the diffusive regime, how-
ever, for simplicity with N = 2 subunits only. Thus, the dynamics of the system is
well described by the solution of the diffusion equation (20.12). The energy current
between the two sites is defined by the change of the internal energy Uμ,

J = 1

2

(
dU1

dt
− dU2

dt

)
. (20.28)

Realizing that the internal energy is given by the probability to be in the excited
band of the subunit times the width of the energy gap, Uμ = ΔE Pμ, the current can
be reformulated as follows:

J = ΔE

2

(
dP1

dt
− dP2

dt

)
. (20.29)

Using the diffusion equation (20.12), here for two subunits only, we find

J = −γ ΔE
(
P2 − P1

)

= −γ
(
U2 − U1

)
. (20.30)
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Hence, one gets Fourier’s law (20.1) in case the dynamics of the system is given by a
discrete diffusion equation. Here, the energy current is connected to the energy gra-
dient inside the system. The proportionality is defined as the energy transport coef-
ficient which is given by and below (20.15). Thus, the microscopic constant energy
transport coefficient is given by the coupling strength between adjacent subunits and
the state density of the band. Besides having derived a microscopic formula for the
conductivity we are also equipped with criteria to decide under which circumstances
a diffusive situation is present. The above consideration is easily extended to more
than two subunits, see [3].

Typically, we would expect diffusive behavior near the global equilibrium only.
Remarkably, in the present system diffusive behavior does not require an initially
small energy gradient, i.e., a state near equilibrium. The initial state used for the
investigation shown in Fig. 20.3, e.g., with one system excited, all others in the
ground state, is far from the final expected equilibrium. Nevertheless, one can find
a statistical diffusive behavior according to (20.12) here, as shown in Fig. 20.3.

So far we have considered energy diffusion through the system only. The final
state should approach equipartition of energy over all subunits, i.e., a thermal equi-
librium state (cf. Part I of this book). Close to this equilibrium we expect the system
to be in a state, where the probability distribution of each subunit is approximately
canonical, but still with a slightly different temperature for each site.

Specializing in those “local equilibrium states” and exploiting the TCL results
allow for a direct connection of the local energy current between any two adjacent
subunits with their local temperature difference. Since this connection is found to be
linear in the temperature differences as well, one can simply extract the temperature-
dependent heat conductivity finding

κ = 2πλ2n

δε

(
ΔE

T

)2 ne
−ΔE

T

(
1 + ne

−ΔE
T

)2 , (20.31)

as displayed in Fig. 20.7.
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Fig. 20.7 Heat conductivity (20.31) over temperature for a system with n = 500, δε = 0.005, and
λ = 5 × 10−5
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For our model this is in agreement with κ = γ c, with the specific heat c of one
subunit. More details of how to approach this thermal transport coefficient can be
found in [3, 5, 6].
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Chapter 21
Open System Approach to Transport1

No subject has more extensive relations with the progress of
industry and the natural sciences; for the action of heat is
always present, it penetrates all bodies and spaces, it
influences the processes of the arts, and occurs in all
phenomena of the universe.

— J. Fourier [2]

Abstract In this section yet another approach to transport is examined. Rather than
analyzing spatial energy density dynamics as done in the previous section, we now
aim at investigating a stationary non-equilibrium state. This state is induced through
the local coupling of reservoirs with different temperatures at either end of the sys-
tem. The system is a chain of two-level systems coupled according to the Heisen-
berg model. The baths are modeled according to standard open system theory (see
[3–6]). The resulting equations are numerically solved using a stochastic unraveling
scheme.

The Liouville–von Neumann equation, describing the time evolution of the density
operator of the system, has to be extended by incoherent damping terms simulating
the influence of the heat baths. How to set up the correct dynamical equation here is
highly nontrivial and is based on many subtle approximation schemes. In case of an
improper approach the derivation can lead to mathematically correct, but physically
irrelevant dynamical equations, as discussed recently [7].

Having derived a proper quantum master equation (QME), the interpretation of
the results for finite systems is relatively easy: After finding the stationary state
of the dissipative dynamics all interesting quantities, such as currents and energy
profiles, are simply accessible by computing the expectation value of the respective
operator. However, also this approach is restricted to finite systems since a complete
analytical solution for larger systems is not available. Thus, the extrapolation to
infinite systems needs a careful discussion to exclude errors due to the finite size of
the investigated models as well.

1This chapter is based on [1].

Gemmer, J. et al.: Open System Approach to Transport. Lect. Notes Phys. 784, 241–253 (2009)
DOI 10.1007/978-3-540-70510-9 21 c© Springer-Verlag Berlin Heidelberg 2009
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21.1 Model System

The considered system consists of N weakly coupled subunits described by the
Hamiltonian

Ĥ = Ĥloc + Ĥint =
N∑

μ=1

ĥ(μ) + J
N−1∑
μ=1

ĥ(μ,μ+1) . (21.1)

The first part Ĥloc of the Hamiltonian contains the local spectra of the subunits. The
second part Ĥint describes the interaction between adjacent sites with the coupling
strength J . Here, we require that the interaction is weak in the sense that the energy
contained in the local part is much larger than the energy contained in the interaction
part, 〈Ĥloc〉 � 〈Ĥint〉.

We will investigate one-dimensional chains of two-level atoms or spin-1/2 parti-
cles. Both, two-level atoms and spins, are described by the same algebra, and thus, it
is convenient to use the Pauli operators (see Sect. 2.2.2) as a suitable operator basis.
The above-mentioned weak coupling is fulfilled by introducing a local Zeeman
splitting Ω

2 σ̂z , where we require Ω to be much larger than the coupling constant
J . Note that this weak internal coupling constraint is a necessary precondition for
the validity of the master equation introduced below, i.e., we are not able to consider
systems with Ω approaching the same magnitude as J .

To investigate the transport properties of these systems, they will be explicitly
coupled to independent environments of different temperatures. In the following we
discuss the appropriate QME (cf. Sect. 4.8 and [8]).

21.2 Lindblad Quantum Master Equation

In general, the derivation of the QME from a microscopic model, i.e., a system cou-
pled to an infinitely large environment, relies on some well-known approximation
schemes, the Markov [9, 10] assumption, the Born approximation, and the secular
approximation [9, 11]. Recently, there has been a discussion on how to derive a
suitable Lindblad [12, 13] QME for a non-equilibrium scenario [7], i.e., an equation
to investigate transport in weakly coupled quantum systems. The Lindblad form of a
QME defines a trace and hermiticity-preserving, completely positive dynamical map
[8, 14], which thus retains all properties of the density operator at all times. In order
to approach this dynamical equation the approximations are carefully carried out in
a minimal invasive manner, to conserve the central non-equilibrium properties of
the model. It can be shown that this non-equilibrium Lindblad QME is in very good
accordance with the results of the Redfield master [8] equation (non-Lindbladian),
contrary to the standard Lindblad QME in the weak coupling limit [7].

In a non-equilibrium investigation one needs two heat baths at different temper-
atures locally coupled to the system, i.e., the heat baths couple only to a subunit at
either edge of the chain. The QME of such a situation yields
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dρ̂

dt
= −i[Ĥ, ρ̂] + D̂L (ρ̂) + D̂R(ρ̂) , (21.2)

where the dissipator D̂L refers to the left and D̂R to the right heat bath; they both
depend on the full density operator ρ̂ of the system, i.e., the state of the chain
described by the Hamiltonian (21.1). Both dissipators also depend on the coupling
strength λ between system and bath as well as on the temperature of the bath,
respectively. Besides those incoherent damping terms (21.2) includes a coherent
part containing the Hamiltonian of the system.

The dissipator describing the heat bath coupled to a subunit at the edge of the
system yields

D̂F (ρ̂) =
2∑

k,l=1

(γF )kl

(
F̂k ρ̂ F̂†

l − 1

2
[F̂†

l F̂k, ρ̂]+
)
, (21.3)

with F = L for the left and F = R for the right heat bath. The corresponding
Lindblad operators F̂k are given by

L̂1 = σ̂
(1)
+ ⊗ 1̂(2) ⊗ · · · ⊗ 1̂(N ) , (21.4)

L̂2 = σ̂
(1)
− ⊗ 1̂(2) ⊗ · · · ⊗ 1̂(N ) , (21.5)

R̂1 = 1̂(1) ⊗ · · · ⊗ 1̂(N−1) ⊗ σ̂
(N )
+ , (21.6)

R̂2 = 1̂(1) ⊗ · · · ⊗ 1̂(N−1) ⊗ σ̂
(N )
− , (21.7)

with the creation and annihilation operators σ̂±. Here, the operators (21.4) and (21.5)
belong to the left bath, and (21.6) and (21.7) to the right one. The coefficient matri-
ces depend on the respective bath temperature βF and are defined as

γF =
(

ΓF (Ω)
√

ΓF (Ω)ΓF (−Ω)√
ΓF (Ω)ΓF (−Ω) ΓF (−Ω)

)
, (21.8)

with the rates

ΓF (Ω) = λΩ

eβF Ω − 1
(21.9)

controlled by the bath coupling strength λ. For a detailed motivation for this form
of the dissipators, see [8, 15].

Since (21.3) is of Lindblad form it may be simplified by diagonalizing the coef-
ficient matrices γF . The complete dissipative part of (21.2) then reads

D̂(ρ̂) =
4∑

k=1

αk

(
Êk ρ̂ Ê†

k − 1

2
[Ê†

k Êk, ρ̂]+
)
, (21.10)
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with Êk as a linear combination of the operators F̂k defined in (21.4)–(21.7) and αk

being non-negative numbers.

21.3 Observables and Fourier’s Law

One of the most interesting states of a non-equilibrium scenario is the local equilib-
rium state, i.e., the stationary state of the QME (21.2). This state can be character-
ized by two central observables – the energy gradient and the energy current. Here,
we use

h(μ) = Tr
{
ĥ(μ)ρ̂(t)

}
(21.11)

as a local energy density at site μ with ρ̂(t) being the state of the system at time t .
Since we are investigating internally weakly coupled subunits in the limit Ω � J
the local energy density is reasonably well approximated by the local Hamiltonian.
Therefore, we neglect contributions to the local energy by the interaction com-
pletely. Due to the smallness of J these parts would be very small contributions to
the above given energy density, and thus, would not dramatically change the results.

In order to obtain a current operator between two adjacent sites in the system,
we consider the time evolution of the local energy operator given by the Heisenberg
equation of motion for operators at site μ

d

dt
ĥ(μ) = i[Ĥ , ĥ(μ)] + ∂

∂t
ĥ(μ) . (21.12)

Since ĥ(μ) is not explicitly time dependent the last term vanishes. Equation (21.12)
becomes after inserting (21.1)

d

dt
ĥ(μ) = iJ

(
[ĥ(μ−1,μ), ĥ(μ)] + [ĥ(μ,μ+1), ĥ(μ)]

)
. (21.13)

Assuming the local energy to be conserved, which is justified when Ω � J , a
discretized version of the continuity equation yields

d

dt
ĥ(μ) = div Ĵ = Ĵ (μ,μ+1) − Ĵ (μ−1,μ) . (21.14)

By comparing (21.13) and (21.14) we find for the current operator

Ĵ (μ,μ+1) = iJ [ĥ(μ,μ+1), ĥ(μ)] . (21.15)

Finally, the total energy current flowing from site μ to site μ + 1 is defined as

J (μ,μ+1) = Tr
{

Ĵ (μ,μ+1)ρ̂(t)
}

. (21.16)
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For a more detailed discussion of this heat current, see Chap. 24.
The celebrated Fourier’s law (here a discrete version) states that in a proper dif-

fusive situation the current inside the system is proportional to the gradient, i.e.,

J (μ,μ+1) = −κ[h(μ+1) − h(μ)] , (21.17)

here written in terms of energy current and energy gradient. If both current and
gradient are equal at all sites μ, and furthermore, the gradient is finite, a bulk con-
ductivity [6, 16] follows from

κ = J (μ,μ+1)

h(μ) − h(μ+1)
. (21.18)

This is called normal or diffusive transport. On the other hand, if the gradient van-
ishes, κ diverges and the transport is called ballistic. However, that does not mean
that the current diverges as well. Due to the resistivity at the contact to the heat bath
(in our approach λ) the current will always remain finite.

Even if we directly get a result in terms of normal or ballistic behavior for all
finite systems here, a non-zero gradient in the finite system is not sufficient to deduce
normal transport in the infinite one, too. The influence of the contact might dominate
or long ballistic waves could be suppressed in the finite system. Thus, in order to
obtain statements on the properties of the infinite system, i.e., bulk properties, it is
important to investigate scaling properties as well. For normal transport behavior
both gradient and current must tend to zero for infinitely large systems. Then and
only then the system shows diffusive behavior. A finite current within an infinite
system will always indicate ballistic transport behavior.

21.4 Monte Carlo Wave Function Simulation

In order to investigate the transport according to the QME requires the stationary
solution ρ̂ of (21.2). From ρ̂ all gradients and currents can be computed with (21.11)
and (21.16). Unfortunately, (21.2) is an n2-dimensional system of linear differential
equations if n is the dimension of the Hilbert space. To find the stationary state of
this equation one has to diagonalize a n2×n2 matrix, which is numerically restricted
by the available memory.

A very powerful technique to find the stationary state without diagonalizing the
Liouvillian is based on the stochastic unraveling [8] of the QME. The basic idea
is to depart from a statistical treatment by means of density operators and turn to
a description in terms of stochastic wave functions. In fact, any QME of Lindblad
form can equivalently be formulated in terms of a stochastic Schrödinger equation
(SSE) for the wave function |ψ(t)〉
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d|ψ(t)〉 = − i Ĝ(|ψ(t)〉) |ψ(t)〉 dt

+
∑

k

(
Êk |ψ(t)〉

‖Êk |ψ(t)〉‖ − |ψ(t)〉
)

dnk , (21.19)

which describes a piecewise deterministic process in Hilbert space. The first term
on the right-hand side of (21.19) describes the deterministic evolution generated by
the nonlinear operator

Ĝ(|ψ(t)〉) = Ĥeff + i

2

∑
k

αk‖Êk |ψ(t)〉‖2 , (21.20)

where we have introduced the non-Hermitian, effective Hamiltonian

Ĥeff = Ĥ − i

2

4∑
k=1

αk Ê†
k Êk . (21.21)

The second term in (21.19) contains the Poisson increments dnk ∈ {0, 1} which
obey the following statistical properties:

〈dnk〉 = ‖Êk |ψ(t)〉‖2 dt , (21.22)

dnk dnl = δkl dnk . (21.23)

The stochastic process, defined by the SSE (21.19), can be conveniently simu-
lated by the following prescription. Starting from a normalized state, the first step
of the unraveling procedure is to integrate the time-dependent Schrödinger equation
according to the effective Hamiltonian defined in (21.21). Since it is not Hermi-
tian, the normalization of the state |ψ(t)〉 decreases until 〈ψ(t)|ψ(t)〉 = η, with η

being a random number drawn from a uniform distribution on the interval {0, 1}
at the beginning of the step. Subsequently, a jump k takes place according to the
probability

pk = αk‖Êk |ψ(t)〉‖2

∑
k αk‖Êk |ψ(t)〉‖2

. (21.24)

Having identified the jump k, the state |ψ(t)〉 is replaced by the normalized state

|ψ(t)〉 → Êk |ψ(t)〉
‖Êk |ψ(t)〉‖ . (21.25)

Then the algorithm starts from the beginning again with a deterministic evolution
step. This procedure leads to a specific realization r of the stochastic process. Let R
be the total number of such individual realizations. Then averaging over R → ∞
realizations the time evolution of (21.2) is reproduced.
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The expectation value of an observable Â at time t can be estimated through

Tr
{

Â ρ̂(t)
} ≈ 1

R

R∑
r=1

〈ψr (t)| Â|ψr (t)〉 (21.26)

for a finite ensemble of R realizations to arbitrary precision. This is of considerable
practical importance, as one deals here with wave functions with O(n) elements
instead of density operators with O(n2) elements. Furthermore, if one is interested
in the stationary state, ensemble averages can be replaced by time averages [17, 18]
and one single realization suffices to determine the stationary expectation value

Tr
{

Â ρ̂
} ≈ Ar = 1

T + 1

T∑
k=0

〈ψr (tk)| Â|ψr (tk)〉, (21.27)

with tk = t0 + kΔt . It turns out that introducing this uniform time discretization and
allowing for jumps to occur at multiples of Δt only has several technical advantages.
However, one has to bear in mind that this introduces an error of order O(Δt) [19].
A further problem is that for Δt → 0, the total number of time steps T has to be
increased, in order to retain a sufficient number of jumps in the average (21.27).
There is a trade-off between this overall increase of accuracy and the cost of tedious
computations. Nevertheless, in practice the time-averaging procedure proves highly
efficient, and results of sufficient accuracy could always be produced. It is further
advisable to discard the initial time evolution in the average in order to obtain reli-
able results, i.e., by choosing t0 � Δt .

In order to get the standard deviation as a measure for the statistical error as well,
one computes the stationary expectation value for R realizations,

Ā = 1

R

R∑
r=1

Ar , (21.28)

and the standard deviation of the average,

σ 2 = 1

R(R − 1)

R∑
r=1

(Ar − Ā)2 . (21.29)

The errors are influenced by the chosen sampling interval Δt , the neglected steps at
the beginning t0, and the total number of time steps T being averaged over. For all
numerical results below we have chosen the parameters Δt = 1, t0 = 104, and T
between 105 and 106. For these settings the errors are already surprisingly small.
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21.5 Chain of Two-Level Atoms

First, we consider a chain of two-level atoms or spin-1/2 particles as depicted in
Fig. 21.1. In this case the local part of the Hamiltonian is just given by the mentioned
Zeeman splitting of each individual spin

ĥ(μ) = Ωμ

2
σ̂ (μ)

z , (21.30)

with a splitting Ωμ, which may differ from site to site. Ωμ has to be large compared
to the coupling constant J to remain in the weak coupling limit. The subunits are
coupled by a generalized Heisenberg interaction

ĥ(μ,μ+1)

= σ̂ (μ)
x ⊗ σ̂ (μ+1)

x + σ̂ (μ)
y ⊗ σ̂ (μ+1)

y + Δσ̂ (μ)
z ⊗ σ̂ (μ+1)

z . (21.31)

For Δ �= 1 the chain is called anisotropic, while for Δ = 0 the present model is
equivalent to the XY model (Förster coupling). In this case plugging (21.30) and
the interaction given by (21.31) into (21.15), the current operator yields

Ĵ (μ,μ+1) = iJΩμ

[
σ̂

(μ)
+ σ̂

(μ+1)
− − σ̂

(μ)
− σ̂

(μ+1)
+

]
. (21.32)

JJ JJ λλ

μ μ + 1

βL βR

system
hot bathcold bath

Fig. 21.1 Chain of two-level atoms or spin-1/2 particles coupled to heat baths of different temper-
atures

The above system is coupled to two heat baths of different temperatures. The left
bath is set to the inverse temperature βL = 0.5 and the hotter one at the right-hand
side is at βR = 0.25. Both baths couple with the same coupling strength λ = 0.01
to the system.

Having obtained the stationary state of (21.2) by the method presented in
Sect. 21.4 one can compute both the stationary energy profile within the system and
the current flowing through the system. In Fig. 21.2 the internal gradient is shown
for an isotropic chain Δ = 1 of N = 12, 13, ..., 16 spins for the same constant local
field Ω = 1 and coupling strength J = 0.01. To show that the gradient is equivalent
for the different system sizes we have normalized the chain length in Fig. 21.2 to 1.
The fit (line in Fig. 21.2) is carried out for system size N = 16 excluding the sites 1
and 16 to avoid the strong influences of the contacts. All chains N = 12, ..., 16 show
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the same gradient. However, the energy difference between adjacent sites decreases
for growing system sizes. The change in the internal gradient is shown in the upper
diagram of Fig. 21.3. Here the gradient is plotted over the reciprocal chain length.
The error bars refer to an average over the energy differences in all adjacent pairs
of sites, where the first and the last pairs have again been neglected, as already
done in Fig. 21.2. As can be seen from Fig. 21.3 the gradient decreases for larger
systems until it approaches zero for an infinite chain, which is in accordance with
the expected behavior in the thermodynamical limit.
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Fig. 21.2 Local energies in a Heisenberg chain with length N = 12 − 16. The system number is
normalized by the chain length. The fit is carried out for chain length N = 16 excluding sites 1
and 16. System parameters: J = 0.01, Δ = 1, Ω = 1, λ = 0.01, βL = 0.5, βR = 0.25
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Fig. 21.3 Scaling properties of the Heisenberg chain N = 5 − 16. Lines are fits carried out for
chain length N = 6 − 16. System parameters: J = 0.01, Δ = 1, Ω = 1, λ = 0.01, βL = 0.5,
βR = 0.25

The lower part of Fig. 21.3 shows the scaling behavior of the current through the
system. Here, error bars refer to the stochastic algorithm given by the square root of
(21.29). The current decreases similarly as the gradient: however, the extrapolation
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for the infinitely long chain does not approach zero. A finite current for an infinite
system is a typical characteristic for ballistic transport behavior. According to the
data shown in Fig. 21.3 one should eventually expect to find ballistic transport in
the Heisenberg chain.

Figure 21.4 shows the local energy profile within the XY model (Δ = 0). In
comparison to Fig. 21.2 the profile is flat. According to Fourier’s law (21.17) this
could be interpreted as ballistic behavior in the investigated finite models of different
lengths (cf. discussion in Sect. 21.3). The local current between sites μ and μ + 1
remains finite, although the gradient within the system vanishes. This local current
is constant for all investigated system sizes and we find for the chosen parameters
(5.33±0.05)×10−4. The results concerning the Heisenberg chain and the XY model
are in accordance with some earlier results (for smaller systems) based on the full
diagonalization of the Liouvillian [3, 20].
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Fig. 21.4 Local energies in an XY chain with length N = 9−12. The system number is normalized
by the chain length. The fit is carried out for chain length N = 12 excluding sites 1 and 12. System
parameters: J = 0.01, Δ = 0, Ω = 1, λ = 0.01, βL = 0.5, βR = 0.25

In Fig. 21.5 we investigate the dependence of the extrapolated value of the current
and the energy gradient of an infinitely long chain on the coupling strength λ at the
contact. In order to get comparable data and errors, all other parameters are kept
constant. A decrease in the external coupling strength is combined with a decrease
in the global decay time of the system and a drastic change of the jump probabili-
ties (21.24) as well. To gain a proper expectation value from (21.27) with a rather
small error it is crucial that the sampling time step Δt of the continuous stochastic
trajectory is chosen such that a suitable amount of both coherent dynamics and
stochastic jumps enter the average. That means, if Δt is too large, so that typically
after each coherent step already a jump follows, the result of (21.27) will deteriorate.
Thus, changing the external coupling strength would also require an adaption of the
sampling parameter Δt . Furthermore, in case of a larger decay time of the system
also the parameter t0 (initial neglect of data points) has to be increased. Thus, having
fixed these parameters to get comparable data we are restricted to a small change of
the external coupling strength only. For the finite system an increase in the external
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coupling strength λ means that a larger current is injected into the system, as follows
from Fig. 21.5. The resistance of the contact is decreased. Finally, this also results
in a larger gradient within the system. Nevertheless, Fig. 21.5 shows that even if the
results for finite systems change drastically (especially for very small system sizes)
the extrapolation for the infinite chain remains the same within the accuracy of the
fit.
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Fig. 21.5 Dependence of the extrapolated value for the current of an infinitely long Heisenberg
chain on the bath coupling strength λ

Figure 21.6 shows the scaling behavior of the current for different values of the
anisotropy Δ and Fig. 21.7 shows the scaling behavior of the gradients. From the
linear fits in Fig. 21.6 one could extrapolate the current within an infinitely long
chain. This current is shown in Fig. 21.8 in dependence on Δ (Δ = 1 refers to the
Heisenberg chain and Δ = 0 to the XY model). Near the anisotropy Δ = 1.6 the
current within the infinite system seems to vanish (cf. Fig. 21.6), i.e., the analysis
at hand indicates normal transport behavior. Whether this is obtained for increasing
Δ as well cannot be decided from the present analysis, but it seems probable that it
remains diffusive also for higher values of Δ.

Having found diffusive behavior according to the Kubo formula (i.e., a vanish-
ing Drude peak, see, e.g., [21]) it seems nevertheless unclear how to extract the
dc-conductivity from the behavior of the finite system. Contrary to the Kubo inves-
tigation a dc-conductivity directly follows from (21.18), in the present analysis, if
we assume for the moment that the linear scaling of current and gradient as found
in Figs. 21.6 and 21.7 is also valid for larger systems. According to the small errors
found in the above investigation, this assumption seems to be plausible. Thus, we are
able to compute the conductivity of the infinite system for Δ = 1.6 using (21.18) by
dividing the slope of the current by the slope of the energy gradient directly, finding
κ∞ = [2.34 ± 0.08] · 10−2. Here, the error follows from the uncertainty of the linear
regression, which is weighted already by the errors of the data points.

Unfortunately, the models which can be investigated according to the suggested
method are also restricted in size. The main restriction here is not the size of mem-
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Fig. 21.6 Scaling behavior of the current in anisotropic Heisenberg chains. System parameters:
J = 0.01, Ω = 1, λ = 0.01, βL = 0.5, βR = 0.25
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Fig. 21.7 Scaling behavior of the gradient in anisotropic Heisenberg chains. System parameters:
J = 0.01, Ω = 1, λ = 0.01, βL = 0.5, βR = 0.25
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ory, but the time one accepts to wait for the data. For the present technique the
computing time scales exponentially in the system size. Thus, investigations on
how disorder (random offset in the local field, random couplings) would change
the above results are not available yet.
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Chapter 22
Purity and Local Entropy in Product
Hilbert Space

One natural way to get entropy, even for a system in a pure
quantum state, is to make the coarse graining of dividing the
system into subsystems and ignoring their correlations.

— D. N. Page [1]

Abstract A property might be called “typical” for some ensemble of items, if this
property will show up with high probability for any randomly selected ensemble
member (cf. Chap. 6). This requires a statistical characterization of the ensemble,
i.e., a distribution function. For pure states in Hilbert-space of finite dimension ntot

such a distribution can be derived by the condition of unitary invariance. As a per-
tinent example we will show here that for a bipartite Hilbert space of dimension
ntot = ng · nc the maximum local entropy (minimum local purity) within subsystem
g (dimension ng) becomes typical, provided ng � nc. Note that this observation is a
consequence of the tensor space and virtually independent of the respective physical
system.

22.1 Unitary Invariant Distribution of Pure States

For simplicity we start by considering a two-dimensional Hilbert space. According
to (7.2), any normalized state vector |ψ〉 can be represented by the real and imagi-
nary parts {ηi , ξi }, basis |i〉, of the complex amplitudes, and fulfill condition (7.3).
In spite of this constraint let us assume for the moment that all these parameters are
independent. We are looking for the probability distribution,

W (η1, η2, ξ1, ξ2) = W (η1)W (η2)W (ξ1)W (ξ2) , (22.1)

which is invariant under the unitary transformation

Û =
(

1 + iε3 iε1 − ε2

iε1 + ε2 1 − iε3

)
. (22.2)

This transformation leads to

Gemmer, J. et al.: Purity and Local Entropy in Product Hilbert Space. Lect. Notes Phys. 784,
257–261 (2009)
DOI 10.1007/978-3-540-70510-9 22 c© Springer-Verlag Berlin Heidelberg 2009
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|ψ ′〉 = Û |ψ〉 =
2∑

i=1

(
η′

i + iξ ′
i

) |i〉, (22.3)

with the coordinate transformation

η′
1 = η1 − ξ2ε1 − η2ε2 − ξ1ε3 , (22.4)

η′
2 = η2 − ξ1ε1 + η1ε2 + ξ2ε3 , (22.5)

ξ ′
1 = ξ1 + η2ε1 − ξ2ε2 + η1ε3 , (22.6)

ξ ′
2 = ξ2 + η1ε1 + ξ1ε2 − η2ε3 . (22.7)

It suffices to consider infinitesimal changes in the transformed probability distribu-
tion of a single coordinate:

W (η′
i ) = W (ηi ) + (η′

i − ηi )
∂W (ηi )

∂ηi

(22.8)

and in the same way for the distribution of the imaginary parts of the coordinates
W (ξ ′

i ). Keeping only terms of first order in ε, we obtain for the completely trans-
formed probability distribution

W (η′
1) W (η′

2) W (ξ ′
1) W (ξ ′

2)

≈ W (η2) W (ξ1) W (ξ2)
∂W (η1)

∂η1

(−ξ2ε1 − η2ε2 − ξ1ε3)

+ W (η1) W (ξ1) W (ξ2)
∂W (η2)

∂η2

(−ξ1ε1 + η1ε2 + ξ2ε3)

+ W (η1) W (η2) W (ξ2)
∂W (ξ1)

∂ξ1

(η2ε1 − ξ2ε2 + η1ε3)

+ W (η1) W (η2) W (ξ1)
∂W (ξ2)

∂ξ2

(η1ε1 + ξ1ε2 + η2ε3) . (22.9)

Postulating

∂W (ηi )

∂ηi

≈ −ηi W (ηi ) ,
∂W (ξi )

∂ξi

≈ −ξi W (ξi ) , (22.10)

leads to

W (η′
1) W (η′

2) W (ξ ′
1) W (ξ ′

2) ≈ const. · W (η1) W (η2) W (ξ1) W (ξ2) , (22.11)

as required. Equation (22.10) implies the normalized solution

W (ηi ) = 1√
2πσ

eη2
i /2σ 2

, W (ξi ) = 1√
2πσ

eξ 2
i /2σ 2

. (22.12)
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As long as the complete probability distribution is a Gaussian distribution of the
single coordinates, it is invariant under unitary transformations.

Generalizing this result for two-dimensional Hilbert spaces to any finite Hilbert
space of dimension ntot, we thus end up with the Gaussian

W ({ηi , ξi }) =
(

1√
2πσ

)2ntot

exp

(
− 1

2σ 2

ntot∑
i=1

(
η2

i + ξ 2
i

))
. (22.13)

The normalization condition for the wave function, though, requires that the sum of
the squares of the coordinates is 1 (see (7.3)), i.e., the parameters are not indepen-
dent, contrary to our assumption. However, for large ntot the central limit theorem
tells us that W ({ηi , ξi }) is indeed approximate a Gaussian, provided we choose [2]

σ = 1√
2ntot

. (22.14)

The above unitary invariant distribution holds for an ntot-dimensional Hilbert space
without further constraints. It characterizes an ensemble in Hilbert space, from
which to pick “typical” pure states.

22.2 Application

The results of the preceding section are now applied to a bipartite system of dimen-
sion ntot = ng · nc, with ng ≤ nc. Let f = f (|ψ〉) = f ({ηi , ξi }) be some function
of the state vector. Then we can define its Hilbert space average � f � and its Hilbert
space distribution { f }, respectively, as

� f � =
∫

W ({ηi , ξi }) f ({ηi , ξi })
ntot∏
i=1

dηi dξi , (22.15)

{ f } =
∫

δ( f ({ηi , ξi }) − f ) W ({ηi , ξi })
ntot∏
i=1

dηi dξi . (22.16)

Here we restrict ourselves to the local purity Pg and local entropy Sg. The resulting
distribution {Pg} is shown in Fig. 22.1 for ng = 2 and varying nc. We see that this
distribution tends to peak at the minimum value Pg = 1/ng = 1/2. Its average is
given by (see [1])

�Pg� = ng + nc

ngnc + 1
. (22.17)

In Fig. 22.2 we show the Hilbert space average of Sg for ng = 2 as a function
of nc. Again we see that Sg rapidly approaches its maximum value Sg

max for large
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embedding nc. For 1 � ng ≤ nc one obtains [1]

�Sg� ≈ ln ng − ng

2nc
. (22.18)

Both results indicate that for ng � nc a typical state of subsystem g is totally
“mixed”: all its local properties have maximum uncertainty.
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These findings may appear to anticipate the second law in a suprisingly simple
and fundamental way. However, while one cannot deny that the second law and
the above-discussed typical state features have a common source, the former does



References 261

not follow from the latter. Detailed physical explorations cannot be avoided, cf.
Sects. 7, 8.
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Chapter 23
Observability of Intensive Variables

“Temperature fluctuation” is an oxymoron because the
consistent and consensual definition of temperature admits no
fluctuation.

— Ch. Kittel [1]

Abstract The status of the intensive variables like temperature or pressure needs
further exploration; two interrelated questions are addressed in this chapter: First
we investigate under what conditions temperature can be defined locally. We then
discuss basic procedures by which pressure and temperature, though not observables
by themselves, could be inferred from Experiment.

The distinction between intensive and extensive variables is intimately related to
the composition/decomposition of systems: The intensive variables are contact vari-
ables, which should be the same for systems in thermal equilibrium. However,
this composition/decomposition has originally been introduced on the macroscopic
domain, leaving open the question on what scale temperature (or pressure) can be
defined locally.

23.1 On the Existence of Local Temperatures1

As in Sect. 16.4 we consider a chain of spins with nearest neighbor interactions.
However, instead of various values of the coupling strength we consider groups of
different numbers of adjoining spins (see Fig. 23.1 and [2, 3]). The idea behind
this approach is the following. If N adjoining spins form a group, the energy of

N spins N spins

Fig. 23.1 N G groups of N adjoining spins each are formed

1 Based on [2–5] by Hartmann et al.
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the group is N times the average energy per spin and is thus expected to grow
proportionally to N as the size of the group is increased. Since the spins only interact
with their nearest neighbors, two adjacent groups only interact via the two spins at
the respective boundaries. As a consequence, the effective coupling between two
groups is independent of the group size and thus becomes less relevant compared to
the energy contained in the groups as the group size increases.

Since we want to analyze the existence of a quantity usually assigned to equilib-
rium states, we should consider equilibrium scenarios or at least situations close to
equilibrium. Therefore, we assume that our entire spin chain is in a thermal equilib-
rium state. One can imagine that it may have approached this state via interactions
with its surrounding as described in Chap. 9, although, for the consideration here,
such details will be irrelevant.

Before we can address the question of local temperatures, we have to clarify
what we mean when we say that temperature exists or does not exist. The spectral
temperature defined in Chap. 13 always exists, by definition, but it usually does not
have all the properties temperature is supposed to have in thermal equilibrium.

We adopt here the convention that local temperature exists if the respective (local)
reduced density matrix is close to a canonical one. Then, the spectral temperature,
which in this case coincides with the standard temperature, fully characterizes the
distribution, i.e., the diagonal elements of the corresponding density matrix. If, fur-
thermore, the local temperatures coincide with the global one, temperature is even
an intensive quantity in the scenario at hand (i.e., does not change with system size).

We thus consider a very long chain of very many spins in a global thermal equi-
librium state (10.36), divide the chain into N G groups of N adjoining spins each (see
Fig. 23.1), and test whether the local probability distribution also has the canonical
form (10.36).

23.1.1 Model

We start by defining the Hamiltonian of our spin chain in the form,

Ĥ =
∑

μ

(
Ĥ (μ)

loc + Ĥ (μ,μ+1)
int

)
, (23.1)

where the index μ labels the elementary subsystems. The first term is the local
Hamiltonian of subsystem μ and the second one describes the interaction between
subsystem μ and μ+1. We assume periodic boundary conditions. Since this section
applies to all models with the structure (23.1), we do not further specify the terms
in the Hamiltonian before we apply the results to the concrete spin chain model in
Sect. 23.1.4.

We now form N G groups of N subsystems each with index ν = 1, . . . , N G spec-
ifying the respective group, and μ = 1, . . . , N numbers the elementary subsystems
within such a group

μ �→ (ν − 1)N + μ . (23.2)
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According to the formation of groups the total Hamiltonian splits up into two parts,

Ĥ = Ĥ0 + Î , (23.3)

where Ĥ0 is the sum of the Hamiltonians of the isolated groups,

Ĥ0 =
N G∑
ν=1

Ĥ (ν)
group with (23.4)

Ĥ (ν)
group =

N∑
μ=1

Ĥ ((ν−1)N+μ)
loc +

N−1∑
μ=1

Ĥ ((ν−1)N+μ,(ν−1)N+μ+1)
int ,

and Î contains the interaction terms of each group with its neighbor group only

Î =
N G∑
ν=1

Ĥ (νN ,νN+1)
int . (23.5)

We label the eigenstates of the total Hamiltonian Ĥ and their energies with Greek
letters (ϕ,ψ) and eigenstates and energies of the group Hamiltonian Ĥ0 with Latin
letters (a, b)

Ĥ |ϕ〉 = Eϕ|ϕ〉 , Ĥ0|a〉 = Ea|a〉 . (23.6)

Here, the states |a〉 are products of group eigenstates defined as

Ĥ (ν)
group|aν〉 = Eν |aν〉 , |a〉 =

N G∏
ν=1

|aν〉 . (23.7)

Eν is the energy of one subgroup only and Ea = ∑N G

ν=1 Eν .

23.1.2 Global Thermal State in the Product Basis

We assume that the total system is in a thermal state with a density matrix ρ̂, which
reads in the eigenbasis of Ĥ

〈ϕ|ρ̂|ψ〉 = e−βEϕ

Z
δϕψ . (23.8)

Here, Z is the partition function and β = 1/(kBT ) the inverse temperature. Trans-
forming the density matrix (23.8) into the eigenbasis of Ĥ0 we obtain

〈a|ρ̂|a〉 =
∫ E1

E0

dE Wa(E)
e−βE

Z
(23.9)
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for the diagonal elements in the new basis. Here, the sum over all states |a〉 has been
replaced by an integral over the energy. E0 is the energy of the ground state and E1

the upper limit of the spectrum. The density of conditional probabilities Wa(E) is
given by

Wa(E) = 1

ΔE

∑
|ϕ〉:E≤Eϕ<E+ΔE

|〈a|ϕ〉|2 , (23.10)

where ΔE is small and the sum runs over all states |ϕ〉 with eigenvalues Eϕ in the
interval [E, E + ΔE].

To compute the integral of (23.9) we need to know the density of the conditional
probabilities Wa(E). For a very large number of groups, N G � 1, it may be approx-
imated by a Gaussian normal distribution (for a rigorous proof of this statement,
which is a quantum analog of the central limit theorem, and further applications,
see [3] and [6]),

lim
N G→∞

Wa(E) = 1√
2πΔa

exp

(
− (E − Ea − εa)2

2 Δ2
a

)
, (23.11)

where εa and Δa are defined by

εa = 〈a|Ĥ |a〉 − 〈a|Ĥ0|a〉 , (23.12)

Δ2
a = 〈a|Ĥ 2|a〉 − 〈a|Ĥ |a〉2 . (23.13)

The quantity εa has a classical counterpart, while Δ2
a is purely quantum mechanical.

It appears because the commutator [Ĥ , Ĥ0] is non-zero, and the distribution Wa(E)
therefore has non-zero width. Equation (23.9) can now be computed for N G � 1

〈a|ρ̂|a〉 = 1

Z
exp

(
−β ya + β2Δ2

a

2

)
×

× 1

2

(
erfc

( E0 − ya + βΔ2
a√

2Δa

)
− erfc

( E1 − ya + βΔ2
a√

2Δa

))
, (23.14)

where ya = Ea + εa and erfc(. . . ) is the conjugate Gaussian error function. The
second term only appears if the energy is bounded and the integration extends from
the energy of the ground state E0 to the upper limit of the spectrum E1.

The off-diagonal elements 〈a|ρ̂|b〉 vanish for |Ea − Eb| > Δa + Δb because the
overlap of the two distributions of conditional probabilities becomes negligible. For
|Ea − Eb| < Δa + Δb, the transformation involves an integral over frequencies and
thus these terms are significantly smaller than the entries on the diagonal part.
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23.1.3 Conditions for Local Thermal States

We now test under what conditions the diagonal elements of the (local) reduced
density matrices are also canonically distributed with some local inverse tempera-
ture β

(ν)
loc for each subgroup ν = 1, . . . , N G. Since the trace of a matrix is invari-

ant under basis transformations, it is sufficient to verify that they show the correct
energy dependence. If we assume periodic boundary conditions, all reduced density
matrices are equal (β(ν)

loc = βloc for all ν) and the products of their diagonal elements
are of the form 〈a|ρ̂|a〉 ∝ exp(−βloc Ea). We thus have to verify that the logarithm
of the right-hand side of (23.14) is a linear function of the energy Ea ,

ln (〈a|ρ̂|a〉) ≈ −βloc Ea + c , (23.15)

where βloc and c are real constants. Note that (23.15) does not imply that the occu-
pation probabilities of an eigenstate |ϕ〉 with energy Eϕ and a product state with
the same energy Ea ≈ Eϕ are equal. Even if βloc and β are equal with very good
accuracy, but not exactly the same, occupation probabilities may differ by several
orders of magnitude, provided the energy range is large enough.

Since we consider the limit N G → ∞, we approximate the conjugate error func-
tions of (23.14) by their asymptotic expansions (cf. [7]). This is possible because
ya and Δ2

a are sums of N G terms and the arguments of the error functions grow
proportionally to

√
N G. Inserting the asymptotic expansions into (23.14) shows that

(23.15) can only be true if

Ea + εa − E0√
N G Δa

> β
Δ2

a√
N G Δa

(23.16)

(for a more detailed consideration see [4]). In this case, (23.14) may be taken to read

〈a|ρ̂|a〉 = 1

Z
exp

(
−β

(
Ea + εa − βΔ2

a

2

))
, (23.17)

where we have used that ya = Ea + εa . To ensure that the criterion (23.15) is met,
εa and Δ2

a have to be of the form

− εa + β

2
Δ2

a ≈ c1 Ea + c2 , (23.18)

as follows by inserting (23.17) into (23.15). In (23.18), c1 and c2 are arbitrary, real
constants. Note that εa and Δ2

a need not be functions of Ea and therefore in gen-
eral cannot be expanded in a Taylor series. In addition, the temperature becomes
intensive, if the constant c1 vanishes, in

βloc = β(1 − c1) , (23.19)
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which follows by introducing the approximated diagonal matrix element (23.17)
into condition (23.14) and using (23.18). If c1 does not vanish, temperature would
not be intensive, although it might exist locally.

Conditions (23.16) and (23.18) determine when temperature can exist locally.
These conditions depend on the global inverse temperature β. In both equations
the inverse temperature β appears together with the squared width Δ2

a , which is
always larger than zero as long as the commutator [Ĥ , Ĥ0] does not vanish. The
temperature dependence of the criteria for the existence of local temperatures is
thus a pure quantum effect, which appears in almost all models of interest since
these show [Ĥ , Ĥ0] �= 0. As can already be deduced from (23.16) and (23.18), the
temperature dependence is most relevant at low temperatures, where minimal length
scales for the existence of temperature may even become macroscopic, as we will
see below (cf. [8–11]).

It is sufficient to satisfy the conditions (23.16) and (23.18) for an adequate energy
range Emin ≤ Ea ≤ Emax only. For large systems with a modular structure, the den-
sity of states is a rapidly growing function of energy, as explained in Sect. 12.2. If the
total system is in a thermal state, occupation probabilities decay exponentially with
energy. The product of these two functions is thus sharply peaked at the expectation
value of the energy E of the total system E + E0 = Tr

{
Ĥ ρ̂

}
, with E0 being the

ground state energy. The energy range thus needs to be centered at this peak and to
be large enough. On the other hand it must not be larger than the range of values Ea

can take on. Therefore, a pertinent and “safe” choice for Emin and Emax is

Emin = max
(
[Ea]min , α−1 E + E0

)
, (23.20)

Emax = min
(
[Ea]max , α E + E0

)
, (23.21)

where α � 1 and E will in general depend on the global temperature. [x]min and
[x]max, respectively, denote the minimal and maximal values that x can take on.

The expectation value of the total energy, E , in general depends on the global
temperature. This temperature dependence, which is characteristic of the model (i.e.,
of the material) at hand, also enters into the criteria (23.16) and (23.18) via the
definition of the relevant energy range in (23.20) and (23.21).

Figure 23.2 compares the logarithm of (23.14) for a model, where εa = 0 and
Δ2

a = E2
a/N 2 with N = 1000 and the logarithm of a canonical distribution with

the same β. The actual density matrix is more mixed than the canonical one. In
the interval between the two vertical lines, both criteria (23.16) and (23.18) are
satisfied. For E < Elow (23.16) is violated and (23.18) for E > Ehigh. To allow for
a description by means of a canonical density matrix, the group size N needs to be
chosen such that Elow < Emin and Ehigh > Emax.

For the existence of a local temperature the two conditions (23.16) and (23.18),
which constitute the general result of our approach, must both be satisfied. Or, to
put it differently, the two criteria determine, for a concrete situation, the minimal
number of group members N (a minimal length scale) on which temperature can be
defined. These fundamental criteria will now be applied to a concrete example.
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Elow Ehigh

ln
(

a
ˆ|ρ|

a
)

Ea

Fig. 23.2 ln (〈a|ρ̂|a〉) for a canonical density matrix ρ (dashed line) and for ρ̂ as in (23.14) (solid
line) with εa = 0 and Δ2

a = E2
a/N 2 (N = 1000) [4]

23.1.4 Spin Chain in a Transverse Field

As a concrete application, we consider a spin chain in a transverse field. For this
model the Hamiltonian reads

Ĥ (μ)
loc = −ΔE σ̂

(μ)
3

Ĥ (μ,μ+1)
int = −λ

2

(
σ̂

(μ)
1 ⊗ σ̂

(μ+1)
1 + σ̂

(μ)
2 ⊗ σ̂

(μ+1)
2

)
. (23.22)

Here, 2ΔE is the Zeeman splitting (we will always assume ΔE > 0) and λ the
strength of the spin–spin coupling, called Förster coupling.

If one partitions the chain into N G groups of N subsystems each, the groups
may be diagonalized via a Jordan–Wigner and a Fourier transformation [2]. With
this procedure, the quantities Ea , εa , and Δa can be expressed in terms of fermionic
occupation numbers of the group eigenstates, which in turn allows us to calculate
the minimal number of spins Nmin in each group (the minimal length scale) from
conditions (23.16) and (23.18).

The technical details of this calculation, which involve a few further approxima-
tions, are not relevant for the understanding of the relevant physics. We thus refer
the interested reader to Appendix E for a detailed discussion.

Figure 23.3 shows Nmin as a function of temperature T in units of half the Zeeman
splitting for weak coupling, λ = 0.1ΔE . Here, condition (23.16) is approximated
by (E.7) and condition (23.18) by (E.10) (see Appendix E).

The strong coupling case (λ = 10ΔE) is shown in Fig. 23.4, where condition
(23.16) is approximated by (E.9) and condition (23.18) by (E.10) (see Appendix E).

Apparently, criterion (23.18) and (E.10), respectively, becomes relevant only at
high temperatures T and strong coupling λ > ΔE . In addition, temperature is
always an intensive quantity for the spin chain considered here, irrespective of the
coupling strength (see Appendix E for details).
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Fig. 23.3 Weak coupling (λ = 0.1ΔE). Log–log plot of Nmin over T : the criteria (E.7) (solid line)
and (E.10) (dashed line) define lower limits above which a local temperature is defined [4]
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Fig. 23.4 Strong coupling (λ = 10ΔE). Log–log plot of Nmin over T : the criteria (E.9) (solid line)
and from (E.10) (dashed line) define a limit above which a local temperature is defined [4]

The model shows that for spin chains at high temperatures local temperatures
may exist even for single spins, while the minimal group size becomes increasingly
large at low temperatures. These characteristics are quite plausible if the transfor-
mation behavior of matrices under a change of basis is taken into account. At very
high global temperatures, the total density matrix is almost completely mixed, i.e.,
proportional to the identity matrix, and thus does not change under basis transfor-
mations. There are, therefore, global temperatures that are high enough, so that local
temperatures exist even for single spins.

On the other hand, if the global temperature is very low, the system is essen-
tially in its ground state. This state is typically a superposition of product states
and therefore strongly correlated [8, 9]. It becomes thus impossible to assign local
temperatures to the ground state for any partition.
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23.2 Measurement Schemes

The intensive thermodynamic variables x = {T, p} are state parameters, not observ-
ables. In quantum mechanics they are not associated with operators. For a stationary
state x is time independent, by definition.

Measurements of x are thus necessarily indirect. Basically there appear to be two
different schemes:

(1) Process-based: Here one considers a thermodynamic process as demanded by
the thermodynamic definition of x :

T =
(

∂U

∂S

)

V

= T (S, V ) , (23.23)

P = −
(

∂U

∂V

)

S

= P(S, V ) . (23.24)

We would thus have to perform an isochor (adiabat) to construct the tangent at
the required point (S,V). We will return to this scheme in Chap. 25.

(2) Observable-based: Here one exploits the parameter dependence of some observ-
able A, which can be accessed by a measurement device. If one knows the
functional dependence A(x), x can be inferred from a measurement of A. In this
way, the measurement of x has been converted to a “conventional” measurement
of A. In the quantum domain the measurement of A is subject to the limitations
imposed by quantum physics such as quantum uncertainty.

In the following we will discuss two quantum examples for scheme (2). We leave
out the problem of fluctuations [1, 12, 13].

23.2.1 Pressure

In thermodynamics, pressure is an intensive work variable defined as (cf. Chap. 14)

P = −
(

∂U

∂V

)

S

, (23.25)

where U is the internal energy of the system under consideration (not of the total
system) and the volume V is the extensive work variable conjugate to P . In the
one-dimensional case, P has the dimension of force:

F = −
(

∂U

∂L

)

S

. (23.26)

In any case, the mechanical effect will consist of a deformation (compression) of an
additional degree of freedom entering U . Here we intend to show that the conjuga-
tion between the extensive work variable and the pressure can indeed be confirmed
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Fig. 23.5 One-dimensional model for a confined “gas particle,” mg, interacting with a harmonic
oscillator

down to the nano limit. For this purpose we first study an isolated bipartite system,
i.e., without thermalizing environment.

In our present one-dimensional model introduced by Borowski et al. [14] one
subsystem is a single particle (g) in a box, where, however, one wall (w) is now
replaced by a movable piston connected to a spring, the central part of a manome-
ter (see Fig. 23.5). The fact that the manometer is essentially mechanical is often
interpreted to mean that the pressure P is mechanical, too. However, this is not the
case, as can be inferred from the condition S = const. in (23.25). On the other hand,
pressure, like temperature, can under appropriate conditions be defined for a single
(embedded) subsystem. Classically this would hardly be considered meaningful.
The respective two-particle Hamiltonian is given by

Ĥ (qg, qw) = − �
2

2mg

∂2

∂(qg)2
− �

2

2mw

∂2

∂(qw)2
+ f

2
(qw)2 + V̂ (qg, qw) , (23.27)

with the potential

V̂ (qg, qw) =

⎧⎪⎨
⎪⎩

∞ qg < 0

∞ for qg > L + qw

0 0 ≤ qg ≤ L + qw

. (23.28)

The total potential term, which is obviously not accessible from a perturbative
approach,

V̂ ′(qg, qw) = V̂ (qg, qw) + f

2
(qw)2 (23.29)
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can be shown to separate under the coordinate transformation

yg = qg

qw + L
L , yw = qw , (23.30)

in the limit of yw � L . Of course, in order to make use of this convenient feature,
one also has to transform the kinetic parts to the new coordinates. The unperturbed
part (particle of mass mg in a box with infinite walls at yg = 0 and yg = L and a
particle of mass mw in a harmonic potential) is then given by

Ĥ0 = − �
2

2mg

∂2

∂(yg)2
− �

2

2mw

∂2

∂(yw)2
+ V̂ ′(yg, yw) . (23.31)

While the transformation of the kinetic energies produces an additional coupling
term, a more careful analysis shows that this coupling term can now be dealt with
by means of standard perturbation theory. The corresponding energy spectrum of
Ĥ0 is

E jg jw = E jg + E jw =
(

π� jg

√
2mgL

)2

+ �

√
f

mw

(
jw + 1

2

)
, (23.32)

where jg and jw are quantum numbers. Due to the particle–particle interaction one
finds for the perturbed energy eigenstate with jw = 0 approximately

〈qw〉 jg =
(

π� jg

L
√

mgL f

)2

. (23.33)

For such an elongation (with the particle in state jg) the corresponding force (“pres-
sure”) should be

Fjg = f 〈qw〉 jg . (23.34)

This is identical with the definition

−
(

∂ E jg

∂L

)

S

= Fjg , (23.35)

so that in this case we confirm the functional dependence

qw(F) = 1

f
F . (23.36)

The interaction between the particle and the oscillator can be shown to lead to neg-
ligible entanglement, i.e., the local entropies remain zero. The whole system (“gas”
with movable wall) can be used as a manometer for some other system with which



274 23 Observability of Intensive Variables

an appropriate mechanical contact exists, i.e., which can “exchange” volume. From
a measurement of qw (a property of the total system) we can thus infer the “pressure”
F , applicable to that system. Of course, this model study should be generalized to
include thermal states.

Note that qw is taken to be the average position of the single quantum oscillator;
its measurement would thus require a sequence of conventional quantum measure-
ments. These can be performed independently only, if the particle in the box relaxes
back to its equilibrium state before the next measurement occurs. Also from this
point of view an embedding is needed. In the extreme quantum limit, the respective
variance can easily be of the same order as the mean value (i.e., qw shows large
fluctuations).

23.2.2 Temperature

Insofar as the pressure also depends on temperature, the system of Sect. 23.2.1 could
also serve as a thermometer.

Alternatively, we may consider a set of non-interacting spins (two-level systems)
with finite Zeeman splitting in contact with some appropriate environment (or bath).
Its average magnetization M (or mean energy) constitutes a unique relation between
M and T (which can be calculated, e.g., based on the canonical-level occupation
probabilities). From a measurement of M we may thus infer T : The measurement
of T is converted to a conventional measurement of M . It goes without saying that
such a system may operate as a thermometer for any other system, which has been
brought in thermal contact, i.e., which can exchange heat. In general, the actual
measurement of M will call for another specific technical design [13].
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Chapter 24
Observability of Extensive Variables

In the same way that classical mechanics proved inadequate
to describe energy exchange between radiation and matter at
the atomistic level, one could imagine that current theories
describing thermal exchange processes occurring at very
small length-scales or short times should accordingly be
revised.

— F. Ritort [1]

Abstract The observability of extensive thermodynamic variables is most conve-
niently related to thermodynamic processes: One can study the change of internal
energy subject to different constraints. This leads, e.g., to the concept of work
and heat, the later being related to a change of entropy. Fluctuations of work
become important in the limit of small systems, i.e., in the domain of “nano-
thermodynamics,” and in connection with non-equilibrium.

24.1 Work and Heat1

The splitting of energy change into work and heat is related to the availability of
tools by which either of these two modes of change can selectively be implemented.
In classical thermodynamics this is routinely done based on work reservoirs and
heat reservoirs, respectively (cf. thermodynamic machines). In general, however,
and, in particular, in the quantum domain such an idealized classification of the
environment becomes questionable.

24.1.1 LEMBAS Scenario

Here we visualize a two-step scenario, in which a system A has first been prepared
in a thermal state (via embedding into some appropriate large environment), then
the environment is removed and eventually replaced by another subsystem B. The
latter could be some different environment, a measurement apparatus, or designed
to induce thermodynamic processes on A, usually still close to equilibrium. Work

1 Based on [2].
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and heat have meaning only in the context of such thermodynamic processes (cf.
Chap. 25): One attempts to characterize how the change of the internal energy UA

is being achieved. Here UA is a state function; work and heat depend on the details
of the process performed. The process (or path) dependence of heat and work is
constitutive for cyclic thermodynamic heat engines.

While there is no problem to define heat and work in classical thermodynamics,
their classification in the quantum regime is not that obvious. A common approach
is based on the change of the total energy expectation value

dUA = Tr
{
ρ̂AdĤA + ĤAdρ̂A

}
, (24.1)

defining the first term (change of Hamiltonian) as work d−WA and the second (change
of state) as heat d−Q A. Taking ρ̂A to be close to thermal equilibrium, this formulation
gives an interpretation of the differential form of the first law. The rationale behind
this identification is that the change of Hamilton-parameters (like the confining
volume for a gas) may be called “mechanical,” while the change of state may be
associated with a change of entropy, i.e., heat.

However, this definition lacks a clear operational meaning and may even yield
unphysical results, as we will see later. This is why we turn to a different approach
incorporating two features: (i) a concrete physical embedding of A causing the
change of local energy E A and (ii) a prescription of how to specify (measure)
E A in the presence of that very embedding (applicable also beyond the weak cou-
pling limit). The change of local energy for a considered subsystem should thus be
described within a local effective measurement basis (LEMBAS). The change of
local energy can then systematically be split into a part associated with a change
of entropy and another part which is not. Like in classical thermodynamics we call
the first part heat and the second part work. However, in contrast to the classical
definitions, work and heat are no longer absolute quantities but depend on the chosen
measurement basis.

We consider subsystem A together with its control B as an autonomous (i.e.,
time-independent) bipartite quantum system with Hamiltonian

Ĥ = ĤA + ĤB + ĤAB , (24.2)

where ĤA and ĤB are the local Hamiltonians of subsystems A and B, respectively,
and ĤAB describes the interaction between both subsystems. The internal energy
U = Tr

{
Ĥ ρ̂

}
is thus, at most, approximately additive. The interaction will typically

gain in importance for small subsystems. The dynamics of the total system is given
by the Liouville–von Neumann equation

∂

∂t
ρ̂ = −i[Ĥ , ρ̂]. (24.3)

� is set to 1 here. There is no external driving.
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As we are interested in the properties of only one subsystem, A, we obtain its
reduced dynamics by tracing out system B

∂

∂t
ρ̂A = −iTrB

{
[ĤA + ĤB + ĤAB, ρ̂]

}
. (24.4)

With respect to a proper definition of work and heat, we will have to split this effec-
tive dynamics into a “coherent” and an “incoherent” part. We proceed as follows.

By using some theorems on partial traces, it is possible to show that terms involv-
ing ĤB vanish. For dealing with the other terms we split the density operator as

ρ̂ = ρ̂A ⊗ ρ̂B + ĈAB , (24.5)

where ρ̂A,B are the reduced density operators for A and B, respectively, and ĈAB

describes the correlations between both subsystems. Note that ĈAB �= 0 does not
necessarily imply entanglement, it rather means that the entropy becomes non-
extensive. Again a partial trace theorem can be used to show that TrB

{
[ĤA, ĈAB]

}
vanishes. For the interaction part we get two terms: The first one is given by

TrB
{
[ĤAB, ρ̂A ⊗ ρ̂B]

} = [Ĥ eff
A , ρ̂A] , (24.6)

with

Ĥ eff
A := TrB

{
ĤAB(1̂A ⊗ ρ̂B)

}
. (24.7)

The second term can be identified as an incoherent part

− iTrB
{
[ĤAB, ĈAB]

} =: Linc , (24.8)

since this term causes a change in the local von Neumann entropy SA:

ṠA = −Tr
{−i[ĤAB, ĈAB] log ρ̂A ⊗ 1̂B

} �= 0 . (24.9)

With the definitions (24.7) and (24.8) the Liouville–von Neumann equation for sub-
system A (24.4) can thus be rewritten as

∂

∂t
ρ̂A = −i[ĤA + Ĥ eff

A , ρ̂A] + Linc(ρ̂) , (24.10)

where the first term on the right-hand side describes local unitary dynamics and
the second term incoherent processes. Note that while this equation is reminiscent
of master equations, it is not closed here: it still refers to the total state ρ̂(t), which
evolves unitarily. Equation (24.10) describes the dynamical impact on A by its quan-
tum embedding, irrespective of the size/dimension of the participating subsystems.

Since we are interested in the change of the internal energy of A, we now choose
the energy basis of the isolated subsystem A as our measurement basis. However, a
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measurement of energy within this basis will not only yield some eigenvalue of the
Hamiltonian ĤA but also parts of Ĥ eff

A which commute with ĤA. Hence, we have to
split Ĥ eff

A into two parts: one which commutes with ĤA and one which does not,

[Ĥ eff
1 , ĤA] = 0 , [Ĥ eff

2 , ĤA] �= 0 . (24.11)

By expanding Ĥ eff
A in the transition operator basis defined by the energy eigenstates

{| j〉} of ĤA one can see that these parts are given by

Ĥ eff
1 =

∑
j

(Ĥ eff
A ) j j | j〉〈 j | , Ĥ eff

2 = Ĥ eff
A − Ĥ eff

1 . (24.12)

As stated before, the part Ĥ eff
1 affects the measurement of the local energy. Thus,

the effective Hamiltonian for our local description reads

Ĥ ′
A = ĤA + Ĥ eff

1 . (24.13)

The ensemble average over such local measurements E ′
A would give the respective

internal energy UA. Correspondingly, the change of internal energy in A is given by

dUA = d

dt
TrA

{
Ĥ ′

Aρ̂A
}

dt = TrA

{
˙̂H ′

Aρ̂A + Ĥ ′
A

˙̂ρA

}
dt . (24.14)

With ĤA being time independent and using (24.10) as well as the cyclicity of the
trace leads to

dUA = TrA

{
˙̂H eff

A ρ̂A − i[Ĥ ′
A, Ĥ eff

2 ]ρ̂A + Ĥ ′
ALinc(ρ̂)

}
dt . (24.15)

Bearing in mind that only the dynamics due to Linc(ρ̂) changes the entropy, we can
identify work and heat as follows:

d−WA = TrA

{
˙̂H eff

A ρ̂A − i[Ĥ ′
A, Ĥ eff

2 ]ρ̂A

}
dt , (24.16)

d−Q A = TrA
{

Ĥ ′
ALinc(ρ̂)

}
dt . (24.17)

d−WA and d−Q A characterize modes of change of dUA; in general, these terms are
not observable separably. dUA = 0 implies that there is no net energy exchange
between A and B.

The appearance of heat – within an entirely unitary evolution of the total system –
is remarkable, but consistent with the ideas of quantum thermodynamics: Heat can
be transferred to subsystem A provided the total system does not remain in a prod-
uct state (cf. Eqs. (24.8), (24.5)). The transfer of work requires a time-dependent
Hamiltonian Ĥ eff

A (i.e. a non-stationary ρ̂B) and/or a non-zero Ĥ eff
2 . One can easily

check that (24.16) and (24.17) are equivalent to the definitions based on (24.1) if
Ĥ eff

2 = 0. In general, the results are not symmetrical with respect to A and B,
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respectively. Note, furthermore, that both modes of energy change can eventually
be traced back to the same equation of motion, Eq. (24.4). At this stage there is no
qualification for the statement that work should be something “better” (more useful)
than heat. With respect to the given total scenario both energy parts may enter and
leave A in an oscillatory manner.

With reference to (24.16), (24.17) the environment B may be classified (with
respect to A) as being a (in general finite) heat reservoir, if d−WA = 0, as being a
work reservoir, if d−Q A = 0.

24.1.2 Applications

We start by noting that the embedding B may be small (e.g., comparable to A, say)
and thus does not necessarily impart thermal properties on A in the sense of Part
II of this book. As a result details of the dynamical behavior of A will sensitively
depend on the model used. In general, its state will lack stability with respect to
perturbations. We consider three examples; in each the subsystem A is assumed to
start in a thermal equilibrium state:

1. Clausius Equality: In the case of a quasi-static evolution, one should expect

dSA = 1

TA
d−Q A. (24.18)

Given our generalized expressions for dSA and d−Q A it is far from obvious that
this equality would indeed hold. Applying our definition for the transferred heat
(24.17) we get

dSA = 1

TA
TrA

{
Ĥ ′

ALinc(ρ̂)
}

dt , (24.19)

with TA being associated with the local temperature of A. Using (24.8), (24.9)
this temperature is given by

TA = TrA
{

Ĥ ′
ALinc(ρ̂)

}

−TrA {Linc(ρ̂) log ρ̂A} . (24.20)

For diagonal states Ĥ ′
A commutes with ρ̂A and Linc(ρ̂A). Thus (24.20) is equiva-

lent to the classical definition

TA = ∂UA

∂SA
, (24.21)

using (24.15) for the internal energy (with ˙̂H eff
A ≈ 0). The consistency of

assumption (24.18) is thus confirmed. However, TA is associated with the process
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induced on A via its embedding and can deviate from the global temperature T
of the full system due to the interaction between the subsystems inducing corre-
lations. In the low temperature/strong coupling regime such deviations between
TA and T become most significant.

For general processes (allowing for transient non-equilibrium) the above strict
relation between dSA and d−Q A has to be relaxed: The famous Clausius inequal-
ity, TAdSA ≥ d−Q A, is obtained [3]. Apparent violations, T dSA < d−Q A, as
derived in [4] for specific processes may be due to the inconsistent use of T
instead of TA. There are strong indications that the second law does remain intact
also in the quantum limit [5].

2. Coherent Driving: As a second example we consider a two-level atom with local
Hamiltonian ĤA interacting with a coherent laser field (subsystem B). Semiclas-
sically, such a scenario can be described by the Hamiltonian

ĤA + Ĥ eff
A = ΔE

2
σ̂z + g sin(ωt)σ̂x , (24.22)

where g is the coupling strength and ω the laser frequency. Note that Ĥ eff
A con-

tains time-dependent Hamilton parameters (control parameters), a typical feature
of mechanical control. The Hamiltonian (24.22) can be made time independent
in the rotating wave approximation. We investigate the situation where the atom
is initially in a thermal state described by

ρ̂A(0) = Z−1 exp(−β ĤA), (24.23)

with Z being the partition function and β the inverse temperature. The time evo-
lution of the density operator ρ̂A(t) can be obtained by switching to the rotating
frame and diagonalizing the Hamiltonian. Since (24.22) already is an effective
description for A, work and heat can be computed directly once ρ̂A(t) is known.
As Rabi oscillations occur within the system, we may consider the energy stored
in A after a half period (Ωt = π

2 , where Ω =
√

g2 + δ2 is the Rabi frequency
and δ = ω − ΔE is the detuning from the resonance frequency). Using our
definitions, we find

d−WA = ΔEg2

2Ω
tanh

(
βΔE

2

)
sin (Ωt)dt , (24.24)

d−Q A = 0 . (24.25)

For comparison, the common definition (24.1) for the work would lead to

d−WA = (ΔE + δ)g2

2Ω
tanh

(
βΔE

2

)
sin (Ωt)dt , (24.26)

which means the maximum would neither be at resonance (δ = 0) nor would
d−WA disappear for large δ, which is unphysical. This example shows the impor-
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tance of explicitly referring to the appropriate measurement basis according to
the LEMBAS principle in order to obtain the correct physical result. If Ĥ eff

2 = 0
(as will be the case in Chap. 25) such precautions are not needed and we can
base our analysis simply on Eq. (24.1).

3. Heat Transport: In Chap. 21 we have investigated the heat transport through an
interacting spin chain. Starting from the respective Hamiltonian (cf. (21.1))

Ĥ =
N∑

μ=1

ĥ(μ) + J
N−1∑
μ=1

ĥ(μ,μ+1) (24.27)

and assuming weak coupling, the following expression for the pertinent energy
current between site μ and site μ + 1 has been proposed (cf. (21.16)):

Ĵ (μ,μ+1) = iJTr
{
[ĥ(μ,μ+1), ĥ(μ)]ρ̂

}
. (24.28)

Identifying μ = A, μ + 1 = B the weak coupling approximation amounts
to setting Ĥ eff

A = 0 in the sense of (24.7). As a consequence the transferred
work d−WA according to (24.16) is zero under stationary conditions. For the heat
current (24.17) we have with Ĥ ′

A = ĤA

dQ A

dt
= iTrAB

{
[ĤAB, ĤA, ]̂CAB

}
. (24.29)

This result is identical with (24.28) if

TrAB
{

ĤAB[ĤA ⊗ 1̂B, ρ̂A ⊗ ρ̂B]
} = 0, (24.30)

i.e., if the reduced density operator ρ̂A commutes with ĤA. This is the case, e.g.,
for ρ̂A being canonical, which should be expected for a chain exhibiting a local
temperature profile.

24.1.3 Remarks

In this chapter we have focussed on two interrelated questions:

(1) How can one define local energy, if the considered subsystem A interacts with
its environment?

(2) If specified, how can one split the local energy change into work and heat?

Our answer has been the LEMBAS principle. Contrary to the typical quantum ther-
modynamic scenarios we have not imposed the condition that the “environment” B
should be “large” compared to A. As a consequence the dynamics of work flow and
heat flow may significantly deviate from that in the thermal domain proper. Here we
add two more questions:
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(3) Can the LEMBAS scenario further be generalized?
(4) To what extent are those various energy contributions measurable?

The following generalizations are straightforward:

i. By its definition the LEMBAS scenario is not restricted to thermal equilibrium.
In fact, it holds for any state ρ̂ the dynamics of which is described by (24.3).
As a consequence, work and heat could be introduced even far from thermal
equilibrium. (This is reminiscent of the von Neumann entropy.)

ii. The bipartite system Ĥ need not be autonomous: We might include external
driving, making ĤA, say, explicitly time dependent. An additional work term
d−W ext

A results, which is responsible also for the change of the total energy of the
bipartite system.

iii. The subsystem A may still be subject to an external bath coupling. Then an
additional incoherent contribution had to be included in (24.10) and (24.17).

In motivating the LEMBAS scenario we have assumed measurability of the local
energy E ′

A of the subsystem A via its effective Hamiltonian Ĥ ′
A (Eq. (24.13)). This

means that a projective measurement onto state | j〉 would yield the eigenvalue E ′
j =

E j + (
Ĥ eff

A

)
j j

, where E j is the eigenvalue of the isolated subsystem. Insofar as ĈAB

only influences the effective dynamics (it appears in the heat term), the reduced
density operator ρ̂B entering Ĥ eff

A remains constant under the measurement of E ′
A,

i.e., “co-jumps” [6] are not considered here. With respect to the total system these
measurements are incomplete.

Heat and work are not observables [7], as, in general, the observed change of
energy cannot be split into these two individual contributions. Heat and work are
process related. Similar to the intensive thermodynamic variables (cf. Chap. 23)
work and heat can be measured at most indirectly, e.g., via temperature changes or
in the context of specialized environments: Energy transferred to a heat reservoir is
heat, energy transferred to a work reservoir is work (cf. Chap. 25).

24.2 Fluctuations of Work2

As we have argued, work and heat are associated with processes; these are usually
assumed to consist of equilibrium states only. However, if a general process is per-
formed on a system initially in a canonical state, it may be driven out of equilibrium.
As soon as the system gets too far away from equilibrium, its behavior can no longer
be described by linear response theory or other near-equilibrium approximations
and its dynamics may be dominated by fluctuations. Nevertheless, there exist some
general theorems about the properties of such non-equilibrium situations [9–14].
Here we want to restrict ourselves on the so-called Jarzynski relation. This relation

2 Based on [8].
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connects the work W required for such a non-equilibrium process with the free
energy difference ΔF by

e−βW = e−βΔF = Z (t)

Z (0)
. (24.31)

Here Z (0) is the partition sum at the beginning and Z (t) at the end of the process.
The initial state is a canonical state with inverse temperature β. The average is taken
over various trajectories of different W provided by a work reservoir.

This relation has been proven for classical systems by Jarzynski [9, 10]. From
(24.31) one derives the inequality [1] W ≥ ΔF = W − W diss, which implies for
the dissipated work W diss = T ΔS − ΔQ ≥ 0, i.e., the Clausius inequality. This
inequality is one of several formulations of the second law. As far as applications go,
one typically restricts oneself to small mechanical systems characterized by forces
and displacements, d−W = λ̇ ∂ H

∂λ
dt , where λ presents a generalized coordinate under

external control.
The Jarzynski relation has been shown to be valid also for closed quantum sys-

tems by Mukamel [15]. Here the difference ΔE f i (t) = ε f (t) − εi (0) between the
measured system energy eigenvalues at the end and at the beginning, respectively, of
a given process is a random variable and interpreted as work. These two measure-
ments are the only source of dissipation here; note that without dissipation there
would be no fluctuation at all: “Interactions with the environment are the funda-
mental source of noise in both classical and quantum systems” [16].

Quantum mechanically the basic fluctuation theorem refers to energy changes
as documented by measurement data. The average taken over many such correlated
measurement pairs obtained under otherwise identical conditions is interpreted as
the change of work d−W introduced by that process:

e−βΔE f i (t) = Z (t)

Z (0)
. (24.32)

In the following we inquire to what extent this theorem might be generalized to
more general open quantum systems.

For this purpose we again consider a bipartite system, split into the system of
interest A and environment B. The process performed by the system is realized by
a time-dependent Hamiltonian ĤA(t). The Hamiltonian of the environment ĤB and
the interaction part ĤAB are assumed to be time independent. Thus, the Hamiltonian
of the total system reads

Ĥ (t) = ĤA(t) ⊗ 1̂B + 1̂A ⊗ ĤB + ĤAB . (24.33)

The explicit time dependence of ĤA leads to an extra work term, d−W ext
A =

TrA

{
˙̂HA(t)ρ̂A

}
dt supplied by the external control. Local two-point measurements

on subsystem A yield, according to the LEMBAS definition,
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Δ(E ′
A(t)) f i = E ′

f (t) − E ′
i (0) , (24.34)

where E ′
i (0) is the initial energy at time 0 and E ′

f (t) the final energy at time t . The
ensemble average over such measurement pairs should give

ΔUA = Δ(E ′
A(t)) f i . (24.35)

Considering the total change of local internal energy according to Eqs. (24.15)–
(24.17) we get the effective balance

ΔUA = ΔW ext
A + ΔWAB + ΔQ AB . (24.36)

ΔW ext
A can be interpreted here as the average energy change of the total system:

ΔW ext
A = ΔE f i (t). (24.37)

24.2.1 Microcanonical Coupling

First we consider microcanonical coupling between system and environment, i.e.,
neither particle nor energy exchange is allowed. As we have seen in Sect. 10.2, the
system is nevertheless influenced by the environment.

For the bipartite system the partition sum is given by

Z (t) = Tr
{

e−β Ĥ (t)
}

= Tr
{

e−β(ĤA(t)⊗1̂B+1̂A⊗ĤB+ĤAB )
}

. (24.38)

Since there is no energy transfer between system and environment, the Hamiltonians
ĤA(t) and ĤB have to commute with Ĥ (t) at any time t :

[Ĥ (t), ĤA(t)] = 0 , [Ĥ (t), ĤB] = 0 . (24.39)

Observing that [ĤA(t), ĤB] = 0 we get

[ĤA(t), ĤAB] = 0 , [ĤB, ĤAB] = 0 , (24.40)

and thus Ĥ eff
2 = 0 (cf. (24.12)). The exponential function in (24.38) can be split,

leading to

Z (t) = Tr
{

e−β ĤA(t) ⊗ e−β ĤB e−β ĤAB

}
. (24.41)

Using the definition of a canonical density operator ρ̂can := e−β Ĥ/Z , we rewrite

Z (t) = Tr
{
ρ̂can

A (t) ⊗ ρ̂can
B e−β ĤAB

}
Z A(t)Z B . (24.42)
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Up to second order in the coupling strength we get

d

dt

[
Tr

{
ρ̂can

A (t) ⊗ ρ̂can
B e−β ĤAB

}]

≈ d

dt

[
Tr

{
ρ̂can

A (t) ⊗ ρ̂can
B

(
1 − β ĤAB + β2

2
Ĥ 2

AB

)}]

= β2

2
Tr

{
˙̂ρcan

A (t) ⊗ ρ̂can
B Ĥ 2

AB

}
. (24.43)

Assuming that we can neglect the second-order correction,

d

dt
Tr

{
ρ̂can

A (t) ⊗ ρ̂can
B e−β ĤAB

}
= 0 ∀t , (24.44)

we have

Tr
{
ρ̂can

A (t) ⊗ ρ̂can
B e−β ĤAB

}
= Tr

{
ρ̂can

A (0) ⊗ ρ̂can
B e−β ĤAB

}
. (24.45)

Thus, using (24.42) and (24.32), we approximately arrive at

e−βΔE f i = Z A(t)

Z A(0)
. (24.46)

We now consider the left-hand side of (24.46), where ΔE f i can be identified with
ΔE f i = ΔUA − ΔWAB − ΔQ AB , where ΔUA = Δ(E ′

A) f i . According to the
LEMBAS definition

d−WAB = TrA

{
˙̂H eff

A ρ̂A

}
dt − iTrA

{
[Ĥ ′

A, Ĥ eff
2 ]ρ̂A

}
dt . (24.47)

The first term in d−WAB disappears, if ρ̂B is taken to be stationary, the second term
is zero, as Ĥ eff

2 = 0. As a consequence, d−WAB = 0. Rewriting

d−Q AB = −iTr
{

Ĥ ′
A[ĤAB, ĈAB]

}
dt

= −iTr
{
ĈAB[Ĥ ′

A, ĤAB]
}

dt (24.48)

and observing [ĤA, ĤAB] = 0 so that [Ĥ eff
1 , ĤAB] = 0, we see that d−Q AB = 0 for

any ĈAB . While ĈAB = 0 certainly implies d−Q AB = 0, this condition is sufficient
but not necessary. With d−Q AB = 0 and d−WAB = 0 one may identify ΔE f i =
Δ(E ′

A) f i , so that (24.46) reduces to a local statement about A.



286 24 Observability of Extensive Variables

24.2.2 Canonical Coupling: Constant Interaction Energy

Now we consider the case of canonical coupling, i.e., energy exchange between the
system and environment is now possible. Furthermore, we assume the interaction
energy to be a constant of motion. The total system again is described by the Hamil-
tonian (24.33)

[Ĥ (t), ĤAB] = 0 ⇒ [ĤA(t) + ĤB, ĤAB] = 0 . (24.49)

This condition is slightly less restrictive than (24.40). It can be motivated by the fact
that the interaction energy has to be much smaller than the energy of the system
and the environment, respectively, as already stated in Sect. 9.3. Thus, the change
of interaction energy should also be negligible. The Jarzynski relation can then
be proven analogously to the microcanonical case: Under the same weak coupling
assumptions using (24.49), the partition sum (24.38) can also be written in the form
of (24.42). Together with the Liouville–von Neumann equation and using the cyclic
property of the trace, we obtain

d

dt

(
Z (t)

Z A(t)Z B

)
= −iTr

{
ρ̂can

A (t) ⊗ ρ̂can
B [e−β ĤAB , Ĥ (t ′)]

}
. (24.50)

Because of (24.49) we have [e−β ĤAB , Ĥ (t ′)] = 0 ∀t ′. Thus, (24.44) also holds,
which again leads us to

e−βΔE f i (t) = Z A(t)

Z A(0)
= e−βΔFA . (24.51)

We now consider the left-hand side of the equation: The total energy change of the
system, ΔE f i , is measurable, so this relation can be used experimentally. However,
it has not the Jarzynski form: ΔE f i cannot be identified with Δ(E ′

A) f i , as d−WAB �=
0, in general; likewise d−Q AB �= 0. An alternative scheme for weak coupling, but
without constraint (24.49), has been proposed by Talkner et al. [17]. They obtain
(24.51) with ΔE f i = Δ(E A) f i − Δ(Q AB) f i . Here, the second term is the energy
difference of the bath to be measured at the same instants of time as the energy of
the system A.

24.2.3 Canonical Coupling: High-Temperature Limit

Finally, we consider systems at high temperature (i.e., small β), which allows us to
expand the exponent of the partition sum in β. Neglecting terms of order O(β3), the
Baker–Campbell–Hausdorff formula leads to
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e−β(A+B) = e−(β/2)(A+B)e(β2/4)[A,B]e(β2/4)[B,A]e−(β/2)(B+A)

= e−(β/2)Ae−(β/2)Be−(β/2)Be−(β/2)A . (24.52)

Thus, using the cyclic property of the trace, we have

Tr
{
e−β(A+B)

} = Tr
{
e−(β/2)Ae−(β/2)Be−(β/2)Be−(β/2)A

}

= Tr
{
e−β Ae−β B

}
. (24.53)

Therefore, identifying

A := ĤA(t) ⊗ 1̂B + 1̂A ⊗ ĤB , B := Ĥ I , (24.54)

the partition sum reads

Z (t) = Tr
{

e−β(ĤA(t)⊗1̂B+1̂A⊗ĤB )e−β ĤAB

}
. (24.55)

Now we can proceed as in the above cases and under the same assumptions: The
partition sum can then be rewritten as

Z (t) = Tr
{
ρ̂can

A (t) ⊗ ρ̂can
B e−β ĤAB

}
Z A(t)Z B . (24.56)

Using the Liouville–von Neumann equation and the cyclic property of the trace
again leads to

d

dt

(
Z (t)

Z A(t)Z B

)
= −iTr

{
[ĤA(t ′), ρ̂can

A (t)] ⊗ ρ̂can
B e−β ĤAB

}
. (24.57)

For [ĤA(t ′), ĤA(t)] = 0 ∀t ′ we immediately arrive at

d

dt

(
Z (t)

Z A(t)Z B

)
= 0 (24.58)

and therefore

Z (t)

Z (0)
= Z A(t)

Z A(0)
= e−βΔE f i (t) . (24.59)

For β → 0 the initial state for the total system approaches the unit operator, which
commutes with Ĥ (t), so that ĈAB = 0 for all times. This is approximately true also
for finite β, so that d−Q AB → 0. If the driving does not induce coherence, Ĥ eff

2 = 0.
As a consequence, d−WAB = 0 and d−W ext

A = dE f i = dUA. Thus, the Jarzynski
relation should approximately be valid as a local statement on A.

From the preceding results one may expect that for the Jarzynski relation to hold,
it is sufficient to have d−WAB = 0 and d−Q A = 0: Then dE A = d−W ext

A . Deviations
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from the Jarzynski relation should increase as β is increased, which can be investi-
gated numerically.

24.2.4 Numerical Verification

To check the analytical results of the last sections numerically, we consider a particle
in a box (with cutoff at level n) coupled to an environment. For microcanonical
coupling the environment is chosen to be a single, highly degenerate, energy level
(cf. Sect. 16.1). The particle is prepared initially in a canonical state. This gives
the probability distribution for the initial energy eigenstates. In order to perform a
process, we assume one wall of the box to be movable, i.e., the wall width becomes
time dependent L = L(t). Then, we calculate the Schrödinger dynamics of the
system, initially in some pure energy eigenstate at L(0) = L0, and determine the
energy distribution at the end of the process at L(t f ) = 2L0. From all this the
work distribution P(W ) follows. This distribution can then be used, to calculate
the average e−βW , which finally can be compared with Z A(t)/Z A(0) to check the
validity of the Jarzynski relation.

Figure 24.1 shows an example for a work distribution P(W ) of a microcanonical
system compared with a closed system. As one can see, the deviation is very small.
Note that possible values for W are discrete and roughly the same for both cases. In
the microcanonical case, though, the interaction between system and environment

Work W

P
(W

)

microcanonical
closed

0.0 50−50100150

1

0.1

0.01

0.001

1×10−4

1×10−5

Fig. 24.1 Distribution of work P(W ) for a particle in a box. The process considered is an expansion
with constant velocity v and L(tfinal) = 2L(t0). For the microcanonical case a weak coupling is
chosen between the system and the environment with degeneracy NB = 150. The cutoff for the
spectrum of the system is at N = 5. Probabilities smaller than 1×10−5 are suppressed
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causes a tiny splitting of the system’s energy levels. Some of these levels can be
resolved within numerical accuracy leading to the different values of P(W ) for
slightly different W depicted in Fig. 24.1. The comparison of the average e−βW

and Z A(t)/Z A(0) shows that the Jarzynski relation is valid in both cases within
numerical accuracy.

We note in passing that for the quantum Jarzynski relation to hold the set of
eigenfunctions of Ĥ at the end of the process should be expandable into those at
the beginning. Obviously this is not the case for the box with changing width. For-
tunately, this box model can be approximated by a time-dependent finite potential
barrier, for which the above condition is fulfilled [18].

Qualitatively similar conclusions are reached for canonical coupling at high tem-
peratures, whereas for low temperatures the Jarzynski relation is, indeed, found to
be violated [8].
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Chapter 25
Quantum Thermodynamic Processes1

Simple models can be invaluable without being “right” in an
engineering sense. Indeed, by such lights, all the best models
are wrong. But they are fruitfully wrong. They are illuminating
abstractions. I think it was Picasso who said, “Art is a lie that
helps us see the truth”.

— J. M. Epstein [4]

Abstract Based on quantum thermodynamic reasoning even small embedded sys-
tems S may well be in thermodynamic equilibrium. This equilibrium depends on
the system, here formalized by a parameter γ controlling the spectrum of S and on
the embedding, formalized via a parameter α controlling the resulting attractor state
for S. Cyclic processes in this α/γ -control space will be investigated and the effects
of non-equilibrium studied.

25.1 Model of Control

The study of heat engines has always been an important part of thermodynamics.
For acting as a heat engine, a physical system usually has to go through a cyclic
process enforced by its environment. Here we want to discuss how this concept
of thermodynamic machines can be carried over to small quantum systems. Note
that this problem can be dealt with only because – according to quantum thermo-
dynamics – even small systems, single spins, say, can meaningfully be described
in thermodynamic terms. We have seen that quantum thermodynamics is able to
explain thermodynamical systems by their embedding into some appropriate envi-
ronment. Here we use a phenomenological short-cut: We postulate the existence of
environments that produce desired effects (attractor states and so-called mechanical
changes) on the embedded system.

As we have seen in Sect. 14.1, decoherence is an unavoidable consequence of the
coupling between a system and its environment and therefore typical for such open
quantum systems. The only quantum properties of the embedded system, which
could survive such strong decoherence, are the discrete spectrum of the subsystem
and the probabilistic character of its state. Both these properties are also influenced

1Based on [1–3].
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by the environment. To describe this effect, we use some kind of control theoretical
approach introducing two formal parameters, one related to the spectrum and the
other to the state of the quantum system: We assume that the local Hamiltonian Ĥ ′

(in the sense of (24.13)) is controlled by the mechanical parameter γ : {Eeff
i (γ )}N

i=1,
where N is the number of energy levels. In the very general case, the Eeff

i (γ ) would
define N independent functions that would make the model hardly tractable. Thus
we consider, in the following, the special class of the spectral control:

Ĥ ′(γ ) =
∑

Eeff
i (γ )|i(γ )〉〈i(γ )|, (25.1)

Eeff
i (γ ) = g(γ ) · εi , (25.2)

where g is some monotonous function independent of i and {εi }N
i=1 are to be

regarded as a set of characteristic constants. One example for this kind of spectrum
would be a spin in a magnetic field, where the energy levels are split proportional to
the field B. Taking the magnetic field as the control parameter (γ = B) then results
in g(γ ) = γ . Another example would be the particle in a box, where Ei ∝ 1/L2

leads to g(γ ) = γ −2 identifying γ = L . Together with the fast decoherence, this
special control allows us to treat the state of the system formally independent of γ

even if the spectrum explicitly enters the distribution {pi = ρi i }N
i=1 as, e.g., in the

canonical case. This distribution pi is assumed to be controlled by the statistical
parameter α, i.e., we postulate the existence of an attractor state, { p̃i (α)}N

i=1. When-
ever the actual distribution pi differs from p̃i (α) for some given α, it will relax
toward this attractor. The deviation (“non-equilibrium”) will decay on a timescale
τR � τdec, which can be described phenomenologically by the relaxation time
approximation

ṗi = −τ−1
R (pi − p̃i (α)) . (25.3)

Note that – from the present point of view – any distribution may be used as
attractor p̃i (α), as long as all thermodynamic quantities introduced in the next para-
graph are well defined. An important example is the canonical attractor

p̃i (α) = Z−1
Cane−αεi , ZCan =

∑
e−αεi , (25.4)

which would result from canonical coupling and an exponential increasing degen-
eracy in the environment as discussed in Sect. 10.4. As we will see, some typical
thermodynamical properties do not depend on the choice of the attractor at all. In
a typical process, α and γ will be time dependent. This control dynamics must
externally be given; it is not subject of the present theory.
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25.2 Quasi-static Limit

If the characteristic time of enforced α-parameter alterations is much larger than the
relaxation time τR, the system is always in the equilibrium state

pi = p̃i (α) . (25.5)

This so-called quasi-static limit plays a fundamental role in thermodynamics. In this
section we will introduce the thermodynamic quantities in this limit, which then
allows us to study quantum thermodynamic processes acting as heat engines or heat
pumps.

25.2.1 Thermodynamic Quantities

In terms of our control theory the quasi-static limit can be regarded as the limit of
perfect control: The spectrum and the distribution are completely determined by the
control parameters γ and α. Thus, the main thermodynamical quantities, namely the
internal energy U and the entropy S, are also functions of these parameters only:

U (α, γ ) := g(γ )
∑

εi p̃i (α) =: g(γ )h(α) , (25.6)

S(α) := −
∑

p̃i (α) ln p̃i (α) . (25.7)

kB is set to 1 here. The temperature can now be defined in the thermodynamical
sense as the conjugate variable to the entropy S:

T :=
(

∂U

∂S

)

γ

=
(

∂U

∂α

)

γ

(
dS

dα

)−1

. (25.8)

Using (25.6) and (25.7) yields

T (α, γ ) = g(γ )Θ(α)−1 , (25.9)

with

Θ(α) := −
∑

ln p̃i (d p̃i/dα)

dh/dα
. (25.10)

Note that this temperature, like the spectral temperature introduced in Sect. 13.1,
can be defined for any attractor state; a canonical distribution is not mandatory.
However, based on (25.4) one finds

ΘCan(α) = α . (25.11)
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It is also possible to define the conjugate variable to γ , which in regard to classical
thermodynamics is called P (for pressure):

P(α, γ ) := −
(

∂U

∂γ

)

α

= −dg(γ )

dγ
h(α) . (25.12)

One has to keep in mind, though, that the meaning of P strongly depends on the
realization of the control. For the particle in a box P indeed corresponds to the
classical pressure (i.e., is an intensive variable), while for the spin in the magnetic
field B = γ , P would rather be the magnetization, an extensive variable.

In order to describe thermodynamical heat engines and heat pumps one also has
to introduce the notions of heat and work (cf. Chap. 24). Within our model, these
definitions are straightforward: We define the work as change of the internal energy
at constant entropy, i.e., constant α,

d−W (α, γ ) :=
(

∂U

∂γ

)

α

dγ = dg

dγ
h(α) dγ , (25.13)

while the heat is given by

d−Q(α, γ ) := T dS =
(

∂U

∂α

)

γ

dα = g(γ )
dh

dα
dα . (25.14)

These definitions ensure the validity of the first law

dU (α, γ ) =
(

∂U

∂α

)

γ

dα +
(

∂U

∂γ

)

α

dγ = d−Q(α, γ ) + d−W (α, γ ) . (25.15)

Because all thermodynamic quantities in the quasi-static limit are functions of the
control parameters α and γ only, every thermodynamic state is defined as a point
in the αγ -plane. A thermodynamic process can thus be depicted as a line in this
control plane.

Combining such processes to a closed loop leads to cyclic processes, which can
act as heat engines or heat pumps. One should bear in mind, however, that any
machine functionality has to refer to the environment – in terms of input/output –
relations. As the environment is not explicitly included here, one has to settle for
certain supplementary assumptions. These are also needed if one wants to account
for the entropy balance of the system and surrounding. (Note that the entropy change
of the system alone is always zero per cycle.) But then this approach allows us, in
principle, to transfer any process known from classical thermodynamics to quantum
systems, i.e., from the macroscopic to the nanoscopic scale. In the following we
want to consider two examples for thermodynamic cycles, namely the Otto and the
Carnot cycle.
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25.2.2 Otto Cycle

The Otto cycle is in some sense the most fundamental cycle in quantum thermo-
dynamics: It consists of two isentropic steps, where only the spectrum changes
while the distribution stays constant, and two isochoric steps, where the distribution
changes at constant spectrum. Most of the theoretically discussed quantum thermo-
dynamic cycles are of the Otto type [5–7]. In the control plane the Otto cycle has
a very simple form, as depicted in Fig. 25.1. Using the definitions of temperature
and pressure, the cycle can also be illustrated as T S or Pγ diagrams. Figures 25.2
and 25.3 show such diagrams for the particle in a box.

4

1 2
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α1 α2

γ1

γ2

α

γ

Tc

Th

T ′
c

T ′
h

Fig. 25.1 Otto cycle in the (α, γ )-plane. The isentropes are given by α = const and the isochors
by γ = const. The dashed lines are canonical isotherms with the highest and lowest temperatures
of the cycle for g(γ ) = γ , while the dotted ones hold for g(γ ) = γ −2
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Fig. 25.2 T S-diagram of an Otto cycle for the particle in a box. The chosen parameters are α1 =
0.5, α2 = 1.5, γ1 = 1, and γ2 = 1.3

To calculate the contributions of heat and work, one has to integrate (25.13) and
(25.14) along the respective steps. The sign of these contributions depends on the
monotonicity of the functions g(γ ) and h(α) as well as on the clockwise or anti-
clockwise direction of the cycle. Assuming, e.g., the anti-clockwise direction shown
in Fig. 25.1 we get
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Fig. 25.3 Pγ -diagram of the Otto cycle in Fig. 25.2

Q12 =
∫ α2

α1

g(γ1)
dh

dα
dα = g(γ1) (h(α2) − h(α1)) , (25.16)

W23 =
∫ γ2

γ1

h(α2)
dg(γ )

dγ
dγ = h(α2) (g(γ2) − g(γ1)) , (25.17)

Q34 =
∫ α1

α2

g(γ2)
dh

dα
dα = g(γ2) (h(α1) − h(α2)) , (25.18)

W41 =
∫ γ1

γ2

h(α1)
dg(γ )

dγ
dγ = h(α1) (g(γ1) − g(γ2)) . (25.19)

All other terms are zero. The cycle works as a heat engine, if the total work per cycle

W◦ = (g(γ2) − g(γ1)) (h(α2) − h(α1)) (25.20)

is negative, which is, e.g., the case for dh
dα

< 0; dg
dγ

> 0. This work is assumed to be
taken up by the environment in return for the input Q34. The efficiency then is given
by

ηO = −W◦
Q34

= 1 − g(γ1)

g(γ2)
. (25.21)

If the total work (25.20) is positive one has to run the cycle in the opposite direction
to get a heat engine. In general, the efficiency of the Otto cycle reads

ηO = 1 − min (g(γ ))

max (g(γ ))
, (25.22)

where min (...) (max (...)) stands for the minimal (maximal) value within the cycle.
As one can see, this result does not depend on the choice of the attractor state but
on the spectral control only. It is reminiscent of the efficiency of the classical Otto
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cycle, which is determined by the ratio of the minimal and maximal volumes of the
gas (“compression”).

As a consequence of the second law, the efficiency of a heat engine acting
between two heat baths of the temperatures Th and Tc is bounded from above by
the Carnot efficiency ηC = 1 − Tc

Th
. To check this for the Otto cycle, we have to

replace min (g(γ )) and max (g(γ )) by the highest and lowest temperatures of the
cycle. Using (25.9) these are given by

Tc = min(g(γ ))

max(Θ(α))
, Th = max(g(γ ))

min(Θ(α))
. (25.23)

Thus the efficiency of the Otto cycle can be rewritten as

ηO = 1 − Tc max(Θ(α))

Th min(Θ(α))
≤ 1 − Tc

Th
. (25.24)

The Carnot efficiency is only reached in the limit max(Θ(α)) → min(Θ(α)) ⇔
α1 → α2, where the total work output vanishes.

25.2.3 Carnot Cycle

We now consider a cycle of the Carnot type, which means a cycle consisting of
two isothermal and two isentropic steps. This cycle is of fundamental importance in
thermodynamics, as it has the highest efficiency of any engine acting between two
heat baths of given temperature Th > Tc. Now we want to investigate to what extent
this universality carries over to our model.

In contrast to the Otto cycle the form of the Carnot cycle in the control plane
depends on the chosen distribution p̃i (α) and the control function g(γ ) (Figs. 25.4
and 25.5). Nevertheless, the following considerations hold for any choice of these
functions.

To calculate the efficiency of the Carnot cycle we have again to integrate the heat
and work along the different steps. For the isotherm at temperature Tc we get

W12 =
∫ γ2

γ1

h(α)
dg(γ )

dγ
dγ = Tc

∫ α2

α1

h(α)
dΘ

dα
dα , (25.25)

Q12 =
∫ γ2

γ1

g(γ )
dh

dα
dα = Tc

∫ α2

α1

Θ(α)
dh

dα
dα . (25.26)

The work on the following adiabatic step is given by

W23 =
∫ γ3

γ2

h(α2)
dg(γ )

dγ
dγ = h(α2) (g(γ3) − g(γ2))

= h(α2)Θ(α2) (Th − Tc) . (25.27)
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Fig. 25.4 A Carnot cycle in the control plane for the spin in a magnetic field (g(γ ) = γ ) and
canonical attractor (25.4). According to (25.11) the isotherms are here just straight lines with
gradient T
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Fig. 25.5 A Carnot cycle in the control plane for the particle in a box (g(γ ) = γ −2) and canonical
attractor (25.4). Here, the isotherms are given by γ = 1/

√
T α

The contributions on the remaining two parts are analogously given by

W34 = −Th

∫ α2

α1

h(α)
dΘ

dα
dα , (25.28)

Q34 = −Th

∫ α2

α1

Θ(α)
dh

dα
dα , (25.29)

W41 = h(α1)Θ(α1) (Tc − Th) . (25.30)

Integration by parts leads to the total work
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W◦ = (Th − Tc)

(
h(α2)Θ(α2) − h(α1)Θ(α1) −

∫ α2

α1

h(α)
dΘ

dα
dα

)

= (Th − Tc)
∫ α2

α1

Θ(α)
dh

dα
dα . (25.31)

So the efficiency of the Carnot heat engine is indeed the well-known Carnot effi-
ciency

ηC = −W◦
Q34

= 1 − Tc

Th
, (25.32)

independent of the attractor state as well as of the control function g(γ ). The Carnot
efficiency results from the structure of the cycle only. Note that the Carnot efficiency
as an upper bound for cyclic machines is a consequence of the second law.

25.2.4 Continuum Limit of the Particle in a Box

In this paragraph we want to study the particle in a D-dimensional box of adjustable
length L in the limit of large L . As we will see, the particle in the box then shows,
within our model, the typical properties of a classical ideal gas.

In the above limit, the spectrum becomes continuous and the density of states is
given by

ρ(ε) ∝ ε
D
2 −1 . (25.33)

For the control parameter γ we choose the volume of the box (γ = V = L D).
Because Ebox

i ∝ 1
L2 holds independently of the dimension D, the control function is

given by

g(γ ) = γ − 2
D . (25.34)

As we have seen before, the function h(α) plays an important role for the thermo-
dynamic quantities. This is why we want to calculate this function in the continuum
limit first. For the canonical attractor (25.4) one finds

h(α) =
∑

i

εi p̃i =
∑

i εi e−εi α

∑
i e−εi α

→
∫ ∞

0 ερ(ε)e−εαdε∫ ∞
0 ρ(ε)e−εαdε

. (25.35)

Using (25.33) and some properties of the Γ -function yields the simple result

h(α) = D

2α
. (25.36)
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With this relation we recover the typical properties of the ideal gas: Inserting (25.36)
in (25.12) we get

P = −dg(γ )

dγ
h(α) = − Dg′(γ )

2α
. (25.37)

With the control function (25.34) and T = g(γ )
α

one ends up with the equation of
state

Pγ = T, (25.38)

which, because of kB = 1, is the ideal gas law PV = NkBT for N = 1. For the
internal energy one gets

U = g(γ )h(α) = g(γ )
D

2α
= D

2
T , (25.39)

which is also formally identical with the internal energy of the ideal gas U =
f
2 NkBT , with N = 1 and the number of degrees of freedom f being equal to
the dimension D.

Because the equations of state for the particle in a box in the continuum limit
are the same as for the classical ideal gas, one expects that all other properties of
the ideal gas should also be reproduced for this system. Indeed, this is the case:
In particular, all efficiencies, which can be calculated within this model, reduce to
the results known from classical thermodynamics. For example, for the Otto cycle
discussed before, we get the well-known result

ηO = 1 − min (g(γ ))

max (g(γ ))
= 1 −

(
γ1

γ2

)2/ f

. (25.40)

As we will see below (cf. Sect. 25.3.3), we are even able to describe the non-
equilibrium behavior of the classical Carnot cycle very well.

25.3 Processes Beyond the Quasi-static Limit

The quasi-static limit allows for reversibility but at the cost of making the power of
heat engines tend to zero. Real (and useful) machines are irreversible. To deal with
such real processes finite-time thermodynamics [8] has been invented in 1975 –
entirely from a macroscopic point of view with heat conductances, friction, etc.
In this context the model proposed by Curzon and Ahlborn [9] has received much
attention.

From a microscopic point of view irreversibility derives from non-equilibrium –
an unavoidable aspect of increased process speed. When talking about
non-equilibrium, one usually thinks of transport scenarios (based on local equilib-
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rium) as discussed in Part III. Here, the situation is different: The small quantum
system considered is driven into global non-equilibrium by the external control.
This happens as soon as the change of the parameter α proceeds on a timescale
comparable to the relaxation time τR (cf. (25.3)). Such a non-equilibrium state can
be written as

pi (α,Δpi ) = p̃i (α) + Δpi , (25.41)

where the deviations from the equilibrium state Δpi are not directly controllable
but determined by the relaxation behavior of the system. Nevertheless, the internal
energy and the entropy can be defined like in the quasi-static limit, just by replacing
p̃i by pi :

U ∗(α, γ ) := g(γ )
∑

εi pi (α) , (25.42)

S∗(α) := −
∑

pi (α) ln pi (α) . (25.43)

In the following the asterisk “∗” always denotes the non-equilibrium quantities.
Usually the temperature is an equilibrium property only, but with respect to our
control theory it can also be defined for non-equilibrium in a consistent way: The
temperature still has to be a control variable indicating the response of the internal
energy with respect to changes of α, where Δpi and γ are kept fixed:

T ∗(α, γ,Δpi ) : =
(

∂U ∗

∂α

)

γ,Δpi

(
∂S∗

∂α

)−1

Δpi

= −g(γ )

∑
εi (d p̃i/dα)∑

ln pi (d p̃i/dα)
. (25.44)

Because this temperature is no longer determined by the current values of α and
γ but also depends on the past process via pi , we shall call this quantity a process
temperature.

The conjugate variable to γ in non-equilibrium is just given by

P∗(α, γ,Δpi ) := −
(

∂U ∗

∂γ

)

α,Δpi

= −dg(γ )

dγ

∑
εi pi (α) . (25.45)

As we will see later, these quantities are appropriate to qualitatively illustrate the
behavior of thermodynamic cycles at finite velocities.

Also the definitions of heat and work in non-equilibrium are straightforward: The
complete differential of the internal energy reads

dU ∗ =
(

∂U ∗

∂γ

)

α,Δpi

dγ +
(

∂U ∗

∂α

)

γ,Δpi

dα +
∑(

∂U ∗

∂Δpi

)

γ,α

d(Δpi ) . (25.46)
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Again work is defined as change of the internal energy at constant entropy:

d−W ∗ =
(

∂U ∗

∂γ

)

α,Δpi

dγ

= dg

dγ

∑
εi pi dγ , (25.47)

while the other terms are considered as heat

d−Q∗ =
(

∂U ∗

∂α

)

γ,Δpi

dα +
∑(

∂U ∗

∂Δpi

)

γ,α

d(Δpi )

= g(γ )
∑

εi

(
d p̃i

dα
dα + d(Δpi )

)

= g(γ )
∑

εi dpi . (25.48)

These definitions underline our observation of Sect. 24.1.3 that heat and work may
indeed be generalized to cover even non-equilibrium scenarios. Their concrete spec-
ification, though, requires to know pi (α,Δpi ), i.e., all the Δpi . As will be shown
below, this is the case along the externally controlled cycles in the α/γ -control
plane.

25.3.1 Solution of the Relaxation Equation

Let us consider a process for which α changes at finite, but piecewise constant
speed. The behavior of pi is not completely determined by (25.3), since the time
dependence of α has not yet been specified. In the following we assume a linear
dependency:

α = α0 + vt , (25.49)

where α0 is the initial α-value and v denotes the velocity of change. The relaxation
equation (25.3) then reads

(dpi/dα) = −(vτR)−1(pi − p̃i (α)) . (25.50)

The solution for this differential equation is given by

pi = p(0)
i e− α−α0

vτR + (vτR)−1
∫ α

α0

p̃i (α
′)e− α−α′

vτR dα′ , (25.51)

with the distribution p(0)
i at the beginning of the process. Thus, the momentary dis-

tribution pi depends now on the history of the process.
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As we are interested in cyclic processes, we consider such a process running
between the α-values α1 and α2. We allow for two different velocities in either
direction, which means

α1→2(t) = α1 + κ(t − t1) , t1 ≤ t ≤ t2, (25.52)

α2→1(t) = α2 − λκ(t − t3) , t3 ≤ t ≤ t4, (25.53)

where κ and λ are both positive parameters, and t2 = t1 + (α2 − α1)/κ, t4 =
t3 + (α2 −α1)/λκ . Using (25.51) and demanding the distribution at the beginning to
be the same as at the end of the cycle lead to the distributions at the turning points

p(1)
i =

(
e

Δα
λκτR − e− Δα

κτR

)−1
(κτR)−1

×
∫ α2

α1

p̃i (α
′)
(

e− α2−α′
κτR + 1

λ
e

α2−α′
λκτR

)
dα′ , (25.54)

p(2)
i =

(
e

Δα
κτR − e− Δα

λκτR

)−1
(κτR)−1

×
∫ α2

α1

p̃i (α
′)
(

e
α′−α1
κτR + 1

λ
e− α′−α1

λκτR

)
dα′, (25.55)

with Δα = α2 − α1. Note that when starting at α1 with a different distribution than
(25.54), this would settle down after some cycles (“transient effect”, cf. [10]). The
non-equilibrium distribution function is attracted toward the time-periodic solution
with

p1→2,i (α) = p(1)
i e− α−α1

κτR + (κτR)−1
∫ α

α1

p̃i (α
′)e− α−α′

κτR dα′ , (25.56)

and

p2→1,i (α) = p(2)
i e− α2−α

λκτR − (λκτR)−1
∫ α

α2

p̃i (α
′)e

α−α′
λκτR dα′ . (25.57)

In the following, we want to apply these considerations to the Otto and Carnot cycles
at finite driving velocities.

25.3.2 Otto Cycle at Finite Velocity

We consider the Otto cycle of Sect. 25.2.2 again, but now driven with finite velocity
on the isochors (κ and λκ , respectively). We assume no relaxation on the adiabats,
because there is no coupling to a heat bath along these steps. In particular this means
that the velocity of changing γ during these processes has no influence on the work
exchanged with the environment as long as our idealized model assumptions are ful-
filled. This velocity only affects the cycle time and therefore only enters the power
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of the cycle, as will be discussed later. First we want to study the efficiency, by cal-
culating heat and work along the different steps. Because we have a cyclic process
with relaxation only on two steps, we can directly apply the result (25.54), (25.55),
(25.56) and (25.57). Let us start the process at α = α1 and g(γ ) = min(g(γ )). The
distribution at this point is given by (25.54). The isochoric process to α2 is carried
out with velocity κ . Using (25.48) then leads to

Q∗
12 = min (g(γ ))

∑
εi

(
p(2)

i − p(1)
i

)
< 0 . (25.58)

The proof of Q∗
12 being negative can be found in Ref. [3]. Because there is no relax-

ation on the adiabats, for the whole next step pi = p(2)
i holds. Thus, from (25.47)

we get

W ∗
23 = [max (g(γ )) − min (g(γ ))]

∑
εi p(2)

i . (25.59)

Accordingly the contributions by the other two processes read

Q∗
34 = − max (g(γ ))

∑
εi

(
p(2)

i − p(1)
i

)
> 0 , (25.60)

W ∗
41 = − [max (g(γ )) − min (g(γ ))]

∑
εi p(1)

i . (25.61)

Thus, the total work is given by

W ∗
◦ = [max (g(γ )) − min (g(γ ))]

∑
εi

(
p(2)

i − p(1)
i

)
< 0, (25.62)

which leads to the efficiency

ηO∗ = −W ∗
◦

Q∗
34

= 1 − min (g(γ ))

max (g(γ ))
. (25.63)

Hence one gets the same result as in the quasi-static limit. The efficiency of the Otto
cycle is independent of the driving velocities! This special property only applies to
the Otto cycle. For other cycles like the Carnot cycle the efficiency decreases with
increasing velocity, as we will see later.

No change in the efficiency, of course, does not mean that there is no change
in heat and work at all: In fact, all contributions tend to vanish with increasing
velocity, as depicted in Fig. 25.6. As a consequence, the constancy of the efficiency
is valid only in the idealized case. Additional leakage, for example, would gain in
importance for increasing velocity, which would cause a decreasing efficiency. The
decrease of the total work per cycle can also be visualized by means of the T ∗S∗- or
P∗γ -diagrams using the renormalized non-equilibrium definitions (25.43), (25.44),
and (25.45). Figures 25.7, 25.8, and 25.9, 25.10 show an example for such diagrams
and different velocities. As one can see, the enclosed area and thus the total work
decreases with increasing velocity.
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Fig. 25.10 P∗γ -diagram of the Otto cycle with κτR = 0.5

The power P = −W ∗
◦

t◦
of the heat engine is of more practical importance than the

efficiency. The duration of the isochoric process steps is given by Δt12 = α2−α1
κ

and
Δt34 = α2−α1

λκ
, respectively. We assume that the relative part of time per cycle spent

on the isochors is given by δ. Thus, the total duration for one cycle is

tO
◦ = α2 − α1

δκ

λ + 1

λ
. (25.64)

Together with the work per cycle (25.62) the power of the Otto cycle is then given
by

PO = −W ∗
◦

tO◦
=

δλκ [max (g(γ )) − min (g(γ ))]
∑

εi

(
p(1)

i − p(2)
i

)

(α2 − α1)(1 + λ)
. (25.65)

Figure 25.11 shows an example of the typical dependency of the power on the
velocities: A well-defined maximum exists here for a certain choice of κ and λ. In
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Fig. 25.11 Power of the Otto cycle depending on κ and λ. The chosen parameters are {εi }N
i=1 =

{−3/2; −1/2; 1/2; 3/2}, τR = 1, δ = 0.8, α1 = 1, α2 = 2, γ1 = 1, γ2 = 2

order to calculate this maximum analytically, we consider the limit of slow driving
(κτR/Δα � 1). In this limit the relaxation equation (25.50) can be solved itera-
tively, which leads to the distributions at the turning points:

p(1)
i = p̃i (α1) + λκτR

(
d p̃i

dα

)

α1

+ o(κτR) , (25.66)

p(2)
i = p̃i (α2) − κτR

(
d p̃i

dα

)

α2

+ o(κτR) . (25.67)

The power then reads

PO = δλκ [a − κτR (b2 + λb1)]

(α2 − α1)(1 + λ)
, (25.68)

where we have introduced the abbreviations

a := [max (g(γ )) − min (g(γ ))] (h(α1) − h(α2)) > 0 , (25.69)

b1 := − [max (g(γ )) − min (g(γ ))] h′(α1) > 0 , (25.70)

b2 := − [max (g(γ )) − min (g(γ ))] h′(α2) > 0 . (25.71)

The necessary conditions for maximizing the power ∂PO

∂κ
= ∂PO

∂λ
= 0 finally lead to

the optimum values for the velocities

λmaxP =
√

b2

b1
=

√
h′(α2)

h′(α1)
, (25.72)

κmaxPτR = a

2(b2 + √
b1b2)

= h(α1) − h(α2)

2
(−h′(α2) + √

h′(α1)h′(α2)
) , (25.73)
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and to the maximum power

PO
max = δa2

4(
√

b1 + √
b2)2(α2 − α1)

= δ [max (g(γ )) − min (g(γ ))] (h(α1) − h(α2))2

4
(√−h′(α1) + √−h′(α2)

)2
(α2 − α1)

. (25.74)

Because the efficiency of the Otto cycle is independent of the velocities, the effi-
ciency at maximum power is, of course, also given by (25.63).

25.3.3 Carnot Cycle at Finite Velocity

The calculations for the Carnot cycle are similar to those for the Otto cycle done
in the last section. We allow for two different velocities: κ on the low-temperature
isotherm and λκ along the high-temperature isotherm and again assume no relax-
ation on the adiabats. This allows us to apply (25.54), (25.55), (25.56) and (25.57)
for the distributions. Integration along these processes then leads to

W ∗
12 = W12 − κτRTc

∑
εi

(
p(2)

i − p(1)
i

)
, (25.75)

Q∗
12 = Tc

∑
εi

(
α2 p(2)

i − α1 p(1)
i

)
− W ∗

12 , (25.76)

W ∗
23 = α2 (Th − Tc)

∑
εi p(2)

i , (25.77)

W ∗
34 = W34 − λκτRTh

∑
εi

(
p(2)

i − p(1)
i

)
, (25.78)

Q∗
34 = Th

∑
εi

(
α1 p(1)

i − α2 p(2)
i

)
− W ∗

34 , (25.79)

W ∗
41 = α1 (Tc − Th)

∑
εi p(1)

i , (25.80)

where W12 and W34 denote the quantities in the quasi-static limit. We are inter-
ested the efficiency, the power and, in particular, the efficiency at maximum power.
To enable an analytical discussion we consider the limit of slow velocities again
(κτR/Δα � 1). This results in the efficiency

ηC∗ = −W◦ − κτR

(
(Tc + λTh)ã + λΔT b̃1 + ΔT b̃2

)

Q34 − κτRTh
(
λ(ã + b̃1) + b̃2

) , (25.81)

with the abbreviations

ã := h(α1) − h(α2) > 0 , (25.82)

b̃1 := −α1h′(α1) > 0 , (25.83)

b̃2 := −α2h′(α2) > 0 . (25.84)
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One easily convinces oneself that this efficiency is bounded from above by the quasi-
static Carnot efficiency ηC = −W◦

Q34
= 1 − Tc

Th
being reached only for κ = 0. Thus,

unlike the Otto cycle, the efficiency of the Carnot cycle depends on the driving
velocities.

As for the Otto cycle we assume the relative duration of the isotherms to be δ,
which again leads to the duration per cycle tC

◦ = α2−α1
δκ

λ+1
λ

and therefore to the
power

PC = δκλ

Δα(λ + 1)
· [−W◦ − κτR

(
(Tc + λTh)ã + λΔT b̃1 + ΔT b̃2

)]
. (25.85)

From the necessary conditions for maximizing the power ∂PC

∂κ
= ∂PC

∂λ
= 0, we get

the optimum velocities

λmaxP =
√

Tc

Th
·
√

1 + ΔT b̃2/Tcã

1 + ΔTb̃1/Thã
(25.86)

and

κmaxPτR = −W◦

2
√

Tcã + ΔT b̃2

(√
Tcã + ΔT b̃2 +

√
Thã + ΔTb̃1

) . (25.87)

Inserting these velocities into (25.81) yields the efficiency at maximum power

ηC∗
maxP = ηC

(
1 + 1√

(1 + ΔT b̃1/Thã)(1 + ΔT b̃2/Tcã)

√
Tc

Th

)−1

. (25.88)

This efficiency is bounded from above by the Carnot efficiency ηC. Interestingly,
there also exists a lower bound, which is reached for ΔT b̃1/Thã � 1 and
ΔT b̃2/Tcã � 1 and given by the famous Curzon–Ahlborn efficiency

ηC∗
maxP ≈ 1 −

√
Tc

Th
= ηCA . (25.89)

According to Curzon and Ahlborn ηCA should be the efficiency at maximum power
for the classical Carnot cycle [9]. We want to check this, using the analogy of the
particle in a box in the continuum limit with the classical ideal gas as discussed in
Sect. 25.2.4. With (25.36) we get
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ã = D

2

(
1

α1
− 1

α2

)
, (25.90)

b̃1 = D

2α1
, (25.91)

b̃2 = D

2α2
, (25.92)

which leads us to the efficiency at maximum power for the continuum limit

ηC∗
maxP = ηC

[
1 +

√
Tc

Th

((
1 + Th/Tc − 1

α2/α1 − 1

)(
1 + 1 − Tc/Th

1 − α1/α2

))−1/2
]−1

. (25.93)

As one can see, also in this limit ηC∗
maxP > ηCA always holds. ηCA is reached only

for Tc/Th → 1. This obviously differs from the result of Curzon and Ahlborn. So,
where does this difference come from?

In their derivation Curzon and Ahlborn assumed the temperatures to be constant
along the isothermal steps also in the non-equilibrium case. They assumed a constant
shift of these temperatures compared to the bath temperatures and then maximized
the power with respect to these temperature differences, which finally led to ηCA

for the efficiency at maximum power. But is it possible to realize a Carnot cycle at
finite velocity for which the temperatures stay constant on the processes which were
isothermal in the quasi-static limit? Within our model the answer is simply “no.” We
want to illustrate this for the example of a two-level system. Figure 25.12 shows the
T ∗S∗-diagram for such a system at finite velocities. As one can see, the temperature
no longer stays constant on the originally isothermal steps: For the high-temperature
isotherm the process starts at T > Th and then decreases to a value smaller than Th.
For the cold isotherm it is exactly the other way round. To understand this behavior
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Fig. 25.12 T ∗S∗-diagram of a Carnot cycle with g(γ ) = γ for κτR = 0.1 (solid line) and κτR =
0.4 (dashed line) compared with the quasi-static limit (dotted line). The chosen parameters are
{εi }N

i=1 = {−1/2; 1/2}, Tc = 1, Th = 2, α1 = 1, α2 = 2, λ = 1
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Fig. 25.13 Evolution of the probabilities p1 and p2 of a two-level system during a cycle with two
adiabats (2 → 3 and 4 → 1). On the processes (1 → 2 and 3 → 4) which are subject to relaxation,
the probabilities are given by (25.56) and (25.57). The dashed lines show the attractor state. The
chosen parameters are {εi }N

i=1 = {−1/2; 1/2}, α1 = 1, α2 = 2, λ = 1, and κτR = 0.4

we need to consider the evolution of the occupation probabilities during the cycle:
On the one hand, the process has to be cyclic, which means the probabilities have to
return to their starting values at the end of the cycle. On the other hand, the proba-
bilities have to show relaxation during the non-adiabatic steps. These requirements
can only be fulfilled by an evolution as shown in Fig. 25.13: At point 1 the p1

has to be larger than in the quasi-static limit and therefore initially decreases due
to the relaxation. Since the attractor p̃1 increases at the same time, there exists a
point where p1 and p̃1 intersect. After this point the relaxation causes an increase of
p1. Because large p1 means low temperature and vice versa, this describes exactly
the behavior of the temperature during the isothermal step 1 → 2. An analogous
explanation can be made for the step 3 → 4. Thus, a temperature pattern as shown
in Fig. 25.12 is a necessary consequence of a cyclic process under relaxation.

Of course, the question arises, whether this behavior can also be observed in
classical systems, as expected due to the analogy with the particle in a box. Indeed,
this seems to be the case. Recently molecular dynamics simulations have been done
on finite-time Carnot cycles [11]. The temperature observed within these numerical
experiments qualitatively confirms the behavior discussed before. Furthermore the
efficiency at maximum power was found there to be always larger than the Curzon–
Ahlborn efficiency, which is, despite the completely different starting point, in good
agreement with our result.

As one can see in Fig. 25.12, the behavior of temperature during the isothermal
steps causes loops in the diagram, which increase with increasing velocities. These
loops also occur in the P∗γ -diagrams. At high velocities, they even dominate the
diagrams, as shown in Figs. 25.14 and 25.15. Because the loops are performed with
opposite orientation, this indicates a change of sign of the total work per cycle.
Indeed, when we look at the velocity dependency of work and heat given by (25.75),
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Fig. 25.17 The development of the Carnot cycle with increasing cycle velocity: For small κτR ,
the cycle works as a heat engine (a). At a certain velocity, the total work vanishes, and there is
only heat flowing from the hot to the cold bath (b). After that point, work has changed its sign (c).
Then there exists a velocity, where Q∗

34 vanishes. The work therefore is completely transformed
into heat, flowing into the cold bath (d). Finally, heat is flowing into the cold as well as into the hot
bath (e). Note that the size of the arrows is rescaled at each picture: All components of heat and
work tend to decrease for increasing velocity as shown in Fig. 25.16

(25.76), (25.77), (25.78), (25.79), and (25.80), we find a change of sign for the total
work as well as for Q∗

34 at certain velocities (Fig. 25.16). Thus, the Carnot cycle
looses its function of a heat engine already at finite velocity, even in the case of our
idealized model. The development of the Carnot cycle with increasing velocity can
be illustrated schematically as done in Fig. 25.17. Three different regimes can be
distinguished, (a), (c), (e); they are separated by the special velocity scenarios (b)
and (d), respectively.
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Appendix A
Hyperspheres

Abstract The mathematical tool to evaluate the Hilbert space averages and vari-
ances that play a crucial role throughout this book is the averaging of polynomial
functions over hyperspheres. In this appendix we explain the corresponding mathe-
matics in some detail and thus provide this tool.

A.1 Averaging of Functions over Hyperspheres

As explained in Sects. 7.3 and 8.1 the accessible regions (ARs) we are consider-
ing essentially confine the real and imaginary parts of the amplitudes ψi (which
define the state with respect to a given basis) to hyperspheres of given radii. Thus
the Hilbert space averages we have to do are eventually averages over such hyper-
spheres. As stated below (see Appendix B.1) the respective functions are not too
complicated. They simply consist of products of powers of the coordinates (real and
imaginary parts). The largest products we will have to consider contain four factors.
Hence in this section we abstractly compute the averages of such functions over
hyperspheres of given dimension d and given radius R.

We start by considering the integral of the above function over a hypersphere
which we denote by Z (R, d, l, k, u, v) as follows:

Z (R, d, l, k, u, v) ≡
∫ ∞

−∞

d∏
i=1

dxi δ
(√∑d

j x2
j −R

)
xl

a xk
b xu

g xv
h . (A.1)

The arguments of Z denote radius, dimension, and the respective powers of the four
coordinate factors. Note that Z (R, d, 0, 0, 0, 0) simply is the “surface area” of the
hypersphere. Thus the evaluation of (A.1) will eventually suffice to compute not
only the interval but the wanted average over the hypersphere, cf. (A.10). Since it
is not obvious how to evaluate Z in a straightforward manner, we instead analyze a
function G which is related to Z in the following way:

Gemmer, J. et al.: Appendices. Lect. Notes Phys. 784, 315–338 (2009)
DOI 10.1007/978-3-540-70510-9 BM2 c© Springer-Verlag Berlin Heidelberg 2009
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∫ ∞

0
dR e−R2

Z (R, d, l, k, u, v) (A.2)

=
∫ ∞

0
dR

∫ ∞

−∞

d∏
i=1

dxiδ
(√∑d

j x2
j −R

)
e
−

d∑
m

x2
m

xl
a xk

b xu
g xv

h

=
∫ ∞

−∞

d∏
i=1

dxi e
−

d∑
m

x2
m

xl
a xk

b xu
g xv

h

≡ G(d, l, k, u, v).

Here we first replaced R2 in the exponent of the integrand by
∑d

j x2
j which is in

order since the δ-function requires them to be equal anyway. Then we performed
the integration over R which simply makes the δ-function vanish. The remaining
integral factorizes; it may be evaluated using any standard textbook on basic inte-
grals:

G(d, l, k, u, v) =
{

π
d−4

2 Γ
(

l+1
2

)
Γ

(
k+1

2

)
Γ

(
u+1

2

)
Γ

(
v+1

2

)
for ∗

0 for ∗ ∗
∗ (l, k, u, v) all even, ∗ ∗ (l, k, u, v) any of them odd.

(A.3)

To further pursue the evaluation of Z we now perform a coordinate transformation
xi → yi according to

xi = R yi . (A.4)

Applying this transformation we may “extract” the R-dependence from Z :

Z (R, d, l, k, u, v) (A.5)

= Rd+l+k+u+v

∫ ∞

−∞

d∏
i=1

dyi δ
(

R(
√∑d

j y2
j −1)

)
yl

a yk
b yu

g yv
h

= Rd+l+k+u+v−1
∫ ∞

−∞

d∏
i=1

dyi δ
(√∑d

j y2
j −1

)
yl

a yk
b yu

g yv
h

︸ ︷︷ ︸
z(d, l, k, u, v)

.

Here we simply made use of the fact that prefactors in the arguments of δ-functions
may be (inversely) pulled out of the arguments. The function defined by the under-
brace, z, is essentially the wanted function Z , only with the R-dependence factored
out. Using this formulation we may write the above function G from (A.2) in an yet
other form:
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∫ ∞

0
dR e−R2

Rd+l+k+u+v−1

︸ ︷︷ ︸
F(R, d, l, k, u, v)

z(d, l, k, u, v) = G(d, l, k, u, v). (A.6)

Again, the function defined by the underbrace, F , may be evaluated using any stan-
dard textbook on basic integrals:

F(R, d, l, k, u, v) = Γ
(

d+l+k+u+v
2

)

2
. (A.7)

Now, eventually plugging (A.5) and (A.6) together yields

Z (R, d, l, k, u, v) = G(d, l, k, u, v)

F(R, d, l, k, u, v)
Rd+l+k+u+v−1. (A.8)

The different functions needed to write out (A.8) explicitly may be read off from
(A.3) and (A.7), thus we find

Z (R, d, l, k, u, v) =
{

2π
d−4

2
Γ ( l+1

2 )Γ ( k+1
2 )Γ ( u+1

2 )Γ ( v+1
2 )

Γ ( d+l+k+u+v
2 )

Rd+l+k+u+v−1 for ∗
0 for ∗ ∗

∗ (l, k, u, v) all even, ∗ ∗ (l, k, u, v) any of them odd.

(A.9)

As mentioned above we are eventually not primarily interested in integrals but in
averages over hyperspheres. However, since those are linked in a rather obvious
way we may define the average of a function of the above type over the above
hypersphere by

E(R, d, l, k, u, v) ≡ Z (R, d, l, k, u, v)

Z (R, d, 0, 0, 0, 0)
. (A.10)

Note that the averages of all functions containing odd powers of any coordinate
vanish. As turns out below, cf. Appendices B.1, B.2, apart from this general state-
ment, we only need the concrete values of three of those averages. They all may be
computed from (A.10), (A.9), thus we simply list them here

E(R, d, 2, 0, 0, 0) = R2

d
, (A.11)

E(R, d, 2, 2, 0, 0) = R4

d2 + 2d
, (A.12)

E(R, d, 4, 0, 0, 0) = 3R4

d2 + 2d
. (A.13)



Appendix B
General Hilbert Space Averages and Variances

Abstract In this appendix we concretely calculate the Hilbert space averages and
variances of some quantities which are imperative for the general reasoning given in
Chap. 8. To calculate these averages we exploit the averages of polynomial functions
over hyperspheres in high-dimensional spaces as given in Appendix A.

B.1 Hilbert Space Averages of Polynomial Terms

To account for the Hilbert space averages and variances of the physically rele-
vant quantities (observables, etc.) discussed in Sects. 8.2 and 8.3 we eventually
need to evaluate Hilbert space averages of products of different ψαi or their com-
plex conjugates. Thus, schematically these products look like ψαiψ

∗
β jψγ k . . .. With

ψαi = ηαi + iξαi the averages of those ψ-products may be expanded into linear
combinations of averages over hyperspheres of polynomial functions of their coordi-
nates ηαi , ξαi . Thus, identifying ηαi , ξαi with xi , x j , . . . we may use the results from
Sect. A.1. (The largest product we need to consider contains four ψ-factors; thus
the general results on the integration of polynomial functions over hyperspheres dis-
cussed in Sect. A.1 suffice.) Two features facilitate the evaluation of those averages
significantly: (i) according to (7.24) the average of such a ψ-product decomposes
into a product of averages of ψ-products, the factors of which correspond to the
same subspace α, β, . . .. (Those products may possibly consist of a single ψ-factor.)
(ii) The averages of ψ-products corresponding to some individual subspace will be
zero at any rate unless the ψ-factors are pairwise equal. Otherwise the correspond-
ing averages over hyperspheres will be averages of polynomial functions in which
at least one coordinate appears in an odd power. According to (A.10) those averages
are all zero. As a consequence of these two features the averages over all original
ψ-products are zero at any rate unless the ψ-factors are pairwise equal. Equal here
means equal with respect to the subspace α, β, . . . as well as with respect to the
individual level within the subspace, i.e., i, j, . . ..

In the following we evaluate the specific ψ-product averages that we eventually
need. Based on these general considerations the average of a single ψ may directly
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be given as

�ψαi� = 0. (B.1)

Furthermore we may immediately write

�ψ∗
αiψβi� = δαβ δi j�|ψαi |2�. (B.2)

In order to evaluate �|ψαi |2� we now explicitly exploit (A.11):

�|ψαi |2� = �η2
αi + ξ 2

αi� = 2E(Wα, 2Nα, 2, 0, 0, 0) = Wα

Nα

. (B.3)

In the same fashion we now evaluate the following collection of Hilbert space
averages which suffices to compute the Hilbert space averages and variances of
expectation values of observables which are needed in Chaps. 8 and 10. The respec-
tive Hilbert space averages and variances are then concretely evaluated on the basis
of the below list in Sect. B.2:

�ψ2
αi� = �η2

αi − ξ 2
αi + 2iηαiξαi� = 2iE(Wα, 2Nα, 1, 1, 0, 0) = 0, (B.4)

�|ψαi |2|ψα j |2� = �(η2
αi + ξ 2

αi )(η
2
α j + ξ 2

α j )�

= 4E(Wα, 2Nα, 2, 2, 0, 0)

= 1

Nα(Nα + 1)
, (B.5)

�|ψαi |4� = �η4
αi + ξ 4

αi + 2η2
αiξ

2
αi�

= 2(E(Wα, 2Nα, 4, 0, 0, 0) + E(Wα, 2Nα, 2, 2, 0, 0))

= 2

Nα(Nα + 1)
, (B.6)

�(ψ∗
αi )

2ψ2
α j� = �η2

αiη
2
α j − η2

αiξ
2
α j − ξ 2

αiη
2
α j + ξ 2

αiξ
2
α j +

+i(2ηαiξαi (ξ
2
α j − η2

α j ) + 2ηα jξα j (η
2
αi − ξ 2

αi ))�

= 0.

(B.7)
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B.2 Hilbert Space Variance of an Observable

In the following we derive the result quoted in (8.18). Expanded according to sub-
spaces the corresponding Hilbert space variance reads

�〈 Â〉2� =
∑

αβα′β ′
�〈ψα| Â|ψβ〉〈ψα′ | Â|ψβ ′ 〉� . (B.8)

As explained in Sect. B.1 such a Hilbert space average can only be non-zero if the
full indices of the corresponding ψs are either pairwise equal or all equal. This can
only occur if, regardless of the “intra-subspace index,” the corresponding subspaces
are either pairwise equal or all equal. Thus, the sum decomposes into four different
terms:

�〈 Â〉2� = P1 + P2 + P3 + P4, (B.9)

with

P1 : α = β = α′ = β ′, (B.10)

P2 : α = α′, β = β ′,
P3 : α = β, α′ = β ′,
P4 : α = β ′, β = α′.

(B.11)

In the following we discuss those terms separately. The first term reads

P1 =
∑

α

�(〈ψα| Â|ψα〉)2� =
∑
αi jkl

Ai j Akl�ψ
∗
αiψα jψ

∗
αkψαl� . (B.12)

Again as explained in Sect. B.1 not only the subspaces but also the “intra-subspace
indices” have to be either pairwise equal or all equal for the Hilbert space average to
be non-zero at all. Thus, similar to the scheme described in (B.10) one may single
out the addends that contribute to P1. These are found to be

P1 =
∑
αi j
i �= j

�|ψαi |2|ψα j |2�(Aαi,αi Aα j,α j + Aαi,α j Aα j,αi )

+
∑
αi j
i �= j

�(ψ∗
αi )

2(ψα j )
2�A2

αi,α j +
∑
αi

A2
αi,αi�|ψαi |4� , (B.13)

where we again used the notation introduced in (8.11). Exploiting (B.5), (B.6), and
(B.7) we find
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P1 = W 2
α

Nα(Nα + 1)

(∑
αi j
i �= j

(Aαi,αi Aα j,α j + Aαi,α j Aα j,αi ) + 2
∑
αi

A2
αi,αi

)
. (B.14)

The terms that are left out in the first sum due to i �= j are exactly the terms in the
second sum. Thus one may simply simultaneously drop i �= j and the second sum.
Without i �= j the sum may be performed in a straightforward manner. The result
may be written as

P1 =
∑

α

W 2
α

Nα(Nα + 1)

(
Tr

{
Â2

αα

} + (Tr
{

Âαα

}
)2
)
. (B.15)

The second term yields

P2 =
∑
αβ

α �=β

�(〈ψα| Â|ψβ〉)2�

=
∑
αβ

α �=β

∑
i jkl

�Aαi,β jψ
∗
αiψ

∗
αk Aαk,βlψβ jψβl�

=
∑
αβ

α �=β

∑
i jkl

Aαi,β j Aαk,βl�ψ
∗
αiψ

∗
αkψβ jψβl� . (B.16)

Since α �= β this term can only be non-zero for i = k and j = l finding

P2 =
∑
αβ

α �=β

∑
i j

A2
αi,β j�(ψ∗

αi )
2(ψβ j )

2�. (B.17)

According to (7.24) this factorizes as

P2 =
∑
αβ

α �=β

∑
i j

A2
αi,β j�(ψ∗

αi )
2��(ψβ j )

2� = 0, (B.18)

which is zero according to (B.4). The third term may also be factorized and evalu-
ated on the basis of (8.9) as follows:



B General Hilbert Space Averages and Variances 323

P3 =
∑
αβ

α �=β

�〈ψα| Â|ψα〉〈ψβ | Â|ψβ〉�

=
∑
αβ

α �=β

�〈ψα| Â|ψα〉��〈ψβ | Â|ψβ〉�

=
∑
αβ

α �=β

WαWβ

Nα Nβ

Tr
{

Âαα

}
Tr

{
Âββ

}
. (B.19)

For the last term we find

P4 =
∑
αβ

α �=β

�〈ψα| Â|ψβ〉〈ψβ | Â|ψα〉�

=
∑
αβ

α �=β

∑
i jkl

�Aαi,β j Aβk,αlψ
∗
αiψαlψ

∗
β jψβk�. (B.20)

Again, since α �= β this term can only be non-zero for i = l and j = k. The
remaining addends read and factorize as follows:

P4 =
∑
αβ

α �=β

∑
i j

Aαi,β j Aβ j,αi�|ψαi |2|ψβ j |2�

=
∑
αβ

α �=β

∑
i j

Aαi,β j Aβ j,αi�|ψαi |2��|ψβ j |2�

=
∑
αβ

α �=β

WαWβ

Nα Nβ

Tr
{

Âαβ Â†
αβ

}
, (B.21)

where we have used (B.3). Plugging all those contributions together we find for the
first term of the variance

�〈 Â〉2� =
∑
αβ

WαWβ

Nα(Nβ + δαβ)

(
Tr

{
Âαβ Â†

αβ

}
+ Tr

{
Âαα

}
Tr

{
Âββ

} )
. (B.22)

This result is quoted in (8.18).



Appendix C
Special Hilbert Space Averages and Variances

Abstract In this part of the appendix various Hilbert space averages and variances
are evaluated which are needed in the context of typicality of reduced local states in
composite quantum systems, especially in Chaps. 10 and 11.

C.1 General Distances Between States

First we derive the relation between the mean-squared distance of states from some
average state and the Hilbert space variances of certain observables as expressed in
(10.13). Starting from (10.12) we have to compute first the trace of the average of
the squared density operator

Tr
{
�ρ̂2�

} = Tr

{
�∑

AC

∑
ac

(X Aa,Cc − iY Aa,Cc)|A, a〉〈C, c|

∑
A′C ′

∑
a′c′

(X A′a′,C ′c′ − iY A′a′,C ′c′
)|A′, a′〉〈C ′, c′|

�
}

, (C.1)

which is after exchanging trace and average and performing the trace operation

Tr
{
�ρ̂2�

} =
�∑

AC

∑
ac

(X Aa,Cc − iY Aa,Cc)(XCc,Aa − iY Cc,Aa)
�

. (C.2)

The term in the second bracket is just the complex conjugate of the first one, and
thus we find

Tr
{
�ρ̂2�

} =
∑
AC

∑
ac

(
�(X Aa,Cc)2� + �(Y Aa,Cc)2�

)
. (C.3)

The trace over the squared Hilbert space average (HA) of the density operator, using
(10.10) and (10.11) yields
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Tr
{
ω̂2

} = Tr

{∑
AC

∑
ac

(�X Aa,Cc� − i�Y Aa,Cc�)|A, a〉〈C, c|

∑
A′C ′

∑
a′c′

(�X A′a′,C ′c′
� − i�Y A′a′,C ′c′

�)|A′, a′〉〈C ′, c′|
}

, (C.4)

which reduces to

Tr
{
ω̂2

} =
∑
AC

∑
ac

(�X Aa,Cc� − i�Y Aa,Cc�)(�XCc,Aa� − i�Y Cc,Aa�)

=
∑
AC

∑
ac

(�X Aa,Cc�2 + �Y Aa,Cc�2) , (C.5)

where we used again that the second bracket is the complex conjugate of the first
one. Plugging this into (10.12) and exploiting furthermore (10.10) and (10.11) yields

D2(ρ̂, ω̂) =
∑
AC

∑
ac

(
Δ2

H(X Aa,Cc) + Δ2
H(Y Aa,Cc)

)
. (C.6)

This result is the one that is referred to below (10.13).

C.2 Microcanonical Hilbert Space Averages

Here we compute the HA which is required for the result quoted in (10.17): The
average of expectation value of the operator Ŷ Aa,Cc can be computed in the very
same way as the average of expectation value of the operator X̂ Aa,Cc. The latter
computation is given in Sect. 10.2.1. Starting with the operator

Ŷ Aa,Cc
A′ B,A′ B

= i

2
Π̂A′Π̂B

(
(|A, a〉〈C, c| − |C, c〉〈A, a|) ⊗ 1̂

)
Π̂A′Π̂B

= i

2
δA′ A δA′C

(|A, a〉〈C, c| − |C, c〉〈A, a|) ⊗ Π̂B , (C.7)

we find the trace

Tr
{

Ŷ Aa,Cc
A′ B,A′ B

}
= 0 (C.8)

and thus its Hilbert space average of Ŷ Aa,Cc vanishes, �〈Ŷ Aa,Cc〉� = 0. Thus exploit-
ing (10.10) and (10.16) we find for the Hilbert space average of a density matrix
element
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�ρ Aa,Cc� =
∑

B

WAB

NA
δAC δac . (C.9)

This result is quoted in (10.17).

C.3 Microcanonical Hilbert Space Variances

Here we are going to compute the Hilbert space variances that are quoted in (10.20)
and (10.21). The pertinent accessible region (AR) is given by (9.15). The general
formula for the Hilbert space variance of the expectation value of a Hermitian oper-
ator is given in (8.19). Using this, we first need the operator

X̂ Aa,Cc
A′ B,C ′ D

= 1/2Π̂A′Π̂B

(
(|A, a〉〈C, c| + |C, c〉〈A, a|) ⊗ 1̂

)
Π̂C ′Π̂D

= 1/2 δB D
(
δA′ A δC ′C |A, a〉〈C, c|

+ δA′C δC ′ A|C, c〉〈A, a|) ⊗ Π̂B . (C.10)

The adjoint operator is given by

(X̂ Aa,Cc
A′ B,C ′ D)† = 1/2 δB D

(
δA′ A δC ′C |C, c〉〈A, a|

+ δA′C δC ′ A|A, a〉〈C, c|) ⊗ Π̂B . (C.11)

The product of (C.10) and (C.11) is

X̂ Aa,Cc
A′ B,C ′ D(X̂ Aa,Cc

A′ B,C ′ D)† = 1/4 δB D
(
δA′ A δC ′C |A, a〉〈A, a|

+ δA′C δC ′ A|C, c〉〈C, c|) ⊗ Π̂B , (C.12)

and its trace

Tr
{

X̂ Aa,Cc
A′ B,C ′ D(X̂ Aa,Cc

A′ B,C ′ D)†
}

= 1/4 δB D
(
δA′ A δC ′C + δA′C δC ′ A)NB . (C.13)

Plugging this trace into (8.19), realizing that NAB = NA NB and using (10.15) for
the second term, we find
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Δ2
H(〈X̂ Aa,Cc〉)

= 1

4

∑
A′ BC ′ D

WA′ B WC ′ D

NA′ B(NC ′ D + δA′C ′ δB D)
δB D

(
δA′ A δC ′C + δA′C δC ′ A

)
NB

− δACδac

∑
B

W 2
AB N 2

B

N 2
AB(NAB + 1)

= 1

4

∑
B

WAB WC B

NA NB NC + NAδAC
+ 1

4

∑
B

WAB WC B

NA NB NC + NCδAC

− δACδac

∑
B

W 2
AB

N 2
A(NA NB + 1)

. (C.14)

Because of the delta function δAC we may change the dimension NC in the denomi-
nator of the second term in front of the delta function to a dimension NA. Thus, the
first two terms are equivalent and the variance simplifies to

Δ2
H(〈X̂ Aa,Cc〉) = 1

2

∑
B

WAB WC B

NA(NC NB + δAC )
− δACδac

∑
B

W 2
AB

N 2
A(NA NB + 1)

. (C.15)

This result is quoted in (10.20). Now we do the same analysis for the corresponding
Ŷ -operator

Ŷ Aa,Cc
A′ B,C ′ D

= i

2
Π̂A′Π̂B

(
(|A, a〉〈C, c| − |C, c〉〈A, a|) ⊗ 1̂

)
Π̂C ′Π̂D

= i

2
δB D

(
δA′ A δC ′C |A, a〉〈C, c|

− δA′C δC ′ A|C, c〉〈A, a|) ⊗ Π̂B , (C.16)

and its adjoint reads

(Ŷ Aa,Cc
A′ B,C ′ D)† = − i

2
δB D

(
δA′ A δC ′C |C, c〉〈A, a|

− δA′C δC ′ A|A, a〉〈C, c|) ⊗ Π̂B . (C.17)

The product of (11.13) and (11.14) yields

Ŷ Aa,Cc
A′ B,C ′ D(Ŷ Aa,Cc

A′ B,C ′ D)† = 1/4 δB D
(
δA′ A δC ′C |A, a〉〈A, a|

+ δA′C δC ′ A|C, c〉〈C, c|) ⊗ Π̂B , (C.18)
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and its trace is

Tr
{

Ŷ Aa,Cc
A′ B,C ′ D(Ŷ Aa,Cc

A′ B,C ′ D)†
}

= 1/4 δB D
(
δA′ A δC ′C + δA′C δC ′ A)NB . (C.19)

Since this result is equivalent to (C.13) the first term of the variance is identical to the
first two terms of (C.14). However, because the trace of Ŷ Aa,Cc vanishes according
to (C.8) the second term does not exist here. The Hilbert space variance thus reads

Δ2
H(〈Ŷ Aa,Cc〉) =1

2

∑
B

WAB WC B

NA(NC NB + δAC )
. (C.20)

This result is quoted in (10.21).

C.4 Energy Exchange Hilbert Space Averages

Here we derive the result quoted in (10.27). The pertinent AR is given by (9.19).
Again, we use the general result (8.12) to compute the Hilbert space average. There-
fore we need the operator

X̂ Aa,Cc
E E

= 1

2
Π̂E

(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂E

= 1

2

∑
A′ B

Π̂A′Π̂B ME,A′ B

(
|A, a〉〈C, c| + |C, c〉〈A, a|

)∑
C ′ D

Π̂C ′Π̂D ME,C ′ D

= 1

2

∑
A′ BC ′

ME,A′ B ME,C ′ DΠ̂A′
(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂C ′Π̂B . (C.21)

Realizing that ME,A′ B ME,C ′ D = ME,A′ B δA′C ′ we get

X̂ Aa,Cc
E E = 1

2

∑
A′ B

ME,A′ BΠ̂A′
(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂A′Π̂B

= 1

2

∑
B

ME,AB δAC

(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂B . (C.22)

The trace over this operator yields

Tr
{

X̂ Aa,Cc
E E

}
=

∑
B

ME,AB δAC δac NB , (C.23)
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and thus the average reads

�〈X̂ Aa,Cc〉� =
∑

E

WE

NE
Tr

{
X̂ Aa,Cc

E E

}

=
∑

E

WE

NE
ME,AB δAC δac NB . (C.24)

Again the average of Ŷ Aa,Cc vanishes, and finally, the Hilbert space average of the
density matrix element is

�ρ Aa,Cc� =
∑

E

WE

NE
ME,AB δAC δac NB . (C.25)

This result is quoted in (10.27).

C.5 Energy Exchange Hilbert Space Variance

Here we derive the result quoted in (10.30) on the basis of the AR as given in (9.19).
Again we use the general formula for the Hilbert space variance of the expectation
value of a Hermitian operator as given in (8.19). Using this formula we first need
the operator

X̂ Aa,Cc
E E ′

= 1

2
Π̂E

(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂ ′

E

= 1

2

∑
A′ B

Π̂A′Π̂B ME,A′ B

(
|A, a〉〈C, c| + |C, c〉〈A, a|

)∑
C ′ D

Π̂C ′Π̂D ME ′,C ′ D

= 1

2

∑
A′ BC ′

Π̂A′
(
|A, a〉〈C, c| + |C, c〉〈A, a|

)
Π̂C ′ ME,A′ B ME ′,C ′ BΠ̂B

= 1

2

∑
A′ BC ′

(
δA′ AδC ′C |A, a〉〈C, c| + δA′CδAC ′ |C, c〉〈A, a|

)
ME,A′ B ME ′,C ′ BΠ̂B

= 1

2

∑
B

(
ME,AB ME ′,C B |A, a〉〈C, c| + ME,C B ME ′,AB |C, c〉〈A, a|

)
Π̂B . (C.26)

The adjoint operator reads

(X̂ Aa,Cc
E E ′ )†

= 1

2

∑
B

(
ME,AB ME ′,C B |C, c〉〈A, a| + ME,C B ME ′,AB |A, a〉〈C, c|

)
Π̂B , (C.27)
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and the product yields

X̂ Aa,Cc
E E ′ (X̂ Aa,Cc

E E ′ )†

= 1

4

∑
B

(
ME,AB ME ′,C B |A, a〉〈A, a| + ME,C B ME ′,AB |C, c〉〈C, c|

)
Π̂B , (C.28)

where we have used the identity ME,AB ME,AD = ME,ABδB D . The trace over this
operator yields

Tr
{

X̂ Aa,Cc
E E ′ (X̂ Aa,Cc

E E ′ )†
}

= 1

4

∑
B

(
ME,AB ME ′,C B + ME,C B ME ′,AB

)
NB , (C.29)

and thus, we finally find for the variance

Δ2
H(〈X̂ Aa,Cc〉)

=
∑
E E ′

WE WE ′ NB

NE (NE ′ + δE E ′)

∑
B

[ NB

4

(
ME,AB ME ′,C B + ME,C B ME ′,AB

)

− δE E ′

NE
ME,AB δAC δac N 2

B

]

= 1

2

∑
E E ′

∑
B

WE WE ′ NB

NE (NE ′ + δE E ′)
ME,AB ME ′,C B

− δAC δac

∑
E

∑
B

W 2
E N 2

B

N 2
E (NE + 1)

ME,AB . (C.30)

As in the microcanonical situation the Hilbert space variance of the expectation
value 〈Ŷ Aa,Cc〉 is similar to Δ2

H(〈X̂ Aa,Cc〉). However, since the trace of Ŷ Aa,Cc van-
ishes the second term is zero again. Using (10.13) mean-squared distance yields

D2(ρ̂, ω̂) =
∑
AC

∑
ac

(∑
E E ′

∑
B

WE WE ′ NB

NE (NE ′ + δE E ′)
ME,AB ME ′,C B

− δAC δac

∑
E

∑
B

W 2
E N 2

B

N 2
E (NE + 1)

ME,AB

)

=
∑
E E ′

∑
ABC

WE WE ′ NB NA NC

NE (NE ′ + δE E ′)
ME,AB ME ′,C B

−
∑

E

∑
AB

W 2
E N 2

B NA

N 2
E (NE + 1)

ME,AB . (C.31)

This result is quoted in (10.30).



Appendix D
Power of a Function

Abstract In this appendix we show that the kth power of any function with a global
maximum will essentially be a Gaussian.

For this purpose we consider a function f (x) with a global maximum at x = 0.
Because of the positivity of f (x) > 0 we can rewrite the function

f (x) = eg(x), with g(x) = ln f (x) . (D.1)

Since the logarithm is a monotonous function, we consider instead of f (x) the
expansion of the function g(x) around the global maximum x = 0,

g(x) =
∑

i

Ci x
i = C0 − C2x2 + C3x3 + · · · , (D.2)

with C2 > 0 and thus

f (x) = eC0 e−C2x2
eC3x3 · · · , (D.3)

with some constants Ci . Since multiplying the function with itself will amplify the
maximum in the center, we can truncate the decomposition in this way. Multiplying
the function k times with itself we get

(
f (x)

)k
= ekC0 e−kC2x2

ekC3x3 · · · . (D.4)

The value of x , for which the quadratic part will have reduced the function to half
maximum, i.e., for which

exp
(−kC2x2

h

) = 1/2, (D.5)
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is

xh = ±
√

ln 2

kC2
. (D.6)

Evaluating the third-order part of ( f (x))k at xh then yields

exp
(
kC3x3

h

) = exp

⎛
⎜⎝

C3

(
ln 2
C2

)3/2

√
k

⎞
⎟⎠ , (D.7)

which tends to 1 if k approaches infinity. For the relevant region, in which the func-
tion is peaked, we can thus approximate

(
f (x)

)k
≈ ekC0 e−kC2x2

, (D.8)

which is essentially a Gaussian.



Appendix E
Local Temperature Conditions for a Spin Chain1

Abstract In this appendix we present the technical details of the application of the
local temperature conditions to a spin chain.

The entire chain with periodic boundary conditions may be diagonalized via suc-
cessive Jordan–Wigner, Fourier, and Bogoliubov transformations [4]. The relevant
energy scale is introduced via the thermal expectation value (without the ground
state energy)

E = N N G

2π

∫ π

−π

dk
ωk

exp(β ωk) + 1
, (E.1)

where

ωk = 2ΔE
√

(1 − K cos k)2 , (E.2)

with K = λ/ΔE . The ground state energy E0 is given by

E0 = − N N G

2π

∫ π

−π

dk
ωk

2
. (E.3)

Since N G � 1, the sums over all modes have been replaced by integrals.
If one partitions the chain into N G groups of N subsystems each, the groups may

also be diagonalized via a Jordan–Wigner and a Fourier transformation [4] and the
energy Ea reads

Ea = 2ΔE
N G∑
ν=1

∑
k

(1 − K cos(k))

(
na

k (ν) − 1

2

)
, (E.4)

1 Based on [1–4] Hartmann et al.
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where k = πl/(N +1) (l = 1, . . . , N ) and na
k (ν) is the fermionic occupation number

of mode k of group number ν in the state |a〉. It can take on the values 0 and 1.
For the model at hand one has εa = 0 for all states |a〉, while the squared variance

Δ2
a reads

Δ2
a =

N G∑
ν=1

Δ2
ν , (E.5)

with

Δ2
ν =ΔE2 K 2

2
−

− 8 ΔE2 K 2

(N + 1)2

∑
k

sin2(k)

(
na

k (ν) − 1

2

)∑
p

sin2(p)

(
na

p(ν + 1) − 1

2

)
.

(E.6)

We now turn to analyze conditions (23.16) and (23.18). According to (E.6), Δ2
ν

cannot be expressed in terms of Eν−1 and Eν . We therefore approximate (23.16) and
(23.18) by simpler expressions.

Let us first analyze condition (23.16). Since it cannot be checked for every state
|a〉, we make the following approximations.

For the present model with |K | < 1 all occupation numbers na
k (ν) are zero in the

ground state and thus Δ2
a = 0 as well as Ea − E0 = 0. Therefore (23.16) cannot

hold for this state. However, if one occupation number is changed from 0 to 1, Δ2
a

changes at most by 4ΔE2 K 2/(n + 1) and Ea changes at least by 2ΔE(1 − |K |).
Therefore (23.16) will hold for all states except the ground state if

N > 2ΔEβ
K 2

1 − |K | . (E.7)

If |K | > 1, occupation numbers of modes with cos(k) < 1/|K | are 0 in the
ground state and occupation numbers of modes with cos(k) > 1/|K | are equal to 1.
Δ2

a for the ground state then is
[
Δ2

a

]
gs ≈ [

Δ2
a

]
max /2 (in this entire chapter, [x]min

and [x]max denote the minimal and maximal values x can take on). We therefore
approximate (23.16) with the stronger condition

Emin − E0

N G
> β

[
Δ2

a

]
max

N G
, (E.8)

which implies that (23.16) holds for all states |a〉 in the energy range [Emin, Emax]
(see (23.20) and (23.21)). Equation (E.8) can be rewritten as a condition on the
group size N
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N > β

[
δ2

a

]
max

emin − e0
, (E.9)

where emin = Emin/(N N G), e0 = E0/(N N G), and δ2
a = Δ2

a/N G.
We now turn to analyze condition (23.18). Equation (E.6) shows that the Δ2

a do
not contain terms that are proportional to Ea . One thus has to determine when the
Δ2

a are approximately constant, which is the case if

β

[
Δ2

a

]
max − [

Δ2
a

]
min

2
� [Ea]max − [Ea]min . (E.10)

As a direct consequence, we get |c1| � 1 which means that temperature is intensive.
Defining the quantity ea = Ea/(N N G), we can rewrite (E.10) as a condition

on N ,

N ≥ β

2 ε

[
δ2

a

]
max − [

δ2
a

]
min

[ea]max − [ea]min
, (E.11)

where the accuracy parameter ε � 1 is equal to the ratio of the left-hand side and
the right-hand side of (E.10).

Since (E.10) does not take into account the energy range (23.20), its application
needs some further discussion.

If the occupation number of one mode of a group is changed, say from na
k (ν) = 0

to na
k (ν) = 1, the corresponding Δ2

a differ at most by 4ΔE2 K 2/(n + 1). On the
other hand,

[
Δ2

a

]
max − [

Δ2
a

]
min = N GΔE2 K 2. The state with the maximal Δ2

a and
the state with the minimal Δ2

a thus differ in nearly all occupation numbers and,
therefore, their difference in energy is close to [Ea]max − [Ea]min. On the other hand,
states with similar energies Ea also have a similar Δ2

a . Hence the Δ2
a only change

quasi-continuously with energy and (E.10) ensures that the Δ2
a are approximately

constant even locally, i.e., on any part of the possible energy range.
To compute the required group size Nmin, we need to know the maximal and

minimal values Ea and Δ2
a can take on. For Ea they are given by

{
[Ea]max

[Ea]min

}
=

{+
−

}
N G NΔE , (E.12)

for |K | ≤ 1, and by

{
[Ea]max

[Ea]min

}
=

{+
−

}
N G NΔE

2

π

[√
K 2 − 1 + arcsin

(
1

|K |
)]

, (E.13)

for |K | > 1, where the sum over all modes k has been approximated by an integral.
The maximal and minimal values of Δ2

a are given by
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{[
Δ2

a

]
max[

Δ2
a

]
min

}
=

{
N G K 2 ΔE2

0

}
. (E.14)

Plugging these results into (E.11) as well as (E.1) and (E.3) (taking into account
(23.20) and (23.21)) into (E.9) for |K | > 1 and using (E.7) for |K | < 1, the minimal
number of systems per group can be calculated.
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A
Accessible region, 69, 81, 85, 102, 103, 207

volume of, 81
Adiabatic

approximation, 150–155
stabilized, 153

following, 150
process, 51, 150–155

Adiabatically closed, 27
Anderson model, 229
Approximation

Born, 120, 219
A priori postulate, 33, 89
Assumption

Born, 174
Markov, 32, 174
of molecular chaos, 43

Attractor, 178
Attractor-state, 292
Average

energy exchange, 113
Hilbert space, 81–83, 87, 200, 317–323
microcanonical, 111
purity, 125
state

energy exchange, 113
microcanonical, 111

B
Ballistic, 228, 231
Ballistic transport, 196
Band projection, 217
Basis

operator, 9
of wave packages, 163–164

Bath, 185
oscillator, 216

Behavior
thermodynamic, 184

Binomial distribution, 183
Bipartite system, 12, 74, 182

example, 98
Bohr–Sommerfeld quantization, 159
Boltzmann

constant, 11
distribution, 38, 50, 115, 136–137, 178
equation, 42–46, 195
principle, 33

Born
approximation, 120, 215, 219
assumption, 174

Bures metric, 10

C
Canonical, 264

condition, 37, 66, 115–116, 176–179
contact, 37, 115–116, 176–179
ensemble, 37
model, 176–179
state, 116

Carnot
cycle

finite time, 308–313
quasi-static, 297–299

efficieny, 299
Cauchy-Schwarz relation, 11
Cell structure

cartesian, 49
equilibrium, 49
macroscopic, 48
of phase space, 47

Central limit theorem, 266
Classical

mechanics, 42
state, 168

Closed system, 18, 24
Coarse-graining, 47, 195
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Coherent
evolution, 192
state, 162

Complete differential, 25
Compound system, 74
Condition

canonical, see Canonical
energy exchange, 103
microcanonical, see Microcanonical

Conditional probability, 266
Conductivity, 228, 251

electric, 198
heat, 197
thermal, 198

Conjugate variable, 24
Conserved quantities, 212
Constant of motion, 18, 80

purity, 18
Von Neumann entropy, 18, 74

Constraint
macroscopic, 97
microscopic, 97

Contact, 100
canonical, see Canonical
energy exchange, 103–140
heat, 141
with hotter system, 144
microcanonical, see Microcanonical
thermally insulating, 152

Continuity equation, 31
Continuum limit

particle in a box, 299–300
Control model, 291–313
Convolution, 130–132
Correlated projection, 230, 234
Correlated projector, 220
Correlation, 119, 215

function, 198, 205, 211, 218, 221, 231,
232, 234

recurrence, 222
time, 211

Correspondence principle, 68, 170
Coupling

strength, 217
strong, 116
weak, see Weak coupling

Crystal boundaries, 197
Cumulant, 205
Current, 31, 194, 197, 228

energy, 31
entropy, 31
heat, 32

Curzon-Ahlborn efficiency, 309

D
Debye

temperature, 197
Decay, 192

exponential, 192, 233
Degeneracy, 174, 180

scheme, 174–180
Density

of energy eigenstates, 158
entropy, 31
matrix, 9, 97

time-averaged, 54
operator, 9, 74, 97

canonical, 268
reduced, 13, 74, 97, 264
thermal state, 265

state, 35
classical, 156–171
quantum mechanical, 156–171

Diffusion equation, 196, 231
Diffusive, 228, 231, 233, 239
Dirac picture, 19
Disorder, 229
Distribution

binomial, 183
Boltzmann, 38, 50, 115, 136–137, 178
canonical, 115
Gaussian, 259
Maxwell–Boltzmann, 46
probability, 140, 193, 259

dominant, 142
time-dependent, 180

unitary invariant, 257
Drude peak, 251
Dynamics, 15, 69, 78

Hamiltonian, 42
Dyson series, 21, 192, 198

E
Efficiency

of the Carnot cycle, 299
Curzon-Ahlborn, 309
at maximum power, 309
of the Otto cycle, 296

Ehrenfest limit, 42
Ehrenfest theorem, 17
Emperical temperatur, 25
Energy

current, 31, 244, 248
exchange

condition, 103
contact, 103

internal, 24, 25, 293
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shell, 34, 51, 130, 158–161, 169
volume of, 158

surface, 34
Ensemble, 47

canonical, 37
microcanonical, 34, 140
statistical, 34

Entanglement, 14, 69–76, 97, 119
Enthalpy, 29
Entropy, 27, 40–55, 65, 69–75, 129–134, 227,

293
classical, 157
current, 31
density, 31
evolution, 175
extensive, 129–134
ideal gas, 134
linearized, 12
local, 257–260
maximum, 12, 176
microcanonical, 174–176
minimum, 12
quantum mechanical, 157
Shannon, 37, 53–54, 130
statistical, 33, 36
Von Neumann, 11, 54, 74, 150, 220

reduced, 14
Environment, 55, 102, 137, 150, 176

correlation, 211
finite, 216
function, 205, 218, 221
thermal state, 218

Equation
of continuity, 31
diffusion, 231
Liouville-Von Neumann, 15, 202
master, 55–219
Nakajima-Zwanzig, 204
Schrödinger, 15, 173–187, 192, 202

Equilibrium, 24
canonical, 115
cell, 49
global, 24, 227
local, 24, 30, 228, 239
non-, 192
route to, 192
state, 24, 66, 177, 178, 185

canonical, 115, 185
global, 265
local, 267
stationary, 66
thermal, 264

thermal, 264

Ergodic hypothesis, 46
Ergodicity, 46–47
Euler’s homogeneity relation, 28
Evolution, 192

coherent, 192
entropy, 175
short time, 193

Exchange process, 24
Excited state, 174, 192
Expectation value, 10, 183
Exponential decay, 192, 233
Extensitivity, 129

of entropy, 129–134
Extensive, 24

variable, 24, 67, 129, 275
External force, 194

F
Factorization, 215
Fermie’s Golden Rule, 218
Fermi’s Golden Rule, 21, 192, 198
Fidelity, 10
Finite time

Carnot cycle, 308–313
Otto cycle, 303–308

Fluctuation, 66, 223
probability, 180–182
thermal, 180
of work, 282–289

Force, external, 194
Form

Lindblad, 219, 221
Formula of Kubo, 198
Fourier

modes, 233
transformation, 133

Fourier’s Law, 197, 228, 239
Free energy, 29, 38

G
Gaussian, 133, 164, 168, 175, 333
Gibbs free energy, 29
Gibbsian fundamental form, 28, 66, 144
Glauber state, 162
Gradient, 228

energy density, 244, 248
of temperature, 197
thermal, 197

Green’s functions, 197
Ground state, 174, 194

non-degenerate, 194
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H
H -theorem, 42
Ham, 200, 206, 208
Hamilton function, 23, 157, 169
Hamiltonian, 15, 23, 95, 161

container, 95
dynamics, 42
gas, 95
interaction, 97, 217
local, 95, 217
matrix model, 173
mechanics, 42
momentary, 151
partitioned, 95
time-dependent, 151

Hamilton model, 173
Hamilton operator, 15, 23, 95

interaction, 97
local, 95
partitioned, 95

Harmonic oscillator, 158, 161
Heat, 26, 275, 294, 301

bath, 37, 185
conduction, 32
conductivity, 197
contact, 141
current, 32, 197
engine, 291
exchange

reversible, 27
transport, 194

Heisenberg
interaction, 182, 184
picture, 16

Hilbert-Schmidt scalar product, 203
Hilbert space, 8, 77

average, 81–83, 87, 200, 206, 317–323
parametrization, 78
product, 12, 257
representation, 77–80
variance, 81, 89, 317–323
velocity, 79–80

Hubbard model, 229
Hypersphere, 78, 314

function over, 315–317
surface of, 314

I
Ideal gas, 149, 158, 299

entropy, 134
state function, 158

Ignorance, 27, 75
Impurity, 196

Information, 54
Insulator, 194
Integrating factor, 25
Intensive, 24, 186, 264

variable, 24, 67, 129, 262
Interaction, 97, 173

Förster, 269
Hamiltonian, 97
Heisenberg, 182, 184
next neighbor, 182, 183
picture, 19
random, 182

Internal energy, 24, 25, 144, 145, 293
Invariants, 17
Inverse temperature, 116
Irreversibility, 40–55, 65, 195
Irreversible process, 24, 27
Isentropic process, 150, 295, 297
Isochoric process, 295
Isolated system, 33, 74, 102
Isothermal process, 297
Iterative guessing, 210

J
Jarzynski relation, 282–289
Jaynes’ principle, 37, 53–54, 137, 178

K
Kubo formula, 198, 229

L
Lack of knowledge, 75
Law

of large numbers, 49
of thermodynamics, 24–28

first law, 25, 144, 157
second law, 26, 66, 157
third law, 28
zeroth law, 25

Legendre transformation, 29
Lembas, 276
Length scale, 234
Lindblad, 224
Lindblad form, 219, 221
Linear non-equilibrium thermo., 30
Linear response theory, 197–198
Liouville

space, 8, 203
theorem of, 47

Liouville-Von Neumann equation, 15, 74, 202
Liouvillian, 202
Local equilibrium, 239
Lowering operator, 9
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M
Macro

condition, 37
state, 23, 32–38, 158
variable, 23

Macroscopic
cell, 48
system, 131

Magnetization, 183
Manometer, quantum, 271
Markov assumption, 32, 174
Markovian, 174, 203, 221, 224
Master equation, 55–219

timeconvolutionless, 204
Matrix

density, 9, 97
Hamiltonian, 173
model, 173
random, 173, 175, 177

Maximum principle, 36, 137
Maxwell–Boltzmann distribution, 46
Mean value, 167
Measurement

of intensive variables, 271
Memory effect, 221
Micro state, 32–38, 158
Microcanonical

condition, 34, 66, 102–103, 174–176
contact, 34, 102–103, 174–176
ensemble, 34
model, 174–176

Mixed state, 97, 161, 184
Mixing, 48
Mixture, 10, 55

incoherent, 161
Model

Anderson, 229
canonical, 176–179
Hamilton, 173
Hubbard, 229
microcanonical, 174–176
system, 172–187

Mode operators, 234
Modular system, 131, 142, 182, 263
Molecular chaos, 195
Mori formalism, 211

N
Nakajima-Zwanzig, 203

equation, 204
Next neighbor interaction, 182, 183
Non-equilibrium, 192

global, 301

processes, 300–313
Non-integrable, 25

O
Observable, 85

global, 75, 183
local, 75
pressure, 149

Onsager theorem, 32
Open system, 24, 55–194
Operator, 8

basis, 9
density, 9, 74, 97

canonical, 268
reduced, 13, 74, 97, 264

Hamilton, 15, 23, 95, 161
lowering, 9
Pauli, 9, 182
projection, 11, 230
projector, 217
raising, 9
representation, 8–12
super-, 16
transition, 8, 13

Oscillator, harm, see Harmonic Oscillator
Otto cycle

finite time, 303–308
quasi-static, 295–297

P
Parameter space, 78
Partition, 95
Partition function, 38, 159, 265
Pauli operator, 9, 182
Peierls-Boltzmann equation, 196
Perpetual motion machine

first kind, 26
second kind, 26

Perpetuum mobile, see Perpetual motion
machine

Perturbation
expansion, 205
external, 198
periodic, 198
theory, 19, 192

time dependent, 192
Phase space, 34, 42, 130, 159, 195

cell structure, 47
classical, 161
volume, 35, 51, 166, 167

Phonon, 196
Piecewise deterministic process, 245
Planck cell, 164, 166
Poissonian, 168
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Position representation, 164, 165
Postulate

a priori, 33
Potential

effective, 98, 150
thermodynamic, 29

Power
of the Carnot cycle, 309
of the Otto cycle, 306

Pressure, 29, 67, 149, 271, 294
function of microstate, 149

Principle of correspondence, 170
Probability

conditional, 266
distribution, 80, 140, 193, 259
dominant, 142
fluctuation, 180–182
joint, 98
time-dependent, 180
transition, 193
variance of, 80

Process
adiabatic, 51, 150
cyclic, 291
irreversible, 24, 27
isentropic, 150, 295, 297
isochoric, 295
isothermal, 297
non-equilibrium, 300–313
quantum thermodynamic, 290–313
quasi-static, 30
relaxation, 192
reversible, 24, 27
scattering, 196
statistical, 192
thermodynamic, 24, 66

Product space, 12
Projection, 215, 230

correlated, 230, 234
Nakajima-Zwanzig, 203
operator, 200, 217, 230

technique, 200
superoperator, 203
TCL, 203
time-convolutionless, 203

Projector, 11, 162
Propagator, 209
Pure state, 10, 74, 97, 257

typical, 259
Purity, 11–14, 152, 257–260

average, 125
constant of motion, 18
maximum, 12

minimum, 12
reduced, 13

Q
Quantities

thermodynamic, 293–294
Quantization, Bohr–Sommerfeld, 159
Quantum

chaos, 229
manometer, 271
master equation, 241
thermometer, 274
transport, 226

Quasi-ergodic, 34
hypothesis, 46

Quasi-particle, 196–197
Quasi-static limit, 293–300

R
Raising operator, 9
Random

interaction, 182
matrix, 173, 175, 177
phase approximation, 197
state, 174

Rate
transition, 192, 193

Recurrence time, 222
Reduced state, 13, 107
Region

accessible, 69, 81, 85, 102, 103
size of, 78

Relaxation, 191
equation, 292, 302
process, 192
statistical, 215
time, 192

approximation, 292
Repeated guessing, 209
Representation

P-, 166
position, 164, 165

Reservoirs, 241
Response, linear, 197–198
Reversible process, 24, 27

S
Scalar product

Hilbert-Schmidt, 203
Scaling, 233

with length, 251
Scattering process, 196
Scheme of degeneracy, 174–180
Schrödinger
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equation, 15, 150, 152, 173–187, 192, 202
approx. solution, 194

picture, 15
Separable state, 97
Shannon entropy, 37, 53–54, 130
Size

of regions in Hilbert space, 78
Space

Liouville, 203
μ-space, 42

Spectral
temperature, 140, 185, 264

equality in equil., 141
Spectrum

generic, 128
Spin chain, 264

Hamiltonian, 264
interaction, 264
local Hamiltonian, 264

Spontaneous emission, 192
State, 8

canonical, 116
classical, 168
coherent, 162
entangled, 14
equilibrium, 24, 177, 178, 185

canonical, 185
global, 265
local, 267
thermal, 264

excited, 192
exited, 174
Glauber, 162
ground, 174, 194
macro, 23, 32–38, 158
micro, 32–38, 158
mixed, 97, 161, 184
parameters, 15
parametrization, 78
product, 14
pure, 10, 74, 97, 257
random, 174
reduced, 13, 107
representation, 9
separable, 97
stationary, 24, 80

non-equilibrium, 241
State density, 35, 176, 194

classical, 52, 130, 156–171
quantum mechanical, 130, 156–171

State distance, 10
Bures metric, 10
fidelity, 10

State equation, 24
State function, 23, 66, 158
State variable, 23
Stationary non-equilibrium state, 241
Statistical

ensemble, 34
process, 192
relaxation, 215
weight, 33

Stochastic differential equation, 245
Stochastic unravelling, 245
Stosszahlansatz, 195, 197
Stoßzahlansatz, 45
Strong coupling, 116
Subjective ignorance, 27
Subjectivity, 27, 54, 75
Superoperator, 16, 202

Liouvillian, 202
mode projection, 234
projection, 203, 215

correlated, 220, 230
standard, 217

propagator, 209
TCL generator, 204

System, 102, 182–187
bipartite, 12, 74, 182

example, 98
closed, 18, 24
compound, 74
global prop., 182
heat bath, 185
isolated, 33, 55, 102
local prop., 183
macroscopic, 131
model, 172–187
modular, 131, 142, 182, 263
multi-partite, 14
open, 24, 55–194
thermodynamic, 68, 100

T
Tcl, 203, 204, 230

generator, 204
initial condition, 206, 222
master equation, 230

Temperature, 25, 66, 129, 139–148, 293
absolute, 28
empirical, 25, 146
finite, 184
global, 186
gradient, 197
infinite, 184
intensive, 267
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inverse, 265
local, 186, 263–268
micro state, 139
process, 301
spectral, 140–143
statistical, 36

Tensor product, 12
Theorem

of Araki and Lieb, 14
of Ehrenfest, 17
H , 42
Liouville’s, 47
of Onsager, 32

Theory
of linear response, 197–198
Weisskopf-Wigner, 193

Thermal
equilibrium, 264
fluctuation, 180

Thermodynamic
behavior, 184
potential, 29
process, 24
quantities, 66
system, 68, 100

Thermometer, quantum, 274
Thermostats, 214
Time

correlation, 211
evolution, 192
recurrence, 222
relaxation, 192

Time-convolutionless, 203, 204
Trace, 8

operation, 8
Trajectory, 46, 159, 182
Transformation

Fourier, 133
Legendre, 29

Transient effect, 303
Transition

diffusive-ballistic, 237
operator, 8, 13
probability, 193
rate, 192, 193

Translational invariance, 234
Transport, 191, 226

ballistic, 196, 228, 231
coefficient, 32, 228, 238
diffusive, 228, 231, 233

energy, 238
force driven, 194
gradient driven, 194
heat, 238
macroscopic, 191

Typicality, 69, 85

U
Umklapp process, 197
Uncertainty, 80, 180

minimum, 161–170
principle, 75
relation, 164

V
Variable

conjugate, 24, 67
extensive, 24, 67, 129, 275
intensive, 24, 67, 129, 262
macro, 23
microscopic, 23
state, 23
work, 26

Variance, 167
Hilbert space, 89, 317–323

Velocity
in Hilbert space, 79–80
parameter change, 151

Volume, 149, 155
Von Neumann

entropy, 11–14, 54, 74, 150, 220
constant of motion, 18
reduced, 14

equation, 152

W
Wave package, 161–170

Gaussian, 164
infinitesimal, 164

minimum uncertainty, 161–170
variance, 164

Weak coupling, 100, 183, 187, 194
limit, 131, 155

Weisskopf–Wigner theory, 193
Work, 26, 275, 294, 301

fluctuations, 282–289

Z
Zeeman splitting, 269


	front-matter.pdf
	Preface 1st Edition
	Acknowledgments
	Contents

	fulltext.pdf
	to 1  Introduction 
	References


	fulltext_001.pdf
	to 2  Basics of Quantum Mechanics 
	 Introductory Remarks
	 Operator Representations
	 Transition Operators
	 Pauli Operators
	 State Representation
	 Purity and von Neumann Entropy
	 Bipartite Systems
	 Multipartite Systems

	 Dynamics
	 Invariants
	 Time-Dependent Perturbation Theory
	 Interaction Picture
	 Series Expansion

	References


	fulltext_002.pdf
	to 3  Basics of Thermodynamics and Statistics 
	 Phenomenological Thermodynamics
	 Basic Definitions
	 Fundamental Laws
	 Gibbsian Fundamental Form
	 Thermodynamic Potentials

	 Linear Non-equilibrium Thermodynamics
	 Statistics
	 Boltzmann's Principle, A Priori Postulate
	 Microcanonical Ensemble
	 Statistical Entropy, Maximum Principle

	References


	fulltext_003.pdf
	to 4  Brief Review of Pertinent Concepts 
	 Boltzmann's Equation and H-Theorem
	 Ergodicity
	 Ensemble Approach
	 Macroscopic Cell Approach
	 The Problem of Adiabatic State Change
	 Shannon Entropy, Jaynes' Principle
	 Time-Averaged Density Matrix Approach
	 Open System Approach and Master Equation
	References


	fulltext_004.pdf
	to 5 The Program for the Foundation of Thermodynamics
	 Basic Checklist: Equilibrium Thermodynamics
	 Supplementary Checklist: Quantum Mechanical Versus Classical Aspects
	Reference


	fulltext_005.pdf
	to 6  Outline of the Present Approach
	 Typicality and Dynamics
	 On the Analysis of Quantum Typicality

	 Compound Systems, Entropy, and Entanglement
	 Fundamental and Subjective Lack of Knowledge
	References


	fulltext_006.pdf
	to 7  Dynamics and Averages in Hilbert Space 
	 Representation of Hilbert Space
	 Dynamics in Hilbert Space
	 Hilbert Space Average and Variance
	References


	fulltext_007.pdf
	to 8  Typicality of Observables and States 
	 A Class of Accessible Regions
	 Hilbert Space Average of Observables
	 Hilbert Space Variance of Observables
	 Hilbert Space Averages of Distances Between States
	References


	fulltext_008.pdf
	to 10  The Typical Reduced State of the System 
	 Reduced State and Typicality
	 Microcanonical Conditions
	 Microcanonical Average State
	 Typicality of the Microcanonical Average State

	 Energy Exchange Conditions
	 Energy Exchange Average State
	 Typicality of the Energy Exchange Average State

	 Canonical Conditions
	 Beyond Weak Coupling
	References


	fulltext_009.pdf
	to 10  The Typical Reduced State of the System 
	 Reduced State and Typicality
	 Microcanonical Conditions
	 Microcanonical Average State
	 Typicality of the Microcanonical Average State

	 Energy Exchange Conditions
	 Energy Exchange Average State
	 Typicality of the Energy Exchange Average State

	 Canonical Conditions
	 Beyond Weak Coupling
	References


	fulltext_010.pdf
	to 11  Entanglement, Correlations, and Local Entropy 
	 Entanglement, Correlations, and Relaxation
	 Entropy and Purity
	References


	fulltext_011.pdf
	to 12  Generic Spectra of Large Systems 
	 The Extensivity of Entropy
	 Spectra of Modular Systems
	 Entropy of an Ideal Gas
	 Environmental Spectra and Boltzmann Distribution
	 Beyond the Boltzmann Distribution?
	References


	fulltext_012.pdf
	to 13  Temperature 
	 Definition of Spectral Temperature
	 The Equality of Spectral Temperatures in Equilibrium
	 Spectral Temperature as the Derivative of Energy with Respect to Entropy
	 Contact with a Hotter System
	 Energy Deposition

	References


	fulltext_012_2.pdf
	to 14  Pressure and Adiabatic Processes 
	 On the Concept of Adiabatic Processes
	References


	fulltext_013.pdf
	to 15  Quantum Mechanical and Classical State Densities 
	 Bohr--Sommerfeld Quantization
	 Partition Function Approach
	 Minimum Uncertainty Wave Package Approach
	 Implications of the Minimum Uncertainty Wave PackageApproach
	 Correspondence Principle
	References


	fulltext_014.pdf
	to 16  Equilibration in Model Systems 
	 Microcanonical Entropy
	 Canonical Occupation Probabilities and Entropy
	 Probability Fluctuations
	 Spin Systems
	 Global Observables
	 Local Properties
	 Chain Coupled Locally to a Bath

	References


	fulltext_015.pdf
	to 17  Brief Review of Relaxation and Transport Theories 
	 Relaxation
	 Fermi's Golden Rule
	 Weisskopf--Wigner Theory
	 Open Quantum Systems

	 Transport
	 Boltzmann Equation
	 Peierls Approach and Green's Functions
	 Linear Response Theory

	References


	fulltext_016.pdf
	to 18 Projection Operator Techniques and Hilbert Space Average Method
	 Interaction Picture of the von Neumann Equation
	 Projection on Arbitrary Observables
	 Time-Convolutionless Master Equation
	 Generalization of the Hilbert Space Average
	 Dynamical Hilbert Space Average Method
	 Comparison of TCL and HAM
	References


	fulltext_017.pdf
	to 19  Finite Systems as Thermostats 
	 Finite Quantum Environments
	 Standard Projection Superoperator
	 Correlated Projection Superoperator
	 Accuracy of the Reduced Description
	References


	fulltext_018.pdf
	to 20  Projective Approach to Dynamical Transport 
	 Classification of Transport Behavior
	 Single-Particle Modular Quantum System
	 General TCL Approach
	 Concrete TCL Description and Timescales
	 TCL Approach in Fourier Space
	 Length Scale-Dependent Transport Behavior
	 Energy and Heat Transport Coefficient
	References


	fulltext_019.pdf
	to 21 Open System Approach to Transport
	 Model System
	 Lindblad Quantum Master Equation
	 Observables and Fourier's Law
	 Monte Carlo Wave Function Simulation
	 Chain of Two-Level Atoms
	References


	fulltext_020.pdf
	to 22 Purity and Local Entropy in Product 
	 Unitary Invariant Distribution of Pure States
	 Application
	References


	fulltext_021.pdf
	to 23  Observability of Intensive Variables 
	 On the Existence of Local Temperatures
	 Model
	 Global Thermal State in the Product Basis
	 Conditions for Local Thermal States
	 Spin Chain in a Transverse Field

	 Measurement Schemes
	 Pressure
	 Temperature

	References


	fulltext_022.pdf
	to 24  Observability of Extensive Variables
	 Work and Heat
	 LEMBAS Scenario
	 Applications
	 Remarks

	 Fluctuations of Work
	 Microcanonical Coupling
	 Canonical Coupling: Constant Interaction Energy
	 Canonical Coupling: High-Temperature Limit
	 Numerical Verification

	References


	fulltext_023.pdf
	to 25 Quantum Thermodynamic Processes
	 Model of Control
	 Quasi-static Limit
	 Thermodynamic Quantities
	 Otto Cycle
	 Carnot Cycle
	 Continuum Limit of the Particle in a Box

	 Processes Beyond the Quasi-static Limit
	 Solution of the Relaxation Equation
	 Otto Cycle at Finite Velocity
	 Carnot Cycle at Finite Velocity

	References


	back-matter.pdf
	to A  Hyperspheres 
	 Averaging of Functions over Hyperspheres

	to B  General Hilbert Space Averages and Variances 
	 Hilbert Space Averages of Polynomial Terms
	 Hilbert Space Variance of an Observable

	to C  Special Hilbert Space Averages and Variances
	 General Distances Between States
	 Microcanonical Hilbert Space Averages
	 Microcanonical Hilbert Space Variances
	 Energy Exchange Hilbert Space Averages
	 Energy Exchange Hilbert Space Variance

	to D  Power of a Function
	to E Local Temperature Conditions for a Spin Chain
	References

	Index



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




